Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



Moc1h3708r7t 



(J 



iOtna^ 



I 



19D9 



SCIENCE CENTER LIBRARY 



D„t,i.a,Google 



D„t,i.a,G00glt' 



D„t,i.a,G00glt' 



D„t,i.a,Google 



,Googlt' 



AN ELEMENTARY TEEATISE 



ELLIPTIC FUNCTIONS. 



ARTHUB CAYLEY, 



or UKBBOai. 



DKIOHTON, BELL, AND CO. 
LONDON: BELL AND BONB. 
1876. 
[All Righu re*trvtdA ^~, , 

Dig tizedoy Google 



'T S 



CTimMfigt : 

PKCTTSD 87 0. J. CLAY, KA. 
AT THK mrmuiTT FEE88. 



D„t,i.a,Google 



PBEFACE. 



The preflent treatise is founded upon Legendre's TraiU dea 
Fonctiona EUiptiijuea, and upon Jacobi's Funda/menia Nova, and 
Memoirs by him in Ch-elle's Journal : comparatively very little 
nse ia made of tbe investigationB of Abel or of those of later 
authors. I show how the transition is made from Legendre's 
Cllliptic Integrals of the three kinds to Jacobi's Amplitude, 
which is the argument of the Elliptic Functions (the sine, co- 
sine, and delta of the amplitude, or as with Gudermann I write 
them, en, en, dn), and also of Jacobi's functions Z, 11, which 
replace the integrals of the second and third kinde, and of the 
functions B, H, which he was thence led to. It may be re- 
marked as regards the Fund<mienta Nova, that in the first part 
Jacobi (so to speak) hurries on to the problem of transformation 
without any sufficient development of the theory of tbe elliptic 
functions themselves; and that in the concluding part, start- 
ing with the developments furnished by the transformation- 
formulae, he connects with these, introducing them as the 
occasion arises, his new functions Z, 11, 6, H : there are thus 
various points which require to be more fully discussed. Not 
included in tbe Fundamenta Nova we have the important 
theory of the partial differential equation satisfied by the 
functions B, H, and, deduced therefrom, the partial differential 
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equations aatiefied by the numerators and denominator in the 
theories of the multiplication and transformation of the 
elliptic functions: these I regard as essential parts of Jacobi'e 
theoiy, and they are here considered accordingly. For further 
explanation of the range and plan of the present treatise the 
table of contents, and the first chapter entitled " General Out- 
line," may be consulted. I am greatly indebted to Mr J. W. 
L. Glaisher of Trinity College for his kind assistance in the 
revision of the proof-flheets, and for many valuable suggestions. 



ClUBKUMK, 1676. 



Dig lizedoy Google 



CONTENTS. 

CHAPTER I. 

GeNBEAL OnTLIITE. 

Origiaof tfaedlipticiniegrala, 1 to 11 

The addttion-OiQOiy, 12 to 14 

The kdditioii of the three Unds of elliptic Entegialo, 16 to 17 
TheeQipticfiiDctioiuuii; liiiun.cofuii, Asm; or niiCDidii, 18 to 27 
Further theor; in regard to the third kind of dliptio integrals: 

addition of parameten, and interchange of amplitiide and para- 

meter, 28 to 31 

Hie aecoad and third kinds of elliptic integrah expraeaed in temis 

oftheaif^nment u; iiewnotationa,32to34 

The fanctiou ew, Hk ; the 9-fNnniiIie, 30 to 42 

Hie nmneratora and denomiiutor in tbo multiplication nod tnuw- 

fonnation of dlqitic tanotiona, 48 



CHAPTER II. 

Ite Ai>DrnoM-E<)OATioir. Lamdbh's Thborbh. 

iDtrodnctoiT, 4S 21 

Pirtt proof of additioD-eqnation (Valton), 46 ib- 

Second proof ( Jkcobi), 47 33 

Forma of addition-equation, 48 and 49 S4 

Third proof (a rerification), 60 26 

FodtUi proof (Legwdre), 61 S7 

Fifth proof (Jacob! br two fixed drcleB),S2 28 

Landen'a Hieonm from foregoing ge<mietrical figure, 53 to 96 . 30 

Bizth proof, S7 33 

C. 6 



Dig lizedoy Google 



CONTENTS, 

CHAPTER III. 

MlBOEUuUIEODa IlTTXSTIOATlOllS. 

Arcs of cnrrw reprMeatJiig or repreeented by tfae elliptic inlegrab 

Fik, <tt), B{k, 0), S8 to 63 39 

Huvh of the fiinctiona F{k, ^), E{k, ^), M to 70 .41 

Propertaea of the fdncUoiu F{k, <f>), E[k, 0], but oUeflj Uie complete 

fimcti(»i FJc, EJe, 71 to 78 , . . .46 

The Qndenxwniilui, 79 to 80 * ... 56 

CHAPTER IV. 

On the Elliptic FcNcrioira sn, en, dn. 

Addition and Snbtnotioii-fbnanlte, 86 to 93 61 

The periods 4£; 4tf, M 66 

Property Bribing from truiafoniuttion in precedinc utlde, 9S . .68 

Jacobi'B imwynaij tnuufomutJMi, 66 ib. 

Fonctionaofu + CO, l,2,3)£'+(0,l,2,3)t£'',97to9g ... 69 

Duplication, 100 71 

Dimidktion, 101 to 106 73 

TripHcaUon, 107 77 

Uoll^cation, 108 to 116 78 

Factorial formalB, 117 to 12X 92 

New form of botmial fonnolm, 123 to 136 97 

Antidpation of the donbly-inflDlte-prodact forma of the elliptic 

ftanctioiu, 127 101 

DeriratlTee of an h, on h, dn h in r^ard to X^ 138 . , ib. 

CHAPTER V. 

Th£ thbkb einds of Elliptio Ihtborals. 

Introdoctoi7,'u9 103 

The addition-theai7, 130 to 134 . . . . . ib. 
New notationa for the integrala of the aeoond and third kinds, 

130 to 137 107 

Thetiurd kind of elliptiointegnd: ontlineof the farther theory, 133 

to 147 103 

Redaction of a giTen imaginary quantity to the form Ea{a + fii), 

148 to 152 114 

Addition of parameters, and reduction to standard forma, 163 to 173 118 

Int^changeof amplitodeandparametor, l74to 186 . . . 134 



DiglizedoyGOOglf 



CHAPTER VI. 

The rmrcnoNS !!(», a\ Zu, 6u, Hu. 

ttam 

InboAaetMj, 187 1^3 

V«Iii» of n(ii + a, «) in the Uiree caaei a = itff', fl= JJT, a -4£'+ ItA" 

raqwcUTel7, 188 to 190 144 

The hmction Zu, ISI to IH IM 

The functitm e«, 197 to 19S ISO 

ExpraMkm of n.{u, a) in tCTma of Su, 200 101 

Tho fOnctioii %u renutwd, 201lo 206 IBS 

Ree^tolatioii, 207 tSS 

The fnoctiiKk Hu,20S and 309 IM 

The Auction ll(u, a) reBiimed, 210 to SIS . ' 1S7 

HiiltipIic»t«Hi of the fimctioiu Bu, Hm, S16 and S17 . .160 



CHAPTER VII. 
T&ANBroHiuTioK. Oenuul Outuni. 

Introdnctor;, 218 182 

Cue of a general qiiutio radical ^X, 319 to 222 . . ib. 

The standard fbrm (te+ Vl-a-*. l-ttt», 223 185 

.DiatincldoD of cases according to the form of n, 224 and 22S . A. 

ft an odd number : further development of the theory, 226 to 231 . 187 

A^fication to the ^iptic fiuictaona, 232 170 

» an odd-prime, the ulterior theory, 233 to 230 171 

Connexion with multiplication, 236 to 241 173 

CHAPTER VIIL 

ThX QUADBIC TRAITSFORHATIOir n = 2 ; ASD THB ODD-PKUIS TBASB- 
FOBMATIOXB n = 3, 5, 7. pBOPRBTm OF TBB MODULAR KQUATtOlT 
AND THE MTJLTIFIJSR. 

Inhodnototy, 242 177 

The qnadric tisnsfbrmation, 243 to 398 t&. 

The odd-{«ime Talnes of n, 269 166 

The onbic tTansformation, 260 to 262 H>. 

The qnintic transformation, S63 to 267 189 

The septic tnmafonnation, 268 and 269 192 

Forma o[ the modular equation in the cable and qnintic traniforma- 

tiona, 270 to 273 .193 



Dig lizedoy Google 



Properties of the modtUar equation for n m odd-prime, 274 to 277 ■ 198 

Two fmuformatfoiu leading to multiplication, 278 and 279 . 199 

The mnltipUer Jf, 280 to 284 201 

Farther Uieory of the cubic tranaformatiou, 28S to 294 . 204 

A genenJ form of the cubic transformation, 2SS and 89S . . . 214 

rroofoftheeqnatioa»iJlO=^^,297to299 216 

IMfferential equation latiBfied b the multiplier JT, 300 . . 218 

Differential equation of the third order latia&ed by the moduhu X, 

301 to 304 820 

A relation iuTolTing JT, f, A, £, G, SOS S2S 



CHAPTER IX. 

JaCOBI'B PAKTUIj DIFFEBZXTIAl. EQDATtONB FOR THE 

H, 8, AHV FOB THE HCHEBAIORS iSB DEHOIDIIATOBS IN TEE 
UULTIPUOATION AND TOANBTOBlIATIOir OF TBK BLUPTIC FUSO- 
TIOMB SD, CQ, dn. 



Outline of the resulta, 306 to 309 224 

Differential equation aatiafled by eu, 810 to 312 ... 
Borne equation Batisfled bj Hw, e(u+^, H[u+f), 313 and 314 
Differential equation iatisfled by €>f wi X ji &a, 315 and 316 . 
New form of the two differential eqnatioiw, 817 and 318 
EqaatiouB Batit&ed by the nameraton and denominator, 319 to 327 . 
VeriBcation for the tmbic tranaformatioD, 838 to 330 . 



CHAPTER X. 

Trakbfobiutioh fob an odd aso in fastiodlab ak osd-pkue 

obdbb : dbtblopkeirr of the theoet bt heaxb of the 

fl-SITlBlON OP THE COHFLETTK FUBCTIONB. 

The general theof7, 336 to 341 349 

Additional fortnolte, 342 to 347- 254 

The Sw-fbrmolK, 343 to 3B1 268 

n an odd-prime : the real tranaformationa, fintand second, 3B2 to 369 261 

Tworelationsof the complete fimctionH, 360 and 361 . . . S72 

The complementai? and aupplementaiy traiufonnationp, 382 to 367 . 273 

The multiplication-fonnulae, 368 276 



DiglizedoyGOOglf 



CHAPTER XI. 

The q-ruscnova: fusthkb theokt or thb FUMOtiOKS H, ft 

iDtrodoctOiT, 369 280 

Dorintion of tbe q-tormaiw, 370 to 378 H- 

e, H dzpreased u s^fnncUoiu, 379 to 383 2S9 

NewdsrelopmaiUoftliefaBctioiuH, «; 384to388 ... 295 

Doable &ctorial exprewionfl (tf H, 9 ; genenl theoi?, 339 to 39S . 298 
Trurfonutkni of the fOnotknu H, (only the Bnt tiutafonnatioii ia 

considered), 39« uid 39S<^ 3M 

Namentor and denominator fiinctions, 397 uid 398 . . .307 



CHAPTER XIL 

RKDucnox or x ditrkebtial bxfribhioit ~j= , 

IntroductoiT, 399 . ■ . 

Bedoetion to the fbim Bdx-¥ Ji^{l*mt^{l*tu^ 400 to 407 
Rednttion to the ttondard fonn Rcbo-t- ^/l -a?. !-*•*», 408 to 411 
Farther inreetigatims, 412 to 418 



CHAPTER XIII. 

QlTAtlBtC T&AirerOBUATIOS OF THE SLLIpnO INTBGEALS Or THE FIEST 
iSD BBOOXD KUDS: THB AErrHICEnOO.aEOHETaiCAL KtAS. 

lafaodnctor;, 419 320 

Oeometrical inreatigatioa of the fbrmnto of tranifOTmation, 420 to 423 ib. 
Reduction to standard form of radical, 424 and 420 . . .328 

Continoed repetition of the trantfivmation, 436 to 429 - . ■ 329 

Bednction to standard form of radical, 430 and 431 ... ■ 332 

^^H<alaon to intepvla of the third kind, 432 334 

Knmerical instance Ear complete fanctlona E^ Fi, and for an incont 

pletei>',433 335 



Dig lizedoy Google 



CHAPTER XIV. 
_ dx dy 

ThB QENEBAL DIFFKBElriTAL IQDA.TIOK ~j^ = ~p^. 

Int^fration of the diBerential equation, 434 to 436 .... 337 
Further development of the theory, 437 to 44A 340 



CHAPTER XV. 

Oir THS DKTEBVIirATIO^ 07 CERTAIN CUBVE8 THE ARC OV WHICH IB 
BEFBESBKTED BT AS ELLIPTIC INTBOKAL OF THE FIB8T KIHD. 



Outline of the Bolation, 447 to 449 
Oe&eral theorem of integration, 460 to 458 



CHAPTER XVI. 

On two 1NTX0RAL8 RXDOCIBLE TO BLUFTIO INTBORAU. 

IntrodnctoT7, 4Sg 868 

In*estigtitioti of the formnln, 460 to 463 ib. 

Fnrtber devdopmentu, 464 to 468 . . . . . .362 

ADDITION. 

FUBTHBH THEORY OF THE LINEAR AND QUADBIC TBANSPOSHATIONB. 

The linear traiiBfonaatioii, 469 to 477 368 

The qnadric transformktion, 478 to 482 374 

Combined truuformations : itraUonal tiBOifonnktioiiB, 483 to 487 ■ 377 

iHtrn 382 



A fltodent to whom the sobjeot is new ehonld p«niM Chftptet L, not 
dweUing npon It, bnt retaming to it as he flndi oooasion ; and he ma; aftw- 
waids in the flnl inEtanoe oon&ns himwlf to Chapteia n., m., IT., XII. and 

xin. 



DiglizedoyGOOglf 



p. 4, linM 7 and 14, /or argnmant rtad ampUtnd*. 
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Legendre's earlint BTstematio vort on Elliptic Int^r&la is 
Exereite* de Caleul Intiyral nr divert ordra de TroTweendantee, tt 
tvr Its Quadrature; Paris, t i., 18U ; t. in., 1816, and t ii., 1817 ; 
die later work in the Traite des Ftmctiona ElUptiques et de» IrUigralea 
Mviarietmei, Paris, (. i., 182S ; t. u., 1826, and t. at.. 1828 — 32; 
the greater part of Legendre's own results on the theory of Elliptlo 
Int^nJe, oonbuned in the first Tolume of the Foneliimt ElHpti^uea, 
had been already givea in the first Tolame of the Exereieea. Jacobi's 
work is the FtmdamaUa Nova TheorUa Fwaetiomtm EUtptiearum, 
KSnigsbei^, 1839 : tjie Memoirs in CreUia JoiotuU extend &om 
1828 to 1858, some of them, in connexioii with the Fundamenta 
N^ova, being pnblished shortly after the date of that work. The 
Memoirs by Abel, pablished for the most part in the earlier 
volumes of CreOifg Journal, 1826 to 1829, are collected in the 
(Euvrt» CompliUa da N. H. Ahel, par B. Holmbo«^ Christiania, t. i. 
tmd IL, 1839, except the great memoir on Transcendent Functions, 
presented to the French Academy, and pablished, MSmoire» dci 
Savana Etrangera, t. vti., 1841. A new edition of the works is in 
preparation. 
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CHAPTER I. 

GENERAL OUTLHTE. 

Orurfn of the SUtptic ItUegraU. Art. Nob. 1 to 11. 

1, We ctmsider the iotegratioQ of a diSereutial expreseion 

Sdw 
■JX' 

where £ is a rational function of a; ; X & rational and int^jal 
quartic foocUon of x, with real coefficients* : the values of the 
variable x are real, and such that X is poutive, or VX^reaL 

2. This can be by a real substitution ^ - - ^ — in place of m 

(that ia a substitution where p and q are real) reduced to the 
form 

E6^ 

V±{l±»ia^"{l±naO ' 
where £ is a rational iunction of the new a: ; m and n are real 
and positive ; and the signs are auch that the function under 
the square root ia not — (1 + mt^ (1 + na^. 

' The refsteneei here lud dHwhert to rtaUtg, and uy r«lenniMa to lign 
or iMuaeii«aI liinit*, are regarded as in gcneoal holding good : it iriU ba nudor- 
Btood, liowavet, that imagiaai? Talnea might be admitted tbivtighont, and th« 
Tttrioiu theoTBtui prasented in a more general bat leaa definite form : and there 
will be ooeaeion to refer to and employ nieh ax^iuiomi of the nrtgln^l noi 

a 
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2 GEHEaAL OUTLmE. [l. 

3. The rational function R is the sum of an eren function 
and an odd function of a : the diGFerential expreBsioo is thus 
separated into two parts ; that depending on the odd function 
may be integrated by circular and logarithmic functions (as 
appears by making therein the BuhBtitution '/x in place of ft) ; 
and there remains for con^deration only the part depending 
on the even function of a : or, what is the same thing, we may 
take £ to be an even function of x (that is a rational function 
ofa^. 



place of 1^ transform the differential expression into the form 
Sdx 

where B iB & rational function of the new a?; i^ is real, positive 
and less than 1 (and therefore also k, assumed to he the positive 
root of jf , is real, positive and leas than 1), 

5. In the last-mentioned expression a* may be included 
between the limits 0, 1, or it may be > p ; but in the latter 

case, we can by the substitution r- iu place of k transform the 

expression into one of the like form in which the new fc* lies 
between the limits and 1 : we therefore assume that a^ lies 
within these limits. 

6. By decomposing R into an integral and fractional part, 
and the fractional part into simple fractions, and by integrating 
by parts, the integration is made to depend upon that of the 
three terms 

dx a^dx dx 



Vl-a^.l-i^a!*' v'l-a'.l-A'a*' {1 +m!') Vl-a'.l-fc'a*' 
where n is real or imaginary. 
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to be 



Or, whftt ifl the same Hang, the three tenaa may be taken 






Vl-i8».l-iV' Vr^^ ' (l+naO^/l-»'.l-*'a^* 
7. Writing herein z » sin ^, and putting for shortnen 



Vl-i'ain'^^AC'fc,*), 
theseare . "^ .. , A (i, 4) <i#, and -=- . 'S- . ■> .i . 

and we have thos the three kinds of Elliptic Integraia : viz. 
these are 

second kind £ (il, tj,) = Ta (it, ^) d^, 
thiidkiad nCn,i,A)=f;^- , ^, ■ ,. ., , 

the integral being in each case taken firom ^ =» up to the 
arbitnuy value ^ It would of course be allowable under the 
integral sign to write for ^ any other letter 0, taking the 
integral &om 8 = to 1? = ^ 

8. ^ ia the amplitude, Jc the modulus, » the parameter. 
The amplitude is a real angle; as already mentioned, the 
modulus k is poeitiTe and less than 1 ; whence also k', — Vl — i*, 
called the complementary modulus, is real, positive and less 
than 1. Moreover A (i, if>), « Vl— ifBin'^, does not become = 0* 
nor consequently chai^ its sign, and it is taken to be always 
positive. The parameter n, as already mentioned, may be real 
or imaginary: it is in the first instance taken to be real ; and 
it will appeox that the case where it is imaginary cmi be made 

1—2 
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4 Oia^'EBJU. OUTIJKE. [l. 

to depend upon that in which it is real Supposing it to be 
real, there is a distinction according as it is negative and greater 
than 1 (viz. in thia case the denominator l+nsiD*<^ becomes 
■- for a real value of ^) ; or else as it is negative and less 
than 1, or positive. 

9. Instead of the complete notation A (Ar, ^], we frequently 
express onlj the a fgum wrf. and write simply A^ ; and simi- 
larly F<ft, E<f>, n^ for F(k, 0), &c. respectively: viz. in these 
cases it is assumed to be understood what the unexpressed letters 
k, or k and n, are. W4 may in like manner express only the 
modulus, or the parameter, and write At, 11 (n, 4}, Un, or Uk 
&c., but there is less frequent occasion for this, and the nota- 
tions when used will be explained. 

10. The integrals, taken up to the value ^ of the argnm a at , 
are said to have their complete values, and these are frequently 
denoted by means of a subscript unity; thus F(k, „} = -^A 
or simply F^; and so EJc, E^, &c, 

11. The three elliptic integrals are not on a par with each 
other ; but they depend, the second and third kinds upon the 
first kind ; or we may say* that they all three depend on the 

di£ferential expression v iT i\ ■ *^"fl there is for each of them 

an addition -theory depending on the integration of the differ- 
ential equation 

4(t,« + a(J:,t) ' 

not for the first kind a theory depending on this equation and 

for the other two kinds like theories depending on the equations 

^{k,^)d^ + ^ ik,f)d^ = 0, 

^ + ^ =0 

{1 + n 8in» A (k. 0) ^ {1 + n sin'^) A {k, ■^) "' 
respectively : these last are equations not admitting of algebraic 
integration, and whi ch do not present themselves in the theory. 
And the like as regards multiplication and transformation, 

* Hie Htfttflment U made proriEioiiall; : the thiee kiudii, u will Kppeu, 
depend each of them on the fnnotioiu mu, onu, dnti. 
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1-3 OEHEUL OUTLIKK 5 

The AddUion-Thsoiy. Art. No& 12 to 14. 

12. The differential equation 

where y is the same qnartic function of y that Xaot x, admits 
of algebraic int^ration : and in particular this is the case with 
the equation 

and in this last equation we may take the constant of integra- 
tion, say m, to be the value of either of the variables x, y, when 
the other of them is put » 0. 

Writing X = sin ^, y = sin -^, tn — sin /i, we obtun for the 
differential equation 

an algebraic integral such that the constant of integration /* 
is the value of either of the variables ^, ^ when the other of 
them is = 0; viz. this is an integral involving the sines and 
cosines of ^, -^ {and /«), but which (as being algebraic in regard 
to these sines and cosines) is spoken of as an algebraic int^pral. 

13. The int^;ral in qnestion, say the addition-equation, 
may be expressed in (among others) the various forms 

cos ^ = cos ^ cos ^ — sin sin ^A/t, 
COB ^ = cos ■^ cos ^ + sin -^ ain /* At^ 
CDS ^= cos ^ cos fi + sin ^ sin /lA^, 

1 — cos" ^ - cos* ■^ - cos" /* + 2 cos ^ cos ■^ coa ^ 

— ^sin'^sin'-^sinV^O, 
sin /» = sin ^ cos ■^A'^ + sin ^ cos ^A^ (-i-)*, 

co3^ = cos^cos^ - sin^sin ^ A^A^ (■^-), 

A ^ s A^ A'^ — J^ sin ^ sin '^ COB ^ cos -^ (-!-), 

• Tha DoUttou hftrdly wqnirM oipliwiatiim ; the (-:-) ahowB thai the Imiotioii 
ia % taction th« nnnmator ol which is uritten down, uid the denomliiator of 
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where in each case there is a denominator 

= 1 — i^ sin" ^ sin' i^, 
and 8in^ = dn/i cos'^A^— Bin'^cos/«A/( {-r), 

COS ^ = COB /I cos ^ + BID /I sin ifrAfiA'^ (t), 

A^oA/*A^ + ^ sin /I sin '^ COB /I cos ^ (-r-), 

where there is a denominator 

= 1 — ^ Bin' ft sin* ^, 
and in these last formulfe we may interchange 4>, ^• 

14. It is to be remarked that considering ft as variable we 
have 

dtf> d-^ dft 

A<f> A'^ A/t ' 

viz. the addition-equation is (not the general, but) a particular 

integral of this differential equation. Writing this equation 

under the forms 

d^ d/i _ d^ dr^ _ dfi_ _ d^ 

A<^ A^ A'^ ' A-^ A/i A0 ' 
we naturally regard the integral equation, any form of it which 
gives ju in terms of ^, -^, as an addition-equation : and any form 
of it which gives ^ or ^ in terms of n, and ^ or 0, as a sub- 
traction-equation. The resulting notion of subtraction may be 
regarded as included in that of addition, and it will hardly be 
necessary again to refer to it. 

The Addititm of the tJiree kinds of EUiptic Integrals. 
Art. Nob. 15 to 17. 
16. We assume throughout 0, ^, ^ to be connected by the 
for^^ing addition-equation : recollecting that this is an integral 
(taken with the constant determined as above) of the differ- 
ential equation ^ + ?^ =s 0, and reverting to the definition of ■ 

whicih fi ftftenvarda tiiAed : it ia, I tbink, a xerj useful one geaenlly, bnt there 
is in Elliptic Fnnotioiis an espeoial need of it, fiom the treqnent ooetureuoe 
therein of gMnpa of oomplioated algebnicftl fraationa faanng the mum de- 
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the fnnetion Fi^ it at once appears that for the first kind of 
elliptic timctioD we have 

Fift-yF-^-Fn-O 
(viz. 4>, '^> M being connected as above, the integrals F^ F^, F/t 
satisfy this relation} : this is the addition-theorem for the first 
kiud of elliptic integnda. 

16. It can be shown that for the leoond kind 
£^ + ^ - £7* « i!^ sin ^ sin -f- sin /I ; 
and that for the third kind 

TTj . TT I TT ^ . -t nV^ Bin/* sin 4 sin* 
va 1+ft — ncoB^coe9C08y 

1 . 1+n — ncoa^cos^coB'^ + w V— g sin ft ein ^ sin -^ 
2*/^^ 1-l-n — ncos/tcos^coB'^— nV— asin/isin^sin'^* 

where a — (1 + n) f 1 + — j, and » being real, the first or second 
fbim is real according aaaia positive or negative. 

. 17. The mode of verification is obvious; in fact, repre- 
senting either of the last-mentioned equations by 17=0, and 
considering 17 as a function of the variables ^ ^, we have 

so that to sastain the assumed equation ET-vO, we must in 
virtue of the addition-equation have identically 



viz. this equation, if true at all, can be nothing else than a form 
of the addition-equation: or what is the same thing, the 
addition-equation will be reducible into the last-mentioned 
form : which being so, it gives dU=0, and thence by int^pra- 
tion 17— const., and then determining the constant by the con- 
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diiion that for ■^ = the value of ^ is = ^, the value of the 
constant must come = ; and in this manner we must from the 
addition^equation arrive at the required equation U= 0, 

The SUiptic HmcHona am ; sinam, coeam, A am ; or sn, en, dn. 
Art. Nob. 18 to 27. 

18. We have ^ken of ^ as the amplitude of Fi^ ; or writ- 
ing Fift = u, then ^ is the amplitude of u ; say = am u, and 
then sin ^, cos ^, A^ are the sine, cosine, and delta of am u, say 
these are 

sin , am u, cos . am u, A . am ti, 
which may also be written 

sinam u, cosam u, A am u, 
or as an abbreviation 

sn u, en u, dn u. 

19. But in adopting the last-mentioned forms we introduce 
a new mode of looking at the functions; viz. snu is a sort of 
Eone-function, and en w, dn « are sorts of cosine-functions of u ; 
these are called Elliptic FuncHoTis/ and we may develope the 
theory from this point of view. Observe that the fundamental 
equation is u = J^0 or t/^ = &0 du : this may be written 

<iein^=-cos^ A^tJu, or since sin = sn u, this is 
dsnuscnudnuffu: say en' u = en u dn u, 
moreover en* « — 1 — an'«, 

dn'u= 1 -A^sn'u, 
and differentiating and substituting for sn'u its value, we find 
en' u « — sn u dn u, 
dn' » = — ^BDUcnu, 
and as above 

bd' u = en u dn u, 
which five equations constitute a foundation of the theory. 
Observe also that snO = 0, cnO = l, dnO-1, fln(-«) = -snw, 
en ( — «} = en M, dn ( - m) = dn «. 
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20. But thia tbeoiy is already fumiBhed by the additiau- 
eqoation ; viz. starting from the equation F^i ■+ F^ = F^, then 
writing F^ = «, f -^ = V (and therefore ^ = am u, ^ = am c) we 
have FfL = w + oor/i=am(u+ii): the equations which deter- 
mine sin ft, coa ft, Aft in tenns of the eiu, cus, and A of ^ and '^ 
give the so, en and dn of u + v in terms of those of u and v : 
-viz. these equations are 

8n(u + v] = 8nacnvdntf+ snvcnudnu (+), 

cn(u + t))=cnucntr — snudnusDffdnD (+), 

dn(u-{-tf) = dnudnv — A:*SDucnuant)cnv (-^}, 

irtiere the denominator is 

sa 1 — it* sn" u Bn* w, 

and we may on the left-hand sides write u — v instead of u + v, 
flhanging in each of the three numerators the sign of the 
second term. 

21. These equations may be obtuned independently: viz. 
in any one of tfaem differentiating the right-hand side in regard 
to u and substituting for an' w, en' «, dn' u, their values, we obtain 
a sj-mmetrical function of u, v ; hence the same result as would 
have been obtained .by differentiating in regard to v: the ex- 
presfflon in question is thus a function of u + v; and writing 
therein v = 0, we find it to be the en, en or dn (as the case may 
be) of u + v ; which proves the equation& 

i% We thus see that F is an inverse function, the direct 
function being sn ; and that en, dn are connected therewith aa 
the eosine with the sine. It may be remarked that there are 
MI quotients, sn-e-cn, sa-i-dn; cn-r8n,dn + 8n; dn-i-cn.cnn-dn, 
which are in some sort analogous to the functions tan, cot : if 
all these functions bad to he considered, appropriate notations 

would be — , &C. [viz. — = — «,&& I. These are not required: 
CO \ cnw en / ^ 

it is however in some of the formulm convenient to have a 

symbol for the single quotient sn -i- en : and considering this 
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as Btanding £» aiu . am -t- cos . am, it is ^ tan . am, and we accord- 

SDU 

= tan . am u, = tn u. 

23. In further illustration suppose that the theory of the 
circular functions sine, cosine, was unknown, and that we had 
defined J^^ to be the function 

f dx 

Then taking the vuiahles d^ y to be connected by the differ- 
ential equation 

\/r^ Vi-y" ' 
and Buppoang that s is the value of y answering to « ■= 0, we 
have 

But the differential equation admits of algebraic int^iration : 
and determining in each case the constant by the condition 
that for a; = 0, y shall be =2, the algebraic integral may be 
expressed in the two forms 

(cVl-y' + i/Vl-it* ■»«, 

so that either of these equations represents the above-mentioned 
transcendental integral ; and we have thus a circular theory 
precisely analogous to the elliptic theory in its original form. 
But here the function Fx is the inverse function sin~'d;, and 
the last-mentioned two equations are the equivalents of the 
equation 

sin"'a; + sio'^y = siD"'j!, 

whence writing 8in"'aj = w, ain~'y = », and therefore a; = 8inti, 
y s sin v, zt= sin (« + u) ; also asauming ^^l — sin'u = cos «, and 
therefore Vl-8inV = cosp, and Vl — sin*(w-ho) = cos(M + r), 
the equations in question become 

sin (u -I- v) = sin u cos ti + sin v cos u, 
cos (u -H v) = cos u cos V — sin u sin V, 
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and it is clearly convenient to use these functions an, coa in 
place of F, denotii^ as above 8iQ~*. 

S4. In the theory of the circular functions we have an 
addition-theory, which gives rise to and may be considered as in- 
cluding a Bubtractioa-theory: and this leads to a multiphcation- 
utd division-theoiy : viz. we find from sinu, cosu, the functions 

sin or coe fw, sin or cos — u; we have similarly for the elliptic 

functions sn, en, dn a multiplication- and division-theory. These 
will be considered in detail ; they are referred to here only for 
the sake of the remark that there is for the elliptic fimctions 
a "transfonuatioD-theory" which has no analogue in the circular 
functions, viz. we determine in terms of the functions of u the 

like functions with an argument -n , and a new modulus X in 

place of the original k: the transformation is of any integer 
order n, and there is, for each value of n, a relation called the 
modular equation between k and the new modulus X. And it 
is convenient to notice that in the multiplication-theory the 
sn, en and dn of ru, and in the transformation-theory the same 

functions of ( jj., x] , are fractions havingacommon denominator, 

BO that in each case there are three numerators and a denomi- 
nator which come into consideration. 

25. The circular theory gives rise to a numerical trans- 
cendantir, viz.^=i3'14159...i8 a quantity such that sin ^ = 1, 

cos 5- = 0, 5- being the smallest positive value of the argument 
for which the two functions have these values : and in developing 
the theory from the intend |— --.^-— , ^ would be the complete 
function defined from the equation 
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MoreoTer the <nrcu]ar fuDctions are periodic, hariDg for their 
common period four times this quautitj, =:2ir: viz. we have 

sin , ^ . ein 

cob'' 'cos 

26. Corresponding to s- ve have in elliptic functions in the 

first instance the complete function FJc, also denoted by K, 
viz. iT is a real positive quantity defined by the equation 

_ rf^ 

. Vl-4*sinV' 
or, what is the same thing, 

vhere £' is of course not a mere numerical transcendant, but 
a function of i: ^ is such that we have 8nir=l, cn£'=0, 
dnK^Je. Writing v=^K, we obtain simple expressions for the 
sn, oi, dn of u + £*, and thence for those of u + 2K and u + iK; 
vi& it ultimately appears that the sn, en and dn of u + 4iK are 
the same as the sn, en and dn of u respectively: or the functiona 
have a real period iK. 

27. But the form of the integral suggests the consideration 
of another quantity 

this is a complex quantity transformable into the form 
dx 



K= 



ll 






viz. K" b«ing the same function of the complementary modulus 
ifc' that K is of k, the value ia =K+ iK', 

We have 

m(K + iK'}.\. on(^+iJr)-*, dn (Jf+iiTO -0, 

and then forming the 8n, en and dn of m + K+ iK", &c. it ulti- 
mately appears that the functions of u + * (ir+ iK") are equal 
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to those of u respectively: viz. tiiere is a second period i{K+iK^. 
But as alwve seen iK was a period, and thus the periods may 
be taken to be iK, UK" respectively— only it must be borne 
in mind that K, K+ xK' have, K, xK' have not, analogous re- 
lations to the elliptic functions. Tim is the theorem of tht 
double periodicity of the elii^ic functions. 

Further theory in regard to the Uiird kind of EUiptic Iiitegrals : 
Addition of Parameters, and Interchange of Amplitude 
and Parameter. Art. Nob. 28 to 31. 

28. We may differentiate an algehnuc function 

sin <ft cos ^ R (sin* ^) A {&, ^), 

where R (sin* ^) denotes a rational function of sin* ^ ; and 

thereby obtain an expression involving two or more terms 

of the form r: - v? ;- r - n — rr with different values of w. 

(1 + Bsin'^) A{fc,^) 

Conversely, integrating such expression we obtain an equation 

containing two or more terms of the form 11 (n, k, 0), that -is 

elliptic int^rals of the third kind with different parameters. 

In particular there may be two parameters only; viz. these 

being «, n', then we have either nn' = f or (1 + n) (1 + »') — i* : 

the resulting formulae are useful for the reduction of an int^x^l 

of the third kind to a like int^al where the parameter is of 

one of the Etand&rd forms cot* d, — l + fc"sin'^, — jf sin'S. 

29. There may be three parameters ; the theorem is in this 
case a theorem for the " addition of the parameteiB." To expltun 
this, suppose that twoof theparanietersare— i^sin'j*, —A'sin'j 
(this, if p, q are taken to be real, is a particular assumptiour 
limiting the generality of the result ; hut allowing them to be 
imaginary, it is no restriction) : then the third parameter is 
— i*8in*r, where the angles p,q,r are connected together by 
that very relation which ia the addition-equation for the integrals 
of the first kind, Fp + Fq- Fr = (rather it is, in the first in- 
stance, Fp + Fq + Fr = count., reducible to the laatrmentioned 
particular form) : the theorem then gives II (— A;* sin' r, k, 0) in 
terms of II (— i* sin*^, k, ^) uid 11 (~l^ dn* q, k, ^) ; and it 
is in this sense a theorem for the addition of parameters. 
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30. The theorem leads to an expression for an integral of 
given imaginary parameter in terms of two int^|;rals of real 
parameter, one of them of the form — 4* ain'^, the other of the 
form cot*\ or — 1 + k" sin'X. 

31. There is a further theory of the " interchange of azo- 
plitude and parameter:" differentiating the two sides of the 
equation 

in regard to n, and, after multiplicaUon by a factor, conversely^ 
int^rating in r^;ard to this variable, we obtcun 



^/' 



(l+n)(l + 



^ n (n, k, ^) 



expressed bb a sum of certain integrals io respect to n. Ex- 
pressing this parameter in one of the standard forms, for instance 
n = ~ if aia'O, the integrals in regard to n become integrals in 
regard to 0, viz, these are the elliptic integrals F(k, ff), E{h, ff) 
and an integral of the third kind 11 [n, k, 6), where the par^ 
meter n' is = — A;* sin*^ : that is n = — i* sinV, n' = — jfc" sin'^. 
We have a relation between the integrals II (n, k, 0), 11 (n', h, ff) ; 
this relation [iavoWmg aiso Fik.f), E{k, »f>), F{k,0), E(k,0)] 
is a form of the so-called theorem for the interchange of ampli- 
tude and parameter : those belonging to the other two forms 
of parameter n = cotV and » = — ' 1 + i'* sinV are less elegant, 
inasmuch as in the 8 functions the modulus is k' instead of k. 

The second and (Aird hinds of Elliptic Integrals expressed in 
terms of the argymeiit «; new Notations. Art. Nos. S2 to 34. 

32. The introduction of u, = Fif>, as the argument in place 
of u, in fact supersedes the consideration of the elliptic int^pral 
of the first kind : by introducing u as the argument in the 
integrals of the second and third kinds, we obtain 
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which functions chart ffivg the notation might be called E{k,v) 
and n (n, k, u) respectively. But it is found convenient to con- 
sider somewhat different functions ; viz. in place of the integral 
of the second kind Jacobi considers 



Zu = u(l-^-L''j sa^udu, 



where E, K denote the complete functions B^, FJe respec- 
tively : ^ is of course a function of k, so that its complete 

expression is Z(Jc,u): it is => — -~u + -^ (£, u), difTeriug from 

M(Jc, u) by a multiple of u. 

33. As regards the third kind, the parameter is taken to 
be = — A:* 8n*a (to meet every case a must not be restricted to 
real values) and the function considered is 

t A;*snacnadnaSD*u(2u 



n(w,a)=J - 



1 — A* an'a sn'w 



[being of course a function also of k, so that its complete ex- 
pression would be n («, a, A)] : viz, writing n = — A* sn'a, this 
13 in fact a multiple of 

J (1 + n sin'^) A (A, ^) n ' ^ ^^ v i - r^i 

34. The advantage of the new forms is very great : thus 
the addition-theorem for the second kind of integral is 

Zu + Zv — Z(u H- ti) = Jc" sn u sn w sn (u + ti) 

and that for the third kind gives in like manner the value of 

n («, a) + u (», o) - n (« + w, a) 

in terms of the functions of u,v,u+v: the theorem for the 
addition <A the parameters gives a very similar expression for 

n {u,a) + U {u,b)-n (,u,a + b), 

and the theorem for the interchange of amplittide and para- 
meter is in fact a relation between 11 (u, a) and 11 (a, u). 
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The Ihnctiom ©«, H«. The g-formuke. Art. Nos. 35 to 42. 

35. From the function eau we derive s new function Ou 
by the equation 

- /iKk' i»'(l-|)-»"/,A./^»m'» 

^ TT 

(K, E denoting as before the complete functions Ffi, EJc) : this 
may be regarded as one of a system of four functions, %u, 
%{u + K), e{ii + iX'), e(M + Z"+iX'); or writing 

the functions may be taken to be Ou, B(u + K), Bu, H(u + K). 

36. The function ^ is at once expressed in tenoe of du 
and its derived function ©'w : viz. we have 2u = ^r- . 

The function 11 (u, a) has a simple expression in t^rma of 6, 
viz, we have 

n{«.a) = «^ + ilogQ-i^. 

37. Writing herein « + o for m, we have 



and for tho values a=lK, ^iK', ^K+^iK' the function 
n(« + a, a) is expressible in finite terms by means of the func- 
tions log en u, log cnu, logdnu respectively: the resulting equa- 
tions give, aiW all reductions, the formuUe next referred to*. 

38. The functions snu, cnu, dnu are found to be fractional 
functions, the three numerators and the denominator being the 
four functions above spoken of; viz. we have 
1 

where denonL = 8w. 

* This is not Jaoobi's method nor perhaps the most direot or natnnil way of 
obtaiuicg the (onniila in cineetion : but the oonnexion of the tortnulm with the 
eipnsnou lot n (ii, a) it very noticeable. 



8nu = 4?ff«^. ciiu=fJ^ir{u+K)-i-, dn«=VA'e(w+Jr)+, 
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39. These fuactions H, 6 are in fact doably infinite pro- 
ducts ; viz. writing for shortness 

(m, m') = 2mK + Sm'iZ', 

(m, m") - (2m + 1) K+ 2m'tX, 

Km) - 2m^+ {2m'+ l)tX, 

(m, S") = (Sm + 1)^:+ C2m'+ 1)*^ ; 
thee, disregarding certain constant factors, we have 

Bu =unfl + — ^l, 

\ (m.mOJ' 

- - "h(^,}. 

%{u+K)~ n|i + — !^l, 

^ t Km)J' 

where (except that in the first product the simultaneouB values 
m^ii, m' = ore to be omitted) m, m' have all poBitivo or 
ne^tive integer values, including zero, but under the following 
condition, viz. taking /», /«' to denote each of them an in- 
definitely lai^e poeitive integer, p, being also indefinitely large 
in comparison with fi, so that /;(.' -r- /t = 0, then 



form 


the limits 


are m 


■=. 


-/* 




to-f-/*, 


» "*' 


.. » 


m' 


= ■ 


-/*' 




„ +^'. 


„ m 


» 


m 


= . 


-/* 


-1 


» +ft 


„ m" 


„ „ 


m 


= . 


-/ 


-1 


» +/»'. 



40. Giving to m all its values, and reducing by means of 
the factorial expressions of bKhx, coaic, the expressions become 
singly infinite products of circular ftinctiona such as 

or writing ojE,™ a", these are ftspressible as products or series 
c 2 
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inTolving cob ias, or the multiple ainee or connes of x, with co- 

efficieDts which are functioiiB of the quantity j, « e~ ' ; viz. we 
have thus the j-formuUe which Jacobi obtaJUB in quite a dif- 
fereat manoer (^m a transformation formula, by writing therein 

- for ti, and taking n infinite), and which in fact led hitn to 

the fonctione S and 6. The formulee are very remaricable 
as well in themselves as irom their origin, and the connexion 
-which they establish between Elliptic Functions and the theory 
of Numbers : as a specimen take here the identity 

which not only shows that every number is the sum of four 
squares, but affords the means of finding the number of decom- 
positions, 

41. The four functions ©u, e{v,+K), Hu, n[u-\-K) con- 
sidered as functions of (c,=^=- , and ^'^^arr* ^Ach tS. them 
satisfy the partial differential equation 

f2v* dm 

This equation, not given in the Fun<2dt?»enfa }^ova, but ob- 
tained by Jacobi (CVeUe, t. lU. p. 306, 1828), is, in fact, an imme- 
diate consequence from the expressions of the functions as series 
in terms of ^ [^ e~") and u ; but it, is also obtainable from the 
finite expressions of these functions. 

42. There is no proper addition-equation for the functions 
H, B : the nearest analogue is the system of equations 
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inTolviDg, it will be obserred, the B.B aa well of u -« aa of 
u + v. But theae formalie ebow, what follows aJao from the 
douUe-product expresiioiiB, that theae functiooa have a multi- 
piwation-theoiy ; and the double-product expreBsioDfi alao ehow 
that they have a traDBfoimation theory. 



The Numerators and Denominator in the multiplication and 
transformation of the Elliptic Functions. Art, No. 43. 

43. We are thus, in the multiplication and in the trana- 
formation of the eUiptic functiona, led to ezpressions for the 
three numeratora and the denominator of the tiuuitiona of nu, 

or of ( u>^] {ante, No. 24), io tenna of the functions ff,9;aiid 

by the ud of the above-mentioned partial differential equation 
we obtain partial differential equations satisfied by the nume- 
rator- and denominator-functions in question : thus, considering 
the denominator only, and writing for convenience e^V^snu, 

order snl-j>,x], but=n*in the case of multiplication annw; 

then the denominator, considered aa a function of x and a, 
satisfies the partial differential equation 

+ i'(i'-l):t'B-2i'(fl'~4)^. 

(Jacobi, Crelle, t. rv. p. 185, 1829.) As regards the transforma- 
tion formula, it is to be observed that \, qui functioa of it, must 
consequently be considered aa a function of a, and the expression 
of s as a function of x, and of a directly and through X, is ao 
complex, that not only the equation ia practically useless,' but 
it is di£Bcult to verify it even in the simple caae of a cubic 
tranafonnation : but as regards the multiplication formula, the 
equation is very convenient for the dotermination of the actual 
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expresBion of < as a ftiDction of a and a, or, what ia tlie same 
thing, of snu and h The equation requires some change of 
form to adapt it to the three numerators respectively : and the 
resulting equations are in like manner practically useless for 
transformation but very convenient for multiplication, 

Cimcluding Remarks, Art No. 44. 
44. The forgoing outline is purposely very hrief as to the 
theory of transformation, and as to the ulterior theory of the 
third kind of Elliptic Integrals ; as to these it is completed by 
the outUnes prefixed to the chapters on these subjects respec* 
tively, and generally the outlines or introductory paragraphs to 
the several chapters may be consulted : as thus exteuded, the 
outline is intended to cover the whole of the present treatise up 
to the end of chapter xi., and also chapter xil., which contains 
the reduction of the differential expression Bdx -i- 'JX to the like 
expression with the radical in the standaxd form Vl— a^.l — Va;*, 
as mentioned at the beginning of this outline. The remaining 
chapters, Xlll. to XVI., I regard as supplementary ; the outUnes 
or introductory paragraphs will explain what the contents of 
these are ; I only remark here that chapter Xlii., relating in 
&ct to Landen's transformation, belongs to the elementary part 
of the subject, and might have been brought in at a much 
earher stage; the only reason for deferring it was the con- 
venience of using the form of radical Va* cos' + J' sin' 0, in- 
stead of the standard form VI — A" sin" ; generally whatever 
relates to the non-standard form of radical is given in these 
supplementary chapters. 
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CHAPTER n. 

THE ADDrnON-EQX7i.TIOK : LilTDEN'S TEEOBEH. 

45. As already mentioned the addition-equation ia the 
integral of the differential equation 

(A^ ^E Vl — ^sin*^, &0.) the constant of integratioD, /* heiog 
the value of either variable when the other is put =0. Of the 
proob which are here given several ore only verificationB of the 
theorem assumed to he known : hut the first one is a djrect 
invest^tion. The fifth proof (Jacobi's by means of two fixed 
circles) leads bo naturally to Landen's theorem, that, although 
belonging to a different part of the subject, I have given it in 
the present chapter. 

Firtt Proof (Walton, Quarterly Malh. Joum. t Xi. pp. 177—178, 
1870). Art No. 46. 

46. Rationalising the differential equation, we have 

d<f,*-d^ = -i? (sin' 4>d'^* - Bin* ft?.^'), 
or, as this may be written, 
m' - d^ (cos* ^ - coa» 

= _ jt!» (sini ^^ _ sin* ^^*) (cos*^ - C08». 
The left-hand side is 

= - sin (* + ^) ((i^ + df) Erin (^ - -f) C<i0 - d^), 
= — d COB (0 + ■^) . d cos (^ — ■^), 
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22 THE IDDinOK-BQUATIOH. [II. 

or putting x<= COS ^ COS '^, y = sin ^aio'^, and therefore 

thia is » d^ — da^. 

The right-hand side, omitting the factor — A:*, is 
(cob ^ + cos '^) (sin ^ifr + sin "^d^ 
X (cos ^ — cos ^) (ton ^^ — sin V^)> 
where the first factor is 

= cos ^ sin ^rcj^ + 006^ sin ^^ + dn^ coe ^'^ 4- sin^ coe-^rtj^ ; 
viz. writing this under the form 

COB sin -^^ + cos -^ sin ^(^ + nn ^ cos ^ (cos'-f' + sin*'^] d^ 
+ sin -^ COB -^ (coB*^ + sin* ^) d^, 
it is °= <^y + ii»2y — ySa ; 

and nmilariy the second &ctor is 

'^-dy + sedy-ydx. 
Hence, re«t«ing the factor — A:*, the right-hand side is 

or the differeDtial equation is 

d^ -da?~i?ld^ -{xdy-ydxY]; 

viz. writing herein -j^pi this is 

I^~l = k'[p*~(if-px)']; 
or we have 

(y-y.)'=j,' + i(l-/). .^({J«-l)p'+ll, 

which is an equation of Clairaut's form; or taking 7 as the 
arhitrary constant, the integral is 

s=,»+lv(f-i)y-i, 

that is 

BlQ^sin-^siyCOB^COBi^ + T "^{A' — 1) 7* — !• 
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Let n be the value of ^i- corresponding to the value ^ = 0, 
then vriting ^ = 0, ^ b ^ ve have 

7CO8/t+jV(i*-l)y + l = 0, 

giying 7*;;^ (1 ^ ainV) - y;;? - y + 1, that iB 7* (1 - i(^ sinV) " 1, 

or 7 = -r-, whence TV(JS^—l)y + l= — -r — ^; and Bubetituting, 

we obtun 

cos /I = (»s ^ ooe ^ - Bin ^ Bin ^^ 
tiie required addition-equation. 

S&x/ad Proof (Jacobi, CreUe, t. Tm. p. 332, 1832). Art. Na 47. 
47. AsBume a + &co6^cos^ + cain^Bin^=>0, 

then differentiating we have 

(— &sin^cos'^+cco8^8in'^}<2^ 
+ {-&cos^Bin'^ + 0Bin^coB-^)(2^H0; 

ea; this IB Md^ + Nd-^'=0. 

But we have 

3f + (& COB ^ cos -^ + c Bin ^ sin ^)* = i* coa*^ + c* ein'^, 
J^ + (6 cos ^ COB ■^ + c sin <^ Bin ^)* = f cob*^ + c" 8in*0, 

thatia 

Jf ' = — a* + S" coa*-^ + c* sin''^ — ft* — a" — (ft' — <^ sin'-^, 
N*= — a*+6'co8*^ +c'Bin'^ = ft* — a' — (ft* — (^ Bin*^ 

and the differential equation thus is 

Vft*-a*-(A'-<j')Bin> VA* - a" - (ft' - c") Bifl*f ' 
Tiz. an integral of this equation is 

a + ftcos^coB'^ + OBin^BiQ^<=0. 
Bat observe that the differential equation contains the Bingle 



Dig lizedoy Google 



S4 THE ADDrnON-EQCrjLTION. [II. 

6'— c* 
which of course cannot be expressed in terms of ^ ^ , but 

only in terms of this and an arbitrary constant, eay fi. Hence 
the assumed equation is the general int^;ral of the differential 
equation. 

6* — c' 
To complete the investigation write ^ , = f, and assume 

a 6* — (? 

r = — cos/ii tiiea the equation 75——;!= A?, or 1^=1 ft*— (6'— a*)X!* 

becomes c* = &* (1 — if sin'^], or say c = — &A^ ; substituting 
these values of a and c, the equation becomes 

— cos /t + cos cos '^ - sin ^ sin ^^ft'-O; 
viz. we have 

cos ^ = cos ^ cos ^ — sin ^ sin i^^ft, 
as the integral of the differential equation -^ + ^i^"^''- 

And it is clear that /t is the falue of either variable corre- 
sponding to the value of the other variable. 



Forma of the Addition-EqutOion. Art. Nos. 48 and 49. 
48. We have 

(cos ^ — cos ^ cos -jry — sio' sin* ■^ A'/* = ; 
or expanding and reducing 

1 — COS"^ — COB*^ — C08*/t + 2cOS^COS'^C08/* 

— f8in'08iu*^sin*^= 0, 

which is symmetrical in regard to the three quantities : hence 
we have also 

(cos ^ — cos ft, COS ^)* = sin'/* sin* ^ A*^, 

(cos ^ •- COS /I COB ^}* = sin' p, sin* ^ A^, 
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and extracting the square roots, it appears that the e^ns on 

the right'himd side must be + : ire thus have 

cos ^ — cos /( cos '^ = sin /» sin '^ A0, 
coa^— cos/tcoa0= sin/isin^ A'^, 

to which join the ori^nal equation 

COB/* — C08^co8^= — sin^sin'^ A/», 

49. From the rationalised equation, writing mii*ft= 1 - G03*/t, 
we obtain 
(1 — A? ran*^ ain'^) cosV — 2co8^co8^co8/t 

= 1 — cos'^ - cos*^ — y sin'^ sin*'^, 
that is 
[(I - i* sin*^ sin*'^) cos /t — cos ^ cos if^]* 

= (1 — fsin'^sin*^) (1 — cos'^ — co6*'^-i*Bin*^8in"'^) 
+ cos*^co^^, 
vhich is easily seen to be 

= sin* ^ sin* ^ A*0 A'-^ ; 
and then extracting the square roots, the sign on the right- 
hand side is — , and we have 

(1 — £* ran*^ sin*'^) cos /« — cos ^ cos '^ — sin ^ sin -^ A^ A'^, 
which gives the value of /« in terms of ^ and >^. 
Combining with this the equation 

cos /t — cos ^ cos ^ = — sin ^ ain -^ A^ 

we have the value of A/* : and if £rom coB/iyre proceed to find 

the value of ain'/t, we have 

(1 — ^ sin*^ Bin*'^)*mn*/t"»(l — i^ sin*^ sin*^)' 

— (cos cos '^ — sin sin '^ A^ A^)", 
which is readily found to be 

'= (sin cos ^ A'^ + sin ^ cos A^}' ; 
and extracting the square roots, the sign on the right-hand 
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side is + : we hsre thoa the formulfe 

sin /« = SID ^ cos ^ A^ + sin ^ cob ^ A0, (■*■) 

cos n = COS ^ cos ^ — sin <f> ain ^ A^ A'^, (-i-) 

A/t = A^ A^ — A^ sin ^ MQ ^ COB COB ^, (-:■) 

where the denominator is 

e= 1 — i* sin' ift sin' f^. 
And we hare in like manner 

sin ^ = sin /t COB ^ A^ — ein-^ cos/* A/i, (-^) 

coQ^BCos/tcos^ + sin/tein-^ A/i A-^, (-i-) 
A^ = A/iA'^ + A^ sin /t sin '^ cos /i COB -^, (-;-) 

vhere the denominator is 

= 1 — 1^ sin* /* Bin* ^, 
And we may in these formula interchange <j), ■^. 

Third Proof of the Addition-Equation (a verification). 

Art. No. 50. 
60. Writing the equation in the fonn 

cos/i cosec^ cosec^ — cot^ cot-^B — A/t, 
then differentiatiDg the left-hand Bide the coefficient of dift is 
— cos /* cosec cot cosec ^ + cosec'^ cot ^, 

= ■ - . . ■ — r (cob ■^ — cos /* cob A), 
Bin p Bin Jr ^ • '^ ' ■" 

which in Tirtue of the form 

cos -^ — cos /I COB ^ B sin /t sin ^ A^, 

Bmijf sin'^ "' 
and simihirly the coefficient of d-^ is 
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,e common fiwitor, th< 



so that omittiDg the common fiwitor, the differenti&l equation 
becomes 



irhich is right. 



Fourth Proof (L^adre, TraiU des FonetionB EUipHqw*. 
t. L p. 20, bj a spherical triangle). Ait. No. 51. 

51. Consider a spherical triangle ABC, obtuse-angled at 
C, sach that the sides CB, CA are ■> 0, '^ respectively, and 




that the cosine of the angle C is = — A^ This being so, the 
equation cob fi — cob ^ cos ^ = — sin ^ sin ^ A^ shows that the 
side AB is = /* (so that by sliding the constant arc AB, ™ /t, 
along the two fixed sides GA, CB, we obtain the different 
values of 0, ^ which satisfy the relation in question). And 
the other two equations cos^ — cos/t cos^ — sin/t siu'^ A^, 
and coB'^ — coa^cos^snn/isin^ A^, show that cob ^i — A^, 
and ci»B = A'^ ; so that the sides a, 6, o of the spherical tri- 
angle are ^, ^, ft respectively, ajid the cosines of the opposite 
angles A, B, C are A^, A'^, — A/t respectively. ' 

Now considering the consecutive position A'S ot the 
ride AB, and letting fall on AB the perpendiculars A'p 
and B'q, the equation A'B' ^AB gives Ap = Bq, that is 
AA cos A = BB' GoaB,oi db cob A + da cob B =- ; viz. this is 
tite differential equation tf^A-^ + d^A^ = 0. 
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[11. 



Fifth Proof (Jacobi, CrdU, t. lit p. 376, 1828, by two fixed 
circles). Art. No. 52. 



£2. Consider two fixed circles as shown in the figure, and 
suppose that we have 




BadiuB of larger circle « R, 
„ smaller „ = r, 

Distance OQ of centres = D. 
Write moreover 



. R~D 



ii+D' 



whence easily 



'iS + D)''t" 
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▼iz. k and /t are given functions of £, t, D: and it may be 
noticed that 

"• ' [1 + A>t)* 

Imagine nov a variable tangent AB, and assume 
LAOL = ^^, LB0L = 2-^, 
then letting fall on AB the perpendicular 06, we hare 

and thence projecting A 0, OQ on QM, we have 
^ COB (^ + ■^) + i) COB (0 — ■^) = r ; 
thatia, (B + i?) coe ^ cos ■^ — (fl - i3) sin ^ sin -^ = r, 
or what is the same thing 

coa^cos'^ — Bin^sin-^A/iscos/t, 
which is the int^ral equation. . 
Also AM' = AQ'-M<^ 

= £• + i>' + 2i)fl COB 2^ - T* 
= (il + J)' - / - 42)5 sin* ^ 

And siinilarly 

£Jf» = {(fl+i))*-r*}A'^. 
Now varying the tangent let the new position be A'B'; 
then clearly A A' : BB' = AM : BM ; that is 
d*j> : -dt^AM : BM. 

viz. substituting for AM, BM their values, we have the required 
diGferential equation 

corresponding to the above integral equatio 
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Landen's Theorem, from the foregrnng geometrie(U ^gure. 
Art. Nob. 53 to 66. 

53. Suppose that the l&i^e circle and also k remainiDg 
constaat, the small circle a varied ; that lb, let r, D vary subject 
to the foregoing condition 

it is readily shown that the radical axis of the two circles re- 
mains unaltered. In fact, taking the centre of the larger circle 
as origin and the axis of x vertically downvaids. the equations 
of the two circles are 

(x-Dy + y'-t'^O. 
and thence for the radical axis 



2Dx-S'-£^ + r' = 0, or «=- 



ZD 



which is constant. In particular the smaller circle may reduce 
itself to the point f (one of the Umit-circlea of the original 
two circles, or vhat is the same thing an antipoint of their 
points of intersection, viz. that antipoint which lies within the 
smaller circle): and then taking the distance OF=S, we have 
iBR JD R 

(fi + 5j»"(B + i>)*-r" 
or what is the same thing 

64. Reverting now to the original two circles, if in the 
figure Z -4 Off = (H (= ir - ^ - -^J and /. Q (3 = X (= <^ - f ). then 
obviously ^j1' cos JfjlO = ^-Af(fXr that is B.2d(f> ei-a a =^ AMdx; 
or what is the same thing 2AGd»ft = AMdx; hence the equa- 
tion ■^?- = — -^^ may be completed into 

AM'^~^M^2AQ' 
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and observing that ACP = A(y - 00* = ff - (D coax- r)\ the 
equation is 



d<l> ^ -J^ dx^CR + D )^ -** 

We have OP ~ , and thence OP = D , whence from 

coax <^X 

the triangle OAP, in which the angles A, P are ^^ + '^—^w 
(that is 2^ — X — ^) and ^ir + ;^ reapectirel;, ve have 

that is Dcos;^ — r=s — ficos (2^ - ;^, 

which is an int^ral equation corresponding to the above difTer- 
ential equation 

A ih <i>)^i -JB-ificMx-r)' ■ 

Writing now Z.^-P0=5, then x=^-iT,2^-X=2^-^+J«-, 
and the integral and differential equations become respectively 

2>8in tf - r = B Bin (2^ - ^, 

and d» ^ dB^{D-^E)'-7* 

"* A (i, ^) " 2 -JW^Dsm e-rf' 

55. Suppose now that the smaller circle reduces itself 
to the point F, then retaining 6 to denote the angle in this 
state of the figure, we must in place of D, r write &, 0; and 
the equations become 

£ sin d = iZ sin (2<^ - ff), 

d<f> ^ d e{R + S) 
A(*.*) 2^1^~h'sia^e'' 
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or writing herein ^ "^ n i these are 

\sind = 8iu(20-dj, 

where io virtue of the relations J^ = 7r,--r-f^ and X = -fi, we 

{li + 0) Ji 

haveif=75 — rrs, and therefore also i' =5 — r- and \ = = r-- 

(l+\)" 1 + X 1 + A 

66. The result would have come out more simply hy con- 
sidering ab initio the smaller circle as replaced hy the point Ft 
viz. the chord AB would then pass through the point F, and 
the points M, Q each coincide with F: but it was interesting to 
consider the theory in connexion with the original figure of 
the two circles. 

The theorem gives, it will he observed, a transformation of 
the differential expression -r- ^ -j-r into an expression -—^-^ , 

involving a new modulus X. : viz, considering X as derived from 

1— if 
k hy the equation X = i — jp , then we have between the two 

variable angles »p, &n integral equation Xsin d= sin (2^ — ^ 

answering to the differential relation ■ . ,, ,. = ■ . - » - L — : 

or since ij>, 6 vanish together this last is equivalent to 
F{k,,j,) = \{l-\-\)F{\,e), 
The integral equation gives \ tan 5 = sin 2^ — cos 20 tan 6, 
that is 

- sin 2i 

whmos ring- , ''"^ "'^ or 

obaervmg that ,. . ,., = i? and 1 + X = - — rv.fLisis 
(1 + X)' 1 + 4 
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Sixth proof of the Additinn-Equation. Art. No. 67. 

57. The rationalised equatioo in ^ -^, /» may be written 

sin*/* — cos'^ — cos'-^ + 2 COS ^ cos ^ coa /* 

- 4* sinV (1 - co9'0) (1 - coa'-^) - 0; 
viz. thia is 

b^ sinV - A V (cofl*^ + coa'^) + 2 cos /* cos ^ coa ■^ 

— f sioV cos'0 cos*^ = 0, 
or as it may also be written 

i" ainV • — AV cob*^ 
+ 2 { cos It cos . ] coa -^ 

+ {— A"/* — A^ ain'^ co^0} coa'^ = ; 

viz. tbe left-band side ia a quadriquadric function of cos ^, cos ^: 
say thia ia u, and represent it successively under tbe forma 
j4' + 2B' COB ^ + C COB*^, and ^ + 2Bco8if'+ Ccos*-^, wbere 
of course A', B", C are given functions of coa ■^, and A, B, C 
are tbe bke given functions of cos ^ : we bave 

;3-^ = 2(C'C08^+B'), 

but the equation tt=.0 gives (Ccob^ + £')' = (5^--d'C), 

whence -; --= ^•JB'* — A'C, or what is the same thing 

acoH^ 

^=-2 8in0 -JB^-AC, and similarly ^=-2 ain^ •J^-AC: 

wherefore the differential equation is 

V^""- A!C' sin ^ d^ + V.B'-^CBin ■^ rf^ = j 

we bave 

ff~AC= coB'fi coB*^ + (&'* sinV — A V cob*^) (A*^ + ^ wiV co^V) 

= &'* sin'fi A*^ 

+ (cob*/* + i'A'* BinV - A V) cos*0 

— il^ ain*/i A*/* coa*^, 
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and coefficient of cos*^ is 

1 — am* ft + it*i"BinV 
-l + Si'siDV-feinV, 
- {**-*'*) sinV^V; 
vhence the value of 5" — AC is 

sinV AV {k" +{e-k'*) co8*0 - f cos*^} , 
= 8in*n A^ ft. {l~coa'^) (k" + /t^ cob*^), 
= aiu'ft A'/t sin'tft A*<f> ; 
that is 

'</ii' - AC'' sin fi sin tf> A fiA<P; 
and simihirly 

V^-J'C-8in/*Bin^A/iA+, 
whence the foregoing result is 

d^Af + iff A0-O, 
the required differential equation. 

It may be remarked that this, like the third proof, atOe, 
No. 60, ia a verification, the difference being that we use the 
rationalised integral equation instead of the original irrationiU 
equation: and that they are each of them closely connected 
with the second proof, anite, No. 47, although this is less in the 
form of a verification. 
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CHAPTER III. 

MISCELLANEOUS INVESTIGATIOIfS. 

The present chapter contaiiiB, in relation to the first and 
second kinds of elliptic integrals, Tarions matters not very 
closelj connected wliich it was convenient to give here before 
going on in the following Chapter IT. with the main theory : 
the contents will be seen from the headings of the several 
articles. 

Arcs of curves repreaentitiff or represented by the elliptic 
xDiegraia E{Tc. 4.). F [k, ^). Art Nob. 68 to 62. 

58. The elliptic int^ral of the second kind occurs 
naturally as representing the arc of an. ellipse : viz. taking the ^ _. 

equation of the ellipse to be -i + a = 1. this is satisfied on 

writing therein x = a an^, y^b cos (observe that ^ is the 

complement of the eccentric anomaly, or say of the parametric 

angle): we then have dx^acoa^d^, dy^ — ban^: and thence 

(fa* = (a' 008*0 + ft* sin'^) dip* 

= [a' — (a' — ft*) ein*</>] d^\ 

ao that taking k = (= excentricity) we have 

ds = a^{k,<f,)dil,, 4 
and thence a = aS {k, 0), ' 

the arc being measured fi'om the extremity of the major axis : 
the length of the quadrant is = aS^k. In the case of the circle 
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the length is aEfi, = a . Jn- ; and, as the minor axis diminiBhes, k 
increases and BJc diminishes, until ultimately for the indefinitelj 
thin ellipse k becomes = 1, and 6 ■== aE^, = a. 

59. We may also represent the arc of the hyperbola: takii^ 

the equation to be -, — ^ = 1, and expressing x, y in terms of 

the parametric angle u, that ie writing x = aiscu, y = h tan u, 
we have dx = a sec u tan u ifu, dy = h%&^udu, saA thence 
du 



d» = - ■ ■ - ^i' + a' sin'ti, 

COSli 

which does not immediately express the arc s by means of ao 
elliptic integral : to obtain an expression of the required form 
afisume 

a , b • 

k *• -/— u --^ ;. and therefore k — "; •; ■ • ,, 
Va +0 Va'+o 

(i = reciprocal of the eccentricity); and coDBider an angle ^ 
connected with u by the equation tan u = k tan ^ : the expres- 
sions oi x,y in terms of ^ are 

a , . . . , ak"* sin d (Jd 

jT s= _ i* OlTlDg ax " i.Aj^ , 

y = 6itan0, „ dy~ -^^ 

[A^ is written for shortness to denote A {k, 0) and so presently 
^1^, Eifi to denote F{k, ^), E [k, ip) respectivdy] : and thence 
, hk'dA 

*»= — .rr. . 

cosp A9 
a value which of course may also be obtained from the fore- 
going expression of t^s in terms ofdu. 
We obtain by di£Ferenttation 



and conversely, integrating from zero, we have 

A<^ tan ^ = ''" IcofAAA " *" -^^ + ^' 



'<^A0 
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vhence aubetituting for the integral and obeerving that t> =* t r 

we have 

a = ^ {tan ^ A0 + Jt" f - -ff0|, 

where (see figure) a denotes the arc AM measured from the 
vertex A of the hyperbohk 

60. As regards the geometric BignificatioD, obseire that for 
the point M on the hyperbola, thg constntctioD of the aoglea 
1^ ^ is as follows, viz. drawing the lines NQ, NS, — i and bk' 




respectively, and joining these with the point M, then LQ = u, 
LB = ^ To obtain a different construction for the angle 0, 
with centre G and radius GA (= a) describe a circle, and 
drawing from M the tangent MT, and the radius CT, we have 

Jf7" = a;' + y«-a* = A + Qy-, that is MT~^.; hence 

measuring oflf from T the distance TQ = h, and joinii^ QM, 
the angle MQT is = ^. * Moreover the perpendicular CZ on 
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1 a^ »' 
the tangeot at M is given by ^^ = -, + |j , and substituting- 

for X, y their values in terniB of ^ we find CZ= a cos ^ ; hence 

if I' be the intersection of this tangent with the circle, we 

have also l¥CZ=4>. Further MZ* = a^ +y'~a'<x>^4>; or 

eince a^ + ^ = a* + b* tan*^, this ia 

MZ'=a' Bin'0 + 6* tan*^, 

= a'tan*^(co3'^+ -jj , =o' tan'0fTj-Bin*0l, 



>. 



q* tan'^ 



or finally MZ= t tan A^ 

Hence the formula is 

8='MZ+^{k*F^-E^), 

or what is the same thing 

MZ- MA^:^ {Elf, - k^F^,), 

the quantity on the right-hand side being it ia clear positive, 
viz. it is in fact 



, fcos'A 



As ^ approaches 90° the point M goes ofi" towards infinity, 
and the point Z tends to coincide with C: hence writing 
^ = SO", we obtain ^ 

(where / represents the point at infinity on the curve or the 
asymptote) as the expression for the excess of the length of 
the asymptote over the arc of the curve. 

61. It is less obvious how to find a curve the arc of which 
^hall express the elliptic. function of the first kind. Legendre 
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remarked that in the particular case k= -t=, the solution was 

afforded by the leminiscate (3^ + y^' = o' (aj* — y*). Observe 
that the curre is a horizontal figure-of-eight, the eztreniities 
being given by y — 0, x— ±a, and the branches at the ori^n 
being inclined to the axis of x at angles = ± 45*. The equation 
is satisfied on writing therein 



jF = acos^\'l-J Bin*0, 



(in fiut these values give iB'+y' = a' coa*^, a? — y*™** coe'^): 
and hence determining the element of arc d», *^ */d^ + d^, we 
have 

whence attending to the identity 

»nY(-J + "«»"+i(l-Min'«(l-2"I''*)'-t 



we hare 



.y-Ki- 



i ein*^' 



or finally (fo = — 



whence 



v/aVl-Jsin*^' 



$ denoting tjie arc measured from the extremity x = a, y = 
(^=0) to the point belonging to the value ^ of the parametric 
angle. The same result may be obtained by means of the 
polar equation i*^c? cos 20, introducing instead of B the 
variable ^ connected with it by the equation sin = V^sin 6. 
At the origin we have ^ =' 90*, and the length of the quadrant 

of the curve is thus — -^ F, I -r^J . 
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It thus appears that the leminiscate serves to express the 
function F of modulus -7= . 

62. For the general representation of the function F(]c, ^) 
Legendre used the Bextic curve 

a; = A sin ^ (1 + Jm sin'^), 

y = 6Acos^(l + m — Jm coe"^), 

where, k being the modulus, the values of n, m are 

. 1 - Si" afc" 

and it is then easily found that 

.-f(4,«-*l.m*coii,fa(4,^"), , 

where observe it is not the arc g, but the difference of this arc 
and an algebraic function, which is equal to the function 
F(Jt, if))/, and the solution is not an elegant one. 

63. A ,>ery beautiful solution was obtained by Serret 
(improved upon by Liouville), Liouv. t. X, 1845, pp. 257 and 
351: and I have found that the theory admits of further 
development: I reserve the whole investigation for a sub- 
sequent chapter, remarking here that Serret's solution was 
suggested to him by a different treatment of the leminiscate ; 
viz. the equation oi the curve is satisfied by 

e + Z* 2 — 8* 

"'■1+7" J' — i+V 

values which lead to 

,,,,,,» 2o* , , , a 'Jtdx 

da^ = ax + ay = = , dz . or (M = — , 

* IT^ Vl + s' 

so that the arc is expressed as a multiple of 



f dz _ 

J-/i+7*' 
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which is an expresgion in the nature of an elliptic integral. 
To compare with the former solution observe that we hare 

COSffl = , =: , 

. ^ l-j' 

81Q A = , - ^ - I 



Vl + « 

vl - 4 sm'd = -TTT -7=^ , 



1 + ^ Vl-isin'0 Vl + z* 



Jforcfc o/^ the Functims F{k, 0), £ (A, ^). Art. Nos. 64 to 70. 

64. To gain some idea of the march of the fuoctione Fift, E<^, 

we may, taking ^ as abBci§£a, trace the curves y = t-, . y = A^ : 

the areas of these curves included between the axis of y and 
the ordinate corresponding to the ahacisaa <f) will of course re- 
present the values of the integrals F<ft, E<p. 

65. If i = 0, then A<^ = 1, and the curves y = A^, y = vv . 
each reduce themselves to the line y = l. Here of course 

Fip = Eip = ^, 

If A > 0, < 1, which is the standard case, then the curve 
y = A^ is an undulating curve lying wholly below the line 

y™l, and the curve y = Xi an undulating curve lying wholly 

above this line. As increases from zero the functions F^, E^ 
each continually increase from zero, the function F^ being 
always the larger; and it is moreover clear that for a given 
value of 0, as k increases the function F^ increases and 
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E^ diminishee, and converaely as k decreasea then F<f> dimi- 
nislies Bud B(ft increases. In particular k = 0,F^, =K, = ^w, 




and also E^ = Jir, so that as k iacreasee from zero, F, or K 
increasee from iir, and E, diminisheB from ^w. 
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66. We see moreover that for each of the functions ^4^, E^ 
(it having a given value) it is sufficient to know the values of 
the functions for values of ^ from to ^ir : in fact we have 
F{-a)=~Fa, /V=2/',, and then 

Fa = Fir~F{-«--a),. ~2F^-F{w-a), 
giving the values from a = ir to ^, and 

Fx~Fv-\-F(a-ir), ^2^, + J'(a-ir), 
giving the values from a^w to S/tt; and so on. Or what is 
the same thing we have in general 

F(m-jr±a)=2mF,±Fa, 
and similarly JS (mir ± a) = imE, ± Eii. 

€7. If k=l there is an entire change in the form of the 
carves, viz. the curve y=A^ becomes tf = co6^, which is a 
curve lying as before wholly below the line y=l, hut which, 
instead of being included between this and the line y — 0, 
passes below the last-mentioned line, and is in fact included 

between the lines y = + l, y = — 1. And the curve y^yry 

becomes « = , , where the ordinate becomes infinite for 

' cos^' 

^ = iir : we have then between the values J^, jt a branch lying 

wholly below the line y=~l, the ordinates at the limits being 

= — ao , then from }v to ^ a hke branch lying wholly above 

the line y = + 1, the ordinates at the limits being each = + 00 ; 

and BO on. 

Observe that in this case £'^~/cos^(J^=aBin0, so that 

£,= 1, and, completing a former statement, we may say that 

as k increases from to 1, .£, decreases from ^ to 1. 

We have also F^i = I — ~, which admits of finite integration, 
viz. we have F<f> = log tan ( Jir + J^), 

(observe that \og tan is here the hyperbolic logarithm of the 
tangent,) and in particular J", = 00 (a value agreeing with the 
form of the curve), so that, completing a former statement, we 
may say that as k increases from to 1, F, increases from ^ 



Dig tizedoy Google 



44 IJISCELLANBOtTS INVESTIOATIONa. [ill. 

68/ This case (corresponduig to the extreme value k = l 
of the modulus) is one of great interest : writing 

u--F4> = log tau (iw + i 0), 
we have ^ = amplitude u {for tbis particular value £ = 1), or 
as it is convenient to write it ^ - gud u (read Gudermanniaii 
of u, after Qudermaun, by whom the form was specially con- 
sidered), and then sin0 ' = sin gud u, 
COB ^ = A^ = cos gud u, 
or as we may for shortness write them 

sin ^ = 8g u, cos ^ = A</> = eg u ; 
viz. we have here the two new functions sg, eg, replacing the 
so, en, dn of the general case. 

69. We have in a subsequent part of the subject to consider 

K' ^' 

the expressions ^ , and q^t ^ ; and it is convenient to notice 

here that 
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k-0; 


f-1, Ji-K jr'.«. 




^-k 


V2 'Wa^ 


A'' 


i-l; 


i-. 0, A-.a, Jf-l^, 


IC 

k' 



q.O: 



.0, }-l: 



q increaseB from to 1. The annexed figure shows the curve 
x^k, y= -j^ . It shows also a construction which will pre- 
sent itself in the sequel : riz. considering an abscissa x^k, and 
the abscisse x = \, a; =■ 7, which belong to the (k>uble ordinate 
and the half-ordinate respectively; then if F, P be the com- 
plete functions to the modulus 7, and A, A' the complete 
functions to the modulus \, we have it is clear 



K • 

less than k ; and similarly if 7 be such that ^ j^" r^i tten 

7 is greater than k : and not only so, but i^ starting from k, we 
repeat this process of the double ordinate so as to obtain a series 
of moduli X,X,,\... then we approximate very rapidly to a 
modulus = : and similarly if, starting from k, we repeat the 
process of the half-ordinate eo as to obtain a series of moduli 
7, 7,, 7,.., then we approximate very rapidly to the modulus s 1, 
And the like conclusions follow if n denoting any number 
greater than 1 (say n a positive integer = or > 2), we have 

A' _ K' K^_ ^ 

A ~ " A" A- ~ " "r ■ 
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Properties of the Functions F{k, ^), E{k, <f>), but chiefiy the 
complete funetiona FJe, EJc. Art. Nos. 71 \o 7*1. 

71. Starting from the expressions 

^^^'-/aW?)' ■E(*.«-/i(*.«i*. 

- when k is small we may under the integral sign expand in 
ascending powers of k, and then integratiiig from to ^ 
by the formula 

obtain the formulse 

^.'-i'(l 4>+ 2tI*'+ 2-tK' *■+•■•)• 

or what is the same thing, introducing the notation of hyper- 
geometric eeries 



1.2.7.7 + 1 

Ffi = ^.F( J, i, 1, A*), 

EJc = ^Tr.F(-hll,k'). 

72. Suppose k is very nearly 1, k' is small and we have 
it; = 1 — Ji"; to find the value of F,k we may write 

' /(,_, Vco8*0 + i"* sin*^ J g Vco8*^ + ft" sin*0 ' 

where e may be taken an indefinitely small quantity which is 
nevertheless indefinitely large as regards k'. This being bo, 
writing in the first integral i^r — u in place of tj), since through- 
out the integral u is small, the integral becomes I , . -■ ^ , 

J.vt'*+4V 
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, , , . 1 , k€+ Vi'" + it**" , _,. , , . , ^ 

whicb 18 = T log p , or neglecting k in reganl to 

; jn • Id the second int^ral 
)b' sin ^ is throughout small as regards cos tf>, and the int^p^l is 

J, C08 ift' 

2 

which is = log tan (^ir - ^e), or what is the same thing => log - . 

Hence we have 

as an approximate value of FJe, k being nearly equal to unity. 

73. The functions F (Ic, <)>), E Qc, 4>)> conradered as func- 
tions of k, satisfy certain differential equations. ■ 

Write for shortness E, F to denote the fuDctiona E(k, <t>), 
F {k, <l>), and A to denote A {k. ^). Then 

dE f k sin'^ J0 dF f ^sin'^^ 

dk"} A ' dk~} A» ' 

and writing herein sin* ^ = u (I — A), the two expressions de- 
pend on the int^rals l-x • 1^'^t j^'- ^^^ *"<> ^"t of these 
are F, E respectively : as regards the third c^ them, we have 

d MB0 COS0 _ 1 - 2 sin'^ + jfc" 8in*0 

d* ^"A "A" 

or what is the same thing 

„ rf sin ^ COS ^ _ A* - k* _ . k"* 
3^ A A' ■" ~A*' 

and thence by iotegration 

rd<f> 1 „ ifc'sin^coB^ 
JA»"^^ T^~ ■ 
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The forgoing expresBiona ^^~jk > 'jL' *'*'*^ become 
-dk= k ^^-^' 



and in pEtrticuIar if ^^\v, and E, Fnow denote the complete 
functions EJe, FJc, then 

f - s (^-^^ 

Let E', F' denote the complementary complete fiiDctioaa 
EJt', Fjk' ; then obaerving that jJ "= ~ P jtt > we have 



74. If we now conaider the expression EF' + E'F — FF', 
and form its diiferential coefficient iu regiu^ to k, this (eub- 

atitutiog therein for -jr , &c. their values) ia found to be = : 

the expression in question ia therefore = a constant ; and if to 
find its value we take i to be indefinitely amall, then writing it 
under the form {E—F)F+EF, and obaerving that J"ia equal 

4 
to the indefinitely large quantity log?) but that this is multi- 
plied by the indefinitely small quantity E~ Fj^ — ^irlf, and 
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consequently that the product is ^0, there remains only the 
second term E'F, which is ^i ^ir (viz. for Jt = 0, we have ^=* 1, 
F=^); we have therefore 

EF' + E'F'FF' = iw; 
or writing this at full lengtii, 

EJc . FJc + EJc- . FJi - FJc . F,k' = Jtt, 
a relation between the original and complementary complete 
functions EJc, FJc, EJc, FJc'. [Later on, instead of these quan- 
tities we write K, K', E, E", and the equation is 
EK' + EK-KK'=\ir:\ 
'to. The equation in question has recently been proved 
in a very elegant manner by Mr J. W. L. Olaisher, Metaenger 
of Mathematics, t. iv. 1874, p. 93. Writing for convenience 
i»= c, ft'* = c'. and u = EF'+ E'F- FF, then from the deOni- 
tions of the functions. 



'h 



J 'Ji-x'.i-cx'.i-f.i-cy 

where, and in what follows, the integrals in regard to x, t/ re- 
spectively are taken from to 1. DifTerentiating with regard 
to c, observing that da' = — dc, and reducing, we have 

2 ^ . f / V -»■ + »■ - cy + cVy- - er^y ^ , 
<fc II {l-a?.l-fl*.{l-c2?.l-c'f)' 
where the numerator is 

-(l-a^jCl-ryj-a-jMl-r^r-); 



«« J (l-cd) ■'(l-j")'Cl-c'yO' 



I (1-c'y)' Ja-*"" 



= pq ~pq suppose, 

. rVT^^ dx r (1 - ox*) dx 

where p = I , , ? = J — ^^— i ■ . 

} {1-aO' ■'Cl-a:*)*(l-caO* 

and p, q are the like functions with c in place of c. 
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We have 






4. 






Vl-»*.i-<i«' 






where the secoad tenn, taken hetween the limita, vanishes ; 
and we have therefore q=p-{-p, =2p. And similarly g' = 2y; 
hence 



hence u is independent of c, and putting c = 0, we find that its 
value is =^, and the theorem is thus proved. 

76, Reverting to the equations 
and from these eliminating successively E and F, we find 



air k dk A 

and in particular if ^ = \it, and E, F now again denote tlie 
complete iiinctions E^k, FJc, then 

.d^F , 1-Sk'dF 



„ ,,,J'E \-tf dE „ „ 
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We have cossequeatly a particular solution of each of the 
differential eiiuations 

and we can in terms of the foregoing expressions obtain the 
complete integrals of these equations ; for this purpose, trans- 
fonning to a new variable k', connected with k by the equation 
i* + i'' = 1 , it is easily found that the transformed equations are 

- Sk'' dy . 

where the new equation ia y is as r^axds it' of the same form 
as the original equation iu regard to h : hence, F^ being a 
particular solution, another particular solution is F^ ; and we 
have the general solution y = oF^ + <iFJe'. And moreover, 
observing that the equation in E is satisfied by the value 

E^k" {^+ ^~Ji:] • it appears that the equation in e must be 
satisfied by the value « = A" [y + A j|] , viz, this is 



reducing by the formulee 

this is e = aEJc + Ci' {FJc' — E^h'): where, instead of a, a', we 
may of course write /9, /^ ; we have thus 

y= aF,k + a.'F,k', 
z=ffE^k+^(FJc'~Efi-), 

4—2 ■ 

Dig lizedoy Google 



52 MISCELLANEOUS DTTESTiaATIOKS. [ill. 

as tbe complete integrals of the differential equationa in t/, t. 
And more generally the equationB heing 

then, to obtain the complete solutions, we must to the expres- 
sion for y add the term F(k,^), and to that for e the tenn 

77. To obtain developments for F^k, EJe when A; is nearly 
= I, or k' is small, observe that FJc is a solution of 

having, when f ia small, the value log r< : wid conversely, 

that a solution of the differential equation satisfying the fore- 
going condition will be the required value of FJe. Such a 

solution is y =P log y> + Q, where P—\ and Q are each a func- 
tion of the form Si" + Ck'* + . , . . Substituting in the differen- 
tial equation, we have first 

and then 

and the first equation then gives 

Represent this for a moment by 
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aod assume for conreoieDce 
Stibatibnting tbese values, 
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to be 



— m,A,k'* — m,A,k'*— ... 

the equation to be satiaBed is fuund 

k" k" k' 



= -4m, - 8m, 

+ *m, 

+ 2 + 2nt, 

+ 2j»,j1, 

— 2m,j4,— 4m^, 

+ 6m,-4, 

+ *»,J,, 

viz. this gives 

2- 4m. 

6m,— Snt, 

10m,- 12m, 

14n^-16m, 

&c., 

or, obserring that 4m, = 

have 

2- 4m, 

6m,- 8m, 
10m,- 12m, 
14m.- 16m. 



-12m, -16m, -20m, 
+ 8m, +12m, +16m, 
+ 2m, + 2m, + 2m, 

- SOm,^, - 56m^^ - 90m,4, . 
+ 12*vl, + 30m^,+ 56m,4, , 

- 6m,.4,- 8m,J,-10m,4, , 
+ 12m^, + ISm,^, + 24m,^, . , 

- »»,^,+ m,J,+ m,4, , 

• 4m,^, =0, 

-16m,jl,+ 9m,^,= 0, 
■ 36m,4, + 25m,j4, = D, 

- 64m^, + 49m^, = 0, 

, 16m, "'9t»,, 36m, = 25m„ Ac, we 
. 4m,. ^„ 

.25m,M,-^J, 
^49m,M,-JJ, 
&C.; 



1^. 



10-^-25(^,-^,), -I 



4 
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or finally 


^'-Tr2' 




^''TTS^WTf 




■ 1.2 + 3.4*5.6' 




2 2 2 2 

"*• r:2'''s.4''T:6"''7:8' 




4c, &c., 


aDd tbence 




FJ, 


-.* 




I',../. * 2 \ 




I'.S',,,/, 4 2 2 N 

+ir4>* 0°«F-rr2-3-4J 




1V3".6',,/, 4 2 2 




+ &C, 



where the limit of the subtracted series Is — log 4, or 1*3 
From this we obtain E^k by the formula 



leading to 



, l'.3,„/, 4 2 IN 

+ 2T4' OoeF-O-oj 

. 1V3V5.,,/, 4 2 2 1 ■ 

'^WTPn" (.'°8i'" ITS "374-0, 
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where in the several subtracted series, the numerator of the last 
fraction is 1, but the other numeratorfl are each 2 : the limit 
of the Bubtracteil series is as in the former case = log 4, or 
1-38629...: hence in the two cases respectively the successive 

4 

partial series converge to log r, — log 4, = — log*'. We have 

thus the values of F^k, EJc for k nearly = 1, corresponding in 
a remarkable manner to those previously given for the case of 
it small 

78. Kummer has given, Crdle. t. Xv. (1836) p. 83, the 
following general formulse in relation to hypergeometric series, 

-Fl,,Al(« + i9 + i). J(i + j)l+i-(«,A!(«+/3+i). !(i-s)l; 

2<i5fll(,+ I),J(/3+l),i,{') 

-r(a,A!C«+y3+i), Ki+j^-i-KA }(«+«+!), i(i-})li 

where c, d are constants to be determined : as regards c, writing 
^ = 0, we have at once c = F[a, ^, J(a + /9 + l), J}: aa regards d, 
imagining the series on the right-hand side expanded, taking 
their difference and dividing by y, and then writing ^ = 0, we 
find 2d = J" {a, yS, i (a + j9 + 1), ^], where in general F' {a, ft y, m) 

denotes -j- F (a, j8, y, x) , writing therein x = m. 
Taking now a = = ^; and 2 = 1 — 2i*, whence 

j(i + s)-i-. !(i-s)-f, 

we find 

^nh 1. h s*) = m. h 1. n ■«■ nh h h n = (Kk'+F,k) ^ i^, 

^dqFil llf) = Fih i. 1. i-O - f (i i 1. i^, = {F^k'- F,k) -=- i^, 
in virtue of the expression for FJc, F^k' obtained ante, No. 71. 
Hence, conversely 

F,k=i,lcF(i, J, 1, ?•) -^F(J, i I, fl), 
F,k - J» Icf (i, i, i. ,•) + dqF{.i. i, I {•)! ; 
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viz. tlie complete fiinctions FJc, F^K are here expressed by 
laesQB of two series, each proceeding in powers of g, = 1 — lli^. 

Writing k = k'=-=, whence y=0, we find 



and with a Uttle more difficulty ^wd = lv-i-F, f-p^ ) , and we 

have thu8 the expressions for f ,t, F^i^ given by Jacobi, Fand. 
Nova, pp. 67 and 68. 



The Ovdermannian. Art. Nos. 79 to 85, 

79. It has been already remarked that, for ifc = l, the 
function F{k, <p) becomes = log tan {Jir + i^), and that instead 
of the general function amu, we have the- gudermannian gdu, 
giving rise to the two functions singdu and cosgdu, or say 
8gu and cgu. We have in regard to these a theory correspond- 
ing to that of the fuactions of amu (snu, cnu, dnu), discussed 
in the following Chapter : and it is convenient to consider in 
the first instance the special case in question, k*=l. 

80. Starting from 

/"i^ = log tan (iir + J^) = «, 
where as a definition =gdu, or what is the same thing, 

K s= log tan (Itt + i gd m) ; 
we have 

*' "• ' l-tanjgd» coslgdu-smjgdo 

_ 1 + BJD gd M cosgdu 
cosgdu ~1 — Bingdu' 
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and thence 
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un gd u or ^ ti 



sinh u 
coaL u' 



: taah u. 



cos get u or cgu = 



cosbu' 



= aech u, 



(where sinhu, i» J(e" — r^, and coshu, =^(e' + ^), denote the 
hyperboUc sine and cosine of u ; and similarly tanb u and 
Bech u denote the hyperboHc tangent and aecant of u). 

It may be added that 

cg*i* + Hg*l« = 1, 
and further gd'u = cgu, Bg'u = c^B, i^ti— — sgucgu, 
also Bg fu = t tan u, <^ iu >■ sec u. 



81. The equations may ^so he i?ritten 

Hgu = — t tan lu, sin iu = 

1 

Cgtt = 



tgH = 



cos 111 

t sin t u. 



I'tgU, 






(tg u denoting tan gd u) which may also he arrived at as follows, 
viz, coDwdehng the angles 0, <f> connected by the equation 
cos B cos K 1 , or as it may in various forms he written. 



sin 6 = i tan 0, 

C08fl = -^, 

CO69 
tan s t Bin ^^ 



sin » — i tan 0, 
. 1 

C08^= —g, 



tan ^ = — t ei 



= ilogtan(iir + i^); 

-whence assuming <p = gdu we have = m, and thence the fore- 
going relations. 
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82. We easily obtain the additioQ-equations 

cg{u + v)=cgucgv, i-^) ■ 

where denom. = 1 + sgwsgp; 

viz. if for a moment c" = a, c' = j9, tten 

a'-l 2a ^-1 2$ 

and substituting these values, the expressions for sg(u + t>), 
cg(u + v) come out =—orxT *"^*^ T a r r y respectively : which 
proves the formulra. 

83. To deduce the equations from the general formulae for 
en(u + tj), cn(i( + v), dn{w+v), (see next Chapter,} observe that 
putting k = l, and consequently sn = sg, en = dn = <^, these be- 
come 

Bg(u + v)= aguc^v + sgv cg'w, (-=-) 

cg(M + r) =cgucgr -cgusgucgosgr, {-) 
where denom. = 1 — sg*w sg*!!. 

Here in ag(u + o) the numerator is sgM(l — sg*)j) + 8gw(l — sg*M), 
which is = (sgu + sgr)(l -agMsgu), and in cg(M+r} the nume- 
rator is = cgi*cgp(l — sgMsgv), and the deaominatcir is 
= (l+sgusgi;)(l~8gUBgu); whence, throwing out the factor 
(1 — BgWBgu), we have the formulse in question. 

84. It is easy to derive the formulfie for the sg and eg of 
the sum of any number of functions. Writing for convenience 
Bgu = x, cgu = Jl'-x', =x',agv=y, cgv=Jl -f, =y\ the 
foregoing formulie may be written 

flg(w + t.)=ar + y, (+) 

cg(w + f) = a:y, (^) 

where denom. = 1 4 a'y ; 
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and then introducing a new angle ur, and writing sgu) = z, 
cgw = «', we find 

eg(u + v + te)=x + t/ + 2 + xyz, (-h) 

cg{u-\-v + U)) = x'n'z, (-5-) 

where denom. = 1-^ xy + xz+ye; 

and BO when there is a fourth angle <u, aga = t, cgm = f, we have 

ag(M + ti+«; + «) = ic + y + 2 + ( + a;y« + ary< + j;ai + yrf, (-j-) 

cg(u + w + w + ») = x'y'z'^, (j.) 

where denom. = 1 + xy +xe-\-yz-\-xt-\-yt-\- at-\-xyzt; 

and so on, the law being obvious. 

85. If the angles of lUl of them =u,retaining2:todenot6cgu, 
and putting for x' its value = ^(1 + j;) (1 — x), we have 

Bgn« = J((l + :c)'-{l-«)"}, (H-) 

cgnu= (l + a:)l"(l-ir)i", {-) 

where denom. = i ((1 + a;)" + (1 — a;)"} ; 

and observe that, n being even, the enpressions are rational, but 
n being odd, the numerator of cgnit contains the factor J\ — a*.. 

The formulfe are valuable for their own sake ; and they afford 
veiy convenient verificatiooa of formulae relating to the general 
functions sn, en, dn : viz. putting in these k=l, they must of 
course reduce themselves to the fax more simple formula: for 
8g, eg. 

The foregoing values of &gu, cgit, give 
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ana again, «'•■"= — . , _ , = - - . , , ■ • . — ^T- ., 

_ 1 +tan^m\ 
1 — tan J«i ' 

that IB e"" = tan (Jfl- + ^ut), 

or what is the same thing, 

» gdu = log tan (Jw + iut) ; 

with which compare the ori^nal equation 

usslog tan {Jw + ^ gdw). 

If in the first of these for u we write -gdu, it becomes 
t gd (-1 gduj = log tan (Jtt + i gdu), 

that is tgdl-gdu} = u, 

a remarkable property of the function gdu; there is no ana- 
logue to this as reguds the general function amu. 



( ^ 






(i 1^'-i 
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CHAPTER IV. 

ON THE ELLIPTIC rUNCTIONS BD, cn, dn. 

We now commence a syBtematic development of the theory 
of the elliptic iiinctioDR properly so called, the functions sn, 
cn, dn. 

Jdditum and SiAtraction FormvlcB. Art Nob. 86 to 93. 
86. The formulse are 

sn (u + «) = an u cn ti dn t) + an tf cn u dn u, (+) 

cn(« + r) = cnMcnp — snu dn u an v dn v, (-;-) 

dn (u + 1>) = dn u dn ti — £* an u cn u bq o cd v, (-j-) 
where denominator , 

= 1-4* sn*« sn'n; 
and 

en (u — v) » BD u cn V dn V — an V cn u dn u, (-i-) 

cn (a — ff) = cn w cn » + bd u da u Bn v dn r, (-r) 
dn (m — r) = dn u dn p + ^ sn u cn u sn v cn v, (-=-) 
with same denominator 

= 1 — ft* 8n*M sn* t). 
Ajs remarked in Chapter I., these are given by the addition- 
equation, or they may be deduced from 

cn'i* = 1 — sn'w, dn*u = 1—4^ sn'u, 
Bn'u^ cnudnu, 
cn'u=s —snu dnu, 
dn'u= — A'* an it cn w. 
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87. Putting for shortQesa Bnu = x, eav=y, these are 
Bn{u±v)=x VT^ VT- i'p ± y Vl^i? Vl-i^a;*, (-5-) 

en (w + ») = Vr^ ^TV ^ '^y -Jl-J^a? VI -iy, C-^) 
dn (a ± v) = Vl-iV Vl^Jty q: A-j^ VH^ Vl^, (-f-) 
where denominator 

88. Represent for a moment the last-mentioned numera- 
tors and denominator \>y A±A', B±S, C± C, and D, viz. 

. , B= vr^ vr^ B' = - a:y vrTfcv vi-iy, 
i) = 1 - if j^-y 

then we have evidently 

8U (w + w) + sri (m - «) = 2.4, 

sn (« + «} — en (« — «) = 2.4', 

en (w + r) + en (« - 1) =» 25, 

en (w + v) — en (« — «)« 25', 

dn (u - ») + dn (w + 1)) ^ 2 O, 

dn (« + v) - dn(w - v) = 2C", 
where throughout 

denominator = D. 






89. But there are other formulae depending on the pro- 
perty that the rational functions A'— J.", £" — 5'', C*—C'* 
contain i> as a factor. In fact writing 



D„t,i.a,Google 



IV.] ON 


THE ELUPTIC FUNCTIONS SD, cn 


dn. 


we have 


A'-A'-fD, 
P-B'-QD, 
C-0--ItD; 




and thence 


8n(« + v) sn(«-r)=P, 


W 




cn (u + i>) cn (k — r) = Q, 


W 




dn(a + .)dn{«-,)-.B, 


W 


where denominator =D. 





I write down at full length the first of these as it is a 
formula of frequeDt occurreQce, 



SD (u + v) sn (u — tj) = (sn'ii 



,) ^ (1 _ jt' BU'U 



•v). 



90. We may deduce a variety of other formula, for iastanfie 

[l+sn(» + r)][l + »n(«-»)] 

-l,D + 2A+P)i-D; 
where the numerator is 

1 - i'aT'j' + 2x Vl-/ ■J\-k'y' + a^ - y", 
= (Vl^y + X Vl-A'^*)*. 

91. To complete the theory we consider the expre^ione 

It then appeals that each of the functions en, cn, dn of 
u + n can be expressed in a fourfold form as foUowB r 

Bn(» + ..)- ^ -.dl-X"£-B'"C-C" 



"■'" + "'" B A-£ B-B' 


8+S' 
C-C' 


, , , o+c r+r s-s' 


R 

C-C 
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with the like formuhe changing simultfuieously the sigiia of v, 
A', B, C, 8', T', U'. Any equatiooa obtained by comparing 
different values of the same fuoctioD are of course identities : 

thus we have — fr — = -; — —n • tliat is. A* — A'* = PD as 
D A— A 

above, &c Again 

(5 + S ) (Cr - CO = i> (S+ S'), iB-B){C+C-)=D{8-S^. 
or what is the same thing, 

BC-BC = DS, - BC + BC=BS'. &c, 
with various other identities. 

92. By selecting the proper expressions we obtain at once 
formulffi involving different functions of u + v and u — v re- 
spectively; thus let it be required to find the product 

sn (m + tj) en (u — r) ; 

the^e are expressions for the factors involving B-~B' in the 
denominator and the numerator respectively, viz. we have 

sn (m + r) en (w - r) = -^zr^r • — ^ , 

" " D ■ 
or what is the same thing, the value is 

sn u en u dn V + sn t> 



-if SQ*» sn'u 
Similarly, 

, , , U~U' 

en (u + v) sn (a - v) = ^ , 

and by combination of these formulae, we obtain 

2/7 
sin [am (w + «) + am (a - »)] = -^ , 

2(7"' 
sin [am (w + w) - am (k — c)] = - _ . 
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ON THE ELUPTIC FUNCTIONS BD, CD, dn. 



93. Altliough tte formulfe are so Dumerous that they 
caimot be remembered, and in the manner just explained any 
one of them may be obtained Titb extreme facility, yet for 
convenience of reference I reproduce the whole series of 33 
formal* given Fwnd. Nova, pp. 32 — 34. We have throughout 



denom. = 1—1^ ea*u an'v. 



0) to (21). 



sn(tt + e) + 8n(«-w) 

«(« + f)+«*(«-f) 

dn(«+f) + dn(M-i;) 

on (w + w) — sn (u — b) = 

cn(i* — r)-cn(M + v) » 

dn{«-t')-dn(y + ») 

sn (u + r] sn (u - «) ■ 

l+i*Bn(u + ») 8n(M-t»), 

l + 8n(H + ij) 8a(M-u) 

1 + en (m + u) en (« - b) 

1 +dn(u + ff)dn(«-t') 

l-it»Bn(« + t.)8n(«-«) 

1— 8n(i( + tj) 8a(tt-j)) 

1 — en {w + «) en (u - tj) 

1- dD(w + «) dn(u-ti) 

{l±gn(tt + i;)){l±8n(u-r)l 

{l±snCa + »)J{lT8n(«-t>)) ■ 

{l±Asn(u + if)}(l±ftBn{«-tj)) = 

{l±ifeBn(u + j;)}{l + isn{«-i-)l = 

(1 ± en (tt + tf)l{l± en («-»)} 

(1 ± en (u + »)] [1 + en (tt - «)} 



2 sn u en ti dn v, 

2 en u en v, 

2 dn u dn r, 

: 2 sn V en u dn u, 

: 2 sn u sn V dn u dn tt, 

= 2ib'Bnu8nvcnucnt), 

■ sn'u — sn*», 

= dn*fl 4 A* sn*u cn'u, 

-cn'ti + fln*M dn'w, 

= cD*tt + cn'i), 

= dn*ii + dn*«, 

= dn'u + i:* sn^tj cn'«, 

= en* u + 8n*« dn*u, 

= Bn*u dn'tf + sn'v dn*M, 

= A*(3n*w cn*r + sn'v cn'u), 

= fen V ± sn « dn »)*, 

= (en M ± sn t) dn «)*, 

= (dn « ± jfc sn u en o)', 

= (dnw± J: sno cn«)', 

= (en M + en vf, 

= (su u dn t) T sn V dn «)', 



Dig lizedoy Google 



66 OH TBI BLLIFTIC ruHCnONS sn, CD, dn. 

H i dii(» + »)]{l ±dii(«-w)} = (dn« ± dnr)*, 

(1 1 dn (« + «)] [1 Tdn(u-v}) «2^(snu CDvT snv en »)', 



BD (u + «) en (tt — v) 
an (a — ») en (« + ff) 
sn (« + e) dn (tt — v) 
sn(«-w) dn(« + t») 
en (u + r) dn(u — r) 
cn(tt-v) dn(u + «) 
Bin {am (u + v) + am (o — «)] 
sin {am (« + »)— am (« — v)] 
eos{am (u + ») + am (« - »)} 
COB {am (« + «)- am (« — t) 1 = cn'v — Bn'f dn'w, 
(22) to (33). 



= snu cnu dnv 4- sntf cnv dnu, 
= 8nu cn«dn» — enr cn» dni^ 
csnudnucnv + anD dnv cnu, 
■BBnudnu cnv— bq« dnp cnu, 
= enu en« dnu dn«— £** snu axv, 
= cnu cnr dnu dntf+it*Bnu sn», 
= 2 Bn u en u dn V, 
= 2 en « en « dn u, 
= en'tt — Bn'u dn'o. 



SU Periods *K. iiK'. Art. Na D4. 
94<. The theory of the periods depends on the equations 



BnO = 0, snff-l. 






cnO=l, caK~0, 

dnO = l, I dnJr = i', dn (^ + iff') - ; 
where K, K' are the complete functions Fk, Fk'. 
To prove these observe that writing 



■we have sn u = f, en u = Vl -f, dn u = Vl - jff*, 
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whence writing f =0 we have the first triad of formulffi, and 
writing f = 1 the second triad. For the third triad, writing 



f = T , we have 

and to transform the integral we write [^=1,2~0; z= , 2=1] , 







x = 


1 


Tihence 


1 

1 


ix. 


(l-JtV)'' 




tVl-tV 




Vl-tV 

t Vi - 1- ' 


or multiplying 










(It 




iVi 


Vl- 


^wrr- 


-<,v 


Vl-«M-tV' 


so that the integral is 








:C— 


J« 


^■„.. 



and the value of u ia = £" + iK'. Hence writing u = K ■{■ iK' 
f = T , and observiog that the value of v'l — f ' ia 
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viz. that it is = —7;— , we have the required formuls 



Property arising from the transformation. Art. No. 95. 

95. Id the foregoing relation between a: and c, vrite for 
a moment a^sin^, « = sin;^ the differential equation is 
dtf> _ idx 

Vl — i" sin'i^ Vl - k" Bva*x 
whence, aseuming sin ^ = bo (0, k), sin ;^ = sn (u, k"), this is 
dv = idu, or we have v=c»u + const. But we have simultane- 
ously x = l, 2 = 0; and for s = 1, v is = £*, and for z = 0, u is 
= 0: hence the conBtant is =K, or we have v^'iu + K: con- 
sequently X ^ 8a(iu + K, k), e='sa{u, k'). Substituting in the 
integral equations between x, e, we have 

sn (iu + K, k) = -! — / -■ ,,. , 
dn [u, k ) 

cn(i«+ii:.*}- d„(^4-^ . 

^ ' dn (k, «) 

which are equivalent to the equations obtained in the next 
article. 



JacobCa imaginary trane/oj-Tnation, Art. No. 96. 

96. Write sin 6 = t tan Jf, whence also cos 6 = ; , and 

r T' r c08^ 

id\b- 
n ^ = — i tan ^ ; consequently rf^ = — ^^ , and 

id^ 



Vl - A* sin'^ Vl — A'' Bin'^fp 
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Hence, putting sin ^ = sn (v, k), sn ^ = bq (u, k'), we have 
dp = idu, or aince «, u vaaiah tc^ther v = iu; that is 

sin ^ = BD (I'u, k), sin ^ = sn (u, if). 

The tnh^ral relations between ^ ■<ft give 

,. ,, f sd(u, k') 
SQ (tu, k) - — r-W . 

en (iu, k) = — -. — ijr , 

, , , , . dn (i*. i') 
dn (Mi, k) =■ — -P-pT ■ 

It may be obserred that in this transformation writing 
^!=iu we have ^ = gdu. It is to be further observed that 
writing sin y = y, and as before sin ^ >= a;, we bave 



that is - = l^e, which exhibits the relation between this and 

y 

the tnuisfornuition in the preceding article. 



functions o/u + (0, 1, 2, 3) JT + (0, 1, 2, 3) iK\ 
Art No8. 97 to 99. 

97. It is easy from the foregoing values of the an, en, dn 
of K and K + iK' to obtain the value* given in the following 
.4abla : for instance we have 

an (u + X") = an iT en u dn u -i- 1 — A^ an*^ sn'tt, 

= en u dn u -i- dn'u, 

= CQU-rdnu; 
Bn(«-if) = -cn«-i-dn«, &c. 

Similarly finding Ba(u + K + iK'), and in the resulting 
formulae substituting u — K for u and reducing, we have 
sn (« + t'K') : and so in the other cases. 
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Functions of « + (0, 1, 2,5)K + (0, 1, 2, S) iff'. 
+OJr +S +84' +85' 



mu 


». (+) 


-Ba« 


- Ol.(H-) 


enu 


-iTm.(+) 


-onii 


Fn.M 


dnu 


f {+) 


dnt( 


*■ (•)-) 




deiiom.=iluu 




dnican.=dn« 


1 (*) 


dn«(-r) 


-I (•!■) 


- dn.{+) 


-i ai.M 


-* (+) 


J dnu (-;-) 


* (*) 


-»«..(*) 


fli' «..(+) 


-ilm. (+1 


iU-n.l+l 


draom.=Jtniu 


deit(>in.=iciiit 


deiiom.^iui>. 


d«nom.=tcnti 


Rm 


».(*) 


-mu 


- _. (+) 


-on» 


!-«.«(+) 


en It 


-rm, (*| 


-duo 


-f (+) 


-dUK 


-*■ 1+) 




d«iom.=dii» 




denon).=dnu 


1 (+> 


(••(■r) 


-1 <+) 


- dn.(+) 


i dii.(+) 


if (♦) 


-i d..(+) 


-il' (+) 


;»».«(+) 


-at- en «(■}-) 


««!.(+) 


-iH-D.I+J 


imtm.=.lim» 


d«iom.=£onu 


dniam.=£Bn« 


denom.-£<niii 



where the arrangement hardly requires explanation : the tahle 
shows for instance that 



8n(u + »S")- 1, 
ca (u + iK') = — i dn«, 
dn(u+i£"]=-£tcnu, 
denom. = keau; 



w 
w 
w 



it sometimes, as hera for dn (u + if), happens that there is 
in the numerator and denominator a common factor k, this 
is of course to be omitted. 

98. The table, writing therein w = 0, gives the values 
of the functions of mK+m'iK'. In particular, where there 
is a denominator k auu, the functions become infinite : it 
is necessary to attend to tha ratios of these infinite values, 

and the convenient course is to write r = I, where / is 

regarded as a definite infinite value. The table thus gives 
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•n iK'= 1 !ii(lK'+ iE^) = - I 

cB iK' = - a, cn(2ir+ ijr)= u, 

in {K'~-ai, dii(2jr+ «r')=-4/, 
m3iS'- I, i!ii(2K + SiK')-- t, 

cn3i£'= il, ca(ZK + 3iK^ = - il, 

dii3ir= ai, dn(2ir + 3ir)- */. 

We may from theae reproduce the original formuls which 
involve u ; thua 

^ ' \ -~lrr aa'u ' 

- hi* ro u 1 

— 1^1* sn'u ' ksau' 
and 80 in Uie other cases. 

99. The table shows that the functiouB hare Sf, iK' as 
holf-peiiods : we in fact deduce 

BO (u + 2m£'+ Sm'tT) = (-)" en m, 

cn( „ „ )-(-)-*" cnti, 

dii( „ , ) = (-)"" dnu; 

whence taking m, m each even it tqjpears that iK, iK" are 

whole periods ; viz. that increasiDg the argument by 

4mS:+ im'iK', 
the functiona are severally unaltered. 

duplication. Art. No. 100. 

100. Writing !> = «, we deduce the functiona of 2ii, or say 
the duplicatioD-formulse. We have 

sn 2u = 2 SD u en u dn u, (-;-) 

cn2M = cn't»— sn'udn^u, =1— 2 8n*u +ffeD*a, {-■) 
dn2u=dn*ti — il^ Bn*w cn'«, =1-24" Ba'« + A* snV (-r-) 
where 

denom. = 1 — A* su'w ; 
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or if for coDTenience we write 



on.-Vl-^-, 




dnu-Vl-f^J; 




then the formulffi are 




sn2i. = 2»Vl-i'Vl-*"^, 


(+) 


cii2»-l-2»? + f«*, 


W 


dnSu-l-Si-rf + *■«•, 


(■«■) 


where denom. = 1 — f a^. 




It may be added that 




I - CB 2a = 2a^ (1 _ ifaJ), _ 2 an't. dn'., 


W 


l + cii2«= 2(l-a^ , =2cn'w, 


(*) 


l-dn2i.-2i'i'(l-a^, -2f m'u cii'«, 


W 


l+dii2i.- 2(l-i'a^ , =2dii'». 


w 




And 


we thence deduce 




8n'« = l-cn2u, 


W 


cn*M = dn2u + cn2M, 


(+) 


dn'ti.f+dn2u + fcii2», 


M 


where deaom. = l+dn2t(. 





Dimidiation. Art. Nos. 101 to 106. 

101. Iq tbe expressions for the functions of Su, writing 
^u instead of u, we have the functions of u expressed in terms 
of those of ^u, and from these equations can ohtain tbe ez- 
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presaions of the fiinctiona of |h in tenna of those of u. Thus, 
writing for a moment x = 8n^, we have 

cnw = l-2a^ + ft'iB*, (+) 

dnw = l-2*'a? + **«*, (+) 

denom, = 1 — }^x*. 
The last two equations may be written 

(l-cnw)- 2»' +jfc"(l + cnu)a!' = 0, 
Cl-dn«)-aKB' + ifc'(l + diiu)a:* = 0, 

and from these eliminating a? we have of, that is sd*^, ex- 
pressed rationally. Obtaining from it the ezpreesiona of cn*|u 
and dn'Ju, we have 

an'^ = dn» — cnu, (+) 

cn*J« = ir*(l + cnu), (+) 

dn'ju'ifc'tl + clnu), (+) 
where denom.-i' + dnu-ft'cntt. 

102. But, ante No. 100, it appears that we have also the 
exjnessions 

Bn*J« = l— cnti, <-^' 

CD* ^ >■ dn u + en u, ' -■ ' 

dn* Jw « A"* + dn u + i;* en a, ^^■•• 

where denom. = 1 + dn u, 

In passing to the expreBsions of sn^u, cnju, dnju, the 
radicals must of course be taken with the proper sign. 

We deduce the following special formulae : 
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[IF. 



lift IT 


1 
1 


Vl+F 

iVf 
"VlTTf 

'vfrv 


VJ> 

vy 

-iVP 

ivr 




i 

1 

i 

1 


Vl+i 

VI 
iViTi 

Vi 

vra 

ivni 
" v» 


vm 

Vwl 

-vm 

-VfTi 






l-iVF 

" v^VJ 
1+jVi' 

-;^vl 

I+WS 
V5 vi 

l-iVf 

VaVi 


^ivrFi-iViTj., 

^iViTP^lViri., 

-:^ivrF?,.vr:Fi 
-^ivi+j-ivmi 



r the last set of formube 



we may Bubatitute: 



iKHlf 


iCtiil 


ft* 

-J 


mi^-a) 


l^-HiT 


|(»-*l 


a* 


i/li/+iil 


K+|ir 


tC-"! 


Of 
T 


l^tf-Hi) 


nr+l«' 


j»+ai 


-r 


fd'-W 
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103. We find 
, , „^ 1 it' Bn « + cn u dn » 

1 dn It + (1 + fc*) sn ucnu 
~ Vl + jfc* cn » + Bn « dn u * 

, , ,„- 1 (1+*) entt + tcawdnw 
sn(«+l.JS") - ^ l+fc8n"« • 

1 / (I + it:) Bn u + I cn M dn M 

" Vfc V (1 +*) enu-t cnwdnu' 

, rr , .rr-v /k + Hc' -Hd Bn« + cnudnu 
m{u-^-\K-\-\xK')^^—j^ l_i(fc + ,-i')8n*« ' 

_ /A+^ CDw+(ifc-t<:') anti dnu _ 
~V i dn + isnitcnn ' 

where the first expreBsions are those given at once by substi- 
tution in the general formula for en (u + v). 

104. To identify the two eipressions of sn{u+ Jff), writing 
for convenience 8nw = 3;, observe that in the first expression 
the denominator U l-Cl-*^)*^' ««^ multiplying this by 
1 + (1 - &") iB*, the product is 1 - 2a ^ + fc'g' . An d in the second 
expresBion the denominator U Vl - ac* + a ^/l - Ai'^c'. wWch 
multiplied by ^'^^-« Vl^^a^ gives l-a^-<i^(l-ft»A 
= same value, 1 - Sa^ + A"** : reducing in this manner the two 
eipressionB to a common denominator, the numerators would 
be found to be equal. Bimihirly as regards the two expressions 
of snCw + JX'+lti:'), we have 

{1 _ jfc (it + tfcVl (1 - '^ (* - ^0 ^! = 1 - 2*"^ + *■**' 
and 

D„t,i.a,Google 
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(l+i)8n 


U — 1 cu u 


dou' 


k-KH 


cii«+(4 


-H^mu 


duu 
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cnw+(i + »i')sntt 


dn»' 
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Aa regards the two values of ea (« + ^iK"), we have 

1(1 + 1) a + » vr^ vr^ivt ((1 + i) a: - .■ vn^ ^/^;^p?l 

= (l + it:)*ai' + (l-OCl-il:'a!*), -(l + iaO*. 
and the identity is at once established. 

105. We deduce without difficult from the second formulae: 
>/ j_it-v ^ dnu + (l + ilO Bnwcnw 

8n'Cu + Jir"+iiA") = 

to these may be joined the formulse obtained by considering 
« + }^, &a as the halves of Zu + K, &c, see No. 102, viz. we 
thus have 

^ " * i Bn 2m - » en 2« ' 

^ * ■ ■* Jb cn 2u + ti sn 2u 

106. Observe that in the first expression the denominator 
multiplied by 1 -- !^x* is 

= 1 + Jb' - 2it*a!' + (1 - h) i?x\ 

= (l+k-)[l-il~k')^]\ 
In the second expression, multiplying the numerator and 
denominator by sn 2u + 1 on 2u, the expression becomes an 
integral function (miu, cn2u, dn2u)*; having therefore a de- 
nominator (1 - k'xy, = (1 + tr^* (1 - kx^. 
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In the third expression the denominator multiplied by 
l-jfc»a:* is 

- \ik'x + VF^ \'l - i*a? 1», 

= (lib' sn u + cn u dn w)*; 

by ud of these remarks the identifications can be easily 
effected. 



Triplication. Art. No, 107. 

107. Writing ti=2u, and using the duplication-forraulfe, 
we obtain the functions of Su. These are ea»ly found to be 

cn3«=Cl- 4a^ + 6i*a!' - ■ii'ic' + FO VH^, (-4-) 

dnSw = (1 - 4f a^ + ftfa.' - *f> + i-aO Vr^F?, (+) 
There 

denom. - 1 - e**** + (44* + 44*) x* - atV. 
And we may add 

1- Kn3« = (l + x) {l-2x +2JLV-i*;c'J*, (-;-) 

1+ sn3« = (l-a;) (l + 2« - 2i*a!* - i".c'l'. (+) 

l~kBD^ = (\+kx){l~2kx + 2kj? -raf*)', (+) 

l+i8n8i* = (l-4aT)ll + akc-2fca!»- i^x']'. (+) 
the denominator as abova 

The duplication and triplication formulae possess rariouB 
properties which are in feet particular cases of those for the 
multiplication by any even or odd integer n : and it will be 
convenient to defer the consideration of them until other to* 
stances of the formula; are obtained. 
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MvtHpUeation. Art. Nofl. 108 to 116. 

108. It has been seen how the functions of 2u and 3u are 
ohtained : to consider the general question of determining the 
functions of nu, suppose n^p+q, and imagine that the functions 
ofjM, gu are known. We may write 



'"P'-A, 


w. 


sa qu = A, 


(+). 


mpu = B^ 


(+). 


caju-S, 


(+). 


dnpu = C, 


(+). 


dnju = C, 


(+). 


denom. = D,, 




denom. = Z>, 





The additioQ-formulffi give 

80 (p + j) u = A^,B^C, + B^GyAfi^ (■ 
cn(p + j)« = Zf^,B^, - A,C^,C^ (- 
dQ(p + q)u = C^,C,D,-l^A,B,A,B, (- 

where denom. = ^^B* — l^A^A.'; 



and the functions on the right-hand side are consequently pro- 
portional to A^^, B^^, O^^, D^^^ respectively. We have .4,=*, 
fi,= Vl— a?, C,-"Vl— j^a^, /),= !; and hence writing p = 2 = 1, 
we find four values which have no common divisor, and which 
may therefore be taken for the valuee of A,, B^, C,, D^ re- 
spectively : viz. we thus obtain 




the forgoing dupUcation-formulee. And similarly, writiug 
p = 2, q = \, we obtain the triplication-fonnuliB. But at the 
next step, if *e write p = g = 2 we obtain four values, and if 
we write p = 3, j=l we obtain four other values of higher 
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d^reea ; these are of course proportional to the former ones, 
and they contam a common factor, throwing which out they 
would coincide with them. And so in general, for a given 
value of p + ^ the d^rees are lowest when p, q are as nearly 
as possible equal: that ia p + q even, when p^q, and p + q 
odd, whea p~q=l: or what is the same thing, the proper 
partitionments are 4 = 2 + 2, 5 = 2 + 3, 6 = 3 + 3, &c. Taking 
the functions thus obtained for the valaea of A,^^, B^^^, Cy^, 
■D,^, we may write 

p + q odd; j»~ j = l. 

B^ = B,D,B^,~ Afi^fi^, 
<?«. = <V>,^f^f - ^A^,A,B,, 

d^=d;d* ~JfA*A;. 

p + q even; j) = j. 
A^ =iA,B,Cfi„ 

B^ =b;d;- a;c,*, 
c^ 'C;d;-i^a;b,\ 
D, =i)/ -h^a;. 

109. The calculations for the cases 4 and 5 may be per- 
fonued without difficulty: but for 6 and 7 they become very 
laborious: the results have however been calculated by Baehr, 
Gnmer€a AnMv XIXVl. (1861), pp. 125—175, and for con- 
venience of reference I reproduce them here, partially verifying 
them as afterwards mentioned. The whole series of formulas 
for the cases » = 2, 3, 4, 5, 6, 7 are as follows : 
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miSKs 
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l-en2« 
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1-dnSB 
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Szi 


2 


atw 


1 



•ii8k= 
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eD8ir = 
into 


dnStf 
into 


denom.. 


l-an8«= 
into iq. of 


l-tBn3>= 

into iq. of 





1 


1 

-4Wr" 

+ khcf 


I 


-8iW 


1 
-2c 



1 

-ate 


+ 2W 

- IV 



En-lii= 


on4u- 


dn4B= 




Wl-^l-iW 








into 








4 


1 


1 


1 


-(8+af) ^ 


-8 aJ 


-84* a» 





+ 20f !« 


+ (8 + 20t») «* 


+ {20i'+ 8l*)a* 


- aoi» «* 





-(24i*+82i')rf' 


-(82i*+24i')«« 


+ (32i' + 82t") af 


-aa^ a? 


+ (64f+16t«)x> 


+ {l&y + 54i:*)l» 


-(16f + 6af + 16i^j^ 


+ {8li* + Si*)x>* 


-(fill* +821^ a:'" 


-(32i'+a4i')*i<i 


+ (33i' + S2*») aP" 


-41* «" 


+( 8t*+aiM^ii" 


+ (20i:»+ Bl^)x» 


- 20i» i" 




- Si* ajW 


- Blfi ain 







+ f «" 


+ i* a^« 


+ f e" 
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anG«=xiiito 


ene.-vT^into 




X* 5 


1 


I 


:^ -<jio+aoi^ 


- 19 


- laf 


X* +16+M*'+16i* 


+ le+BOf 


+ BOf + lftt* 


^ -( aoH+eftM) 


- e0t*-I4ftH 


-140i"-90l« 


^ - lO&f 


-l-336jb*+16U' 


+ 160i> + 93Si^ 


zi* + B«Ql* + 860i« 


-2eu*-4eu*-eu* 


- &K:'-4641^'36U' 


i" -(iMW + 780t« + a40i") 


+208yf+soai*+aow 


+ 208f + 608i*f3084» 


»i« + Mf + 660*» + 6(Wt" + 6«>* 


- 64i:«-4«ti^'364;fc> 


-2Mi'-«U"-6*i" 


«"• -(16Ctt«+M&P + 16W») 


+ lS0£* + &S6i« 


+ BS«i:»+160iP» 


x'« + W0i«4-l«i» 


-!«««- 80(1* 


- 80i«-l40f* 


a:" - eOf* 


+ SW + l&t" 


+ l«i> + 6fte» 


a^ 


- iab» 


- 12F° 


«»• + I" 


+ t» 


+ l"* 


(■;■) 


(^> 


( + ) 



z^ 1 


I 


1 


«> - a 


- 3i 





x» - 4 


- *i« 


- sot* 


i" +iap 


+ iat 


+ 1401» + l«l* 


a* + 6f 


+ 64* 


-[1601* + 4«f+160t«) 


i» _i2i»- at* 


- at-i2i» 


+ e4t* + 660i«+6fl0f + e4ii 


»^ + «■- 4t« 


- u*+ u* 


-{a«t*+78ot»+a40f| 


I* + 84*+12t* 


+i2i»+ at* ■ 


+ 86ay>+a6ot« 


a? - 6t* 


- 5i* 


-lost* 


z* -lOb* 


-lot" 


- {80l»+80i") 




+ 4i* 


+ i&y+flifi+iw 


#"+»*• 


+ m 


-( 80tw+aot") 


I" - i* 


- 4* 


+ Sf* 



(^) 



(-) 



In the Tables which follow, some obvious abbreyiatioDS are 
made use of. Thus we must read in the table for Bn6a 
6 + (-32-32i^a^+(32 + 208A' + 32ft')x*-&c, 
and in that for so 7u, 

7+(_56-66*»)a»+C112 + 532jfc*+1124*)ir'-&c., 
the nnmencal coe£Bcients in this last case being printed to 
the middle term only, - 56: for (- 56 -56), and + 112 (+ 532) 
for (-f 112 + 532 + 112), the expressions being symmetrical as 
here shown. The numerical coefficients of denom. 7u are in 
a reverse order the same as for 8n7u, and those of dn7u the 
same as for en 7i», but in a reverse order, as is sufScienUy indi- 
cated in the tables. 
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a. a 3, 



s. sT a * » a =1 * Z*. * . 
i a.' aT i i aT St" 3." % * * * 

rH 3i 3.' sT % aT 3.' %' ST % St' Si Si 3i' 3t 3t 



ID 4 EO IB -SI IS 

g|3 s i g 

+ 1' + 7 + 1 

I + I + I + r + I + 



3, Si a a 5, 3- 

a, a * a, sT 3.' 3," a." 3, * 
I « «■ a," a. aT aT aT 3," a; a<" 2, 3i 5, 5i a, 3. 



3:3. 



+ I + I + I -t- 



Ti*!i-fcT|-|iT.TtTiTi1i%%i%%%^ii 
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3.J,3.i-iS3..i.3..**J» 

1 3," 3," 3," 3,' 5,' a," 3i 3, 3,3,**** 
b % a,' 3,' a,' 3,' 3,' 3,' S,' 3,' 3,' % 3, S, a, S, 3, 3. 



si"!?! 






'SSfiiS|||ipii3S = 



s • . • 3.*^ 
53,3,3,3,-*. ,-_ 

a.3,3,3,-3,-3;3,-ia..JJj; 

a, 2,- 3," 3,' 5.' a; a: a; 3," 3, **•*,** 
^^^ ^ a,' 3,' 3,' 3,' 3,' aT 3,- aT 3, 3, 3, S, % 3, 3, 






6—2 

ItzecvGoOJ^If 
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2. 
3,3:3. 

a.JJ?5. 2,2:5; 5:5:3: 3. 3, 

- 5, a s; 3," S a 3. ^ C 3: a \ J ^, 3. Si 5, \ 
3, a a; ^" a 3,' sT C 3: i: i: C * 2, a, 3< S,_ 5. 1 S, 2. 

3i a,' % at' St' % 2,' Si" % sT Si' Si' 3.' 3, 3. 3, 3( S, ^ 3, §, Si 1 



a, 3, -•_ 



a, 3c % 
it 3t 3t 3i 
3, 4 a, a, 3i' s,' at' 3t" 3, 



5.5.5. 



- o- a- =- = i" 3. 5t 3. 3. 1' St 
at a. 3t at 3. * ,. „ .- .- -- .- =- - 
'3,s.ai3jai-udtai3i 

1:1: S. 



a. a," a," ^ ^ ^ =* s." Si' a.' a a. ^. ^. ^. ^. ^. ^, , . . 
, ^- ^- w- at' 3," 3; 3t" i 3,' 4 a," a,' a, 5. a. 3, 3, 3, 3. 3, 2, S, 3, 



f " +7 + 7 + "7 + ' + I + 

hl + l + l + l I + I + 1 + I + 



Tt-hTtti-h liTi !*'«"«, 5. ■jti^^iiii'imi^ 
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b i a 3,* 3," a a; a," 1 a, 3i a, a \ \ =■. =<. ^. 5,_ S,_ % 

11 S> 41 Si S< E> 



»3i%%a«a3.%as.%s.5.as<aa> = 






, - S. §. S. 5, i 

a. * a* 3i a ^ - •- s" =' =" =" «' 8 . « 
3, a. a a a a, a a a =5< ..,.,.,.,. 7, 7 *. * 
3, 3,- =*' ^s*' =*' =<' * * =«' s-' 3* * ^. ^. * ^. ^. ^- ^, * * 
t -r »- a' a' a' a' a' a' a" a a' Si St a a a Si a a §1' Si' i 3t 



s§l 



^.-^gtsellteMte5].-lo^Oll^>o■■J 



SSSs 



'ii'll-(lTl'!l^llTlHTi*8l»'«^'Bi^^i'fe1i1»i^1, 
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+ 28 + 113 


If.t* 




^ 


+ 64 + 304+ 83 


P.i*,lfi 


+ 83+301+ 64 


ll,lf.lf 




«• 


-144-806- 16 


*•.**,*• 


- 16-806-144 


If, If, If 




«• 


- 33-300-138 


i^,k;i* 


-138-300- S3 


If, if. If 




»!• 


+ 64 + 4S8 + 36S 


f, jfc*. 4» 


+ 868+466+ 64 


If, If. If 




r" 


+ 113+ 66 


f,*» 


+ 66+ ua 


if,V 
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-334-841-334 
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-334-644-334 


lf,if,V 
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+ 113+ 66 


If, If 




«"« 


+ 868 + 466+ 64 


if, I?, i»« 


+ 64 + 166 + 868 


If. If, If 




«" 
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V, Ifi, k» 
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>f,e,if 
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- 16-806-144 


f, V>, If* 


-114-306- 16 


If, If, If* 
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+ S3 + 304+ 64 


If, If. If 


+ 61 + 201+ 83 


If, If, i" 




a'* 


+ 38 + 112 


If, If* 


+ 113+ 38 


i», f* 




si" 


- 66- 84 


If.k'* 


- 81- 6« 


i»,i" 




x" 
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k" 


- 14 


IfO 




«•' 


+ 38+8 


k">, k'* 


+ 8+38 


if.e> 




je" 


- 4 


f« 


- 4 


I" 




■" 


- 4 


t» 


- 4 


k" 




I" 


+ 1 


y 


+ 1 


t" 





(4-) deiiom. Dt laptk. 



(•+) denom. ot vafitk. 



110. It will be observed that the forms are esBentially 
different occordiDg as n is odd or even. 

WheD n is odd, the nQmerators and deuominatore, say A(x'), 
£(x), C{x) and D{x), are of the forma 

Cl,j^i'»-"Vl -&•»•, 
-(1, a^^ic-il, 
viz., the degrees are n', n*, n', n*— 1. 
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But, n eTOD, the fonns are 

» (1, aJ)lw-« vT^ i/r^K? , 

(1,^'-, 
viz., the degrees are n* — 1, n', n*, n". 

The rational functions (1, a^ presenting themselves in the 
foregoing forma may be called A'{x), B'(x), C'{x), Zy(x) : the 
degrees in «? are }(«•-!), i(n*-l), i(»'-l), J(»'-l) <>' 
^(n* — 4), ^*, |n*, Jn* according as n is odd or even. 

111. Whether n is odd or even, if ws change k into t and 

X into kas, the functions A', If each remain unaltered, vhile 
the functions S, C are interchanged ; thus 



2, A" 


becomes 


-2 


B 


.. 


= l-21V+itV, 


O 


" 


-l-^ex' + gifA 


U 




-1 -^tv. 



&c. 

And the same is the case with the functions A, B, G, D, 
except that A is changed into kA. 

112. Bnt there is another change, as into r- • the effect of 
which is different according as n is odd or even. 

If li be odd, then disregarding a monomial factor k^, the 
change x into r- interchanges A', D' and also interchanges 
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n.3, ^'become83-<4 + 4t^^ + 6if^i -f^, 

= - j^ ( 1 - 6f«< + (4/1? + If )a» - 3tv) i 

C „ l-4i"iij + 6f Ei-.-4f,i, + fii„ 
eaf ifcV t^as* Jfas" 

= - -^ (3 - (4 + it") J!* + 6ifc*j;* - iv) . 

If paaaing to the functions A, D we write down the general 
formula, this is 

D{x) =(-)K»-»it»("'+')«»'^(^Vimpljing 
and we thence deduce 

that is A[^^I>{^ = \^\kA{x)^I){x)\, 

1 

A: an nu ' 

making this change in en nu and dn »u considered as functions 
of sn nu (=sVl— Bn*nM and Vl — ft* sn' nu reapectiTely) it is 
obvious that the affect must be to interchange the numerators 
of these funcfcions, that is, the functions B and Cot B" and C 
as above. 
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113. If n be eren, the efiect, \{t * fajH/ir jr&a ^ is to leave 
the four ftmctions unaltered ; thus n >= 2, 



A' becomes = 2, 




B „ 1-2 p^ + i-j4., 


= ^.il-i^+tfafi, 


c- . '-^i^+'^l- 


-j,L,(l-2i'a? + 4'i 



Hence, n being even, we cannot in either of the above ways 
effect an interchange of the Unctions J, i> so as to derive one 
of them &om Uie other, and it is in &ct clear that they are 
essentially different functions. It is to be observed that A' is 
always a composite function, vi& writing n = 2p we have 

which is a product of rational functions into '/l — a^ Vl —h'si^ : 
the numerator-function A\x) in the above values of sn 4u and 
en 6u might therefore be expressed as a product of lower 
ist^ral functions of a^: in particular n = 4, we have A(x) 
•=4tc{l-23?+l^x*) (l-afa^+A'a:') (I-*"**) •JT^^T^ifa?. 
Ae regards the denominator D (= D*) we have 

d^=d;-i^a*, 

which when p is odd, and therefore A, and D, each rational, 
breaks up into four rational factors (rational, that is, as regards 
X, but involving the radical •/]&). But if p be even, then 
Af " A\ x'/l — af'/l — l^a?, and the form is 

i), = D,' - l^x* (1 - aO* (1 - faO' A'*, 
which breaks up into two rational factors only. That is, n being 
the double of an odd number the denominator is the product 
of four rational &ct0TS, but n being the double of an even 
number it is the product of two rational factors only : thus 

n = 2 i)(x)-l-jt»a^, 

n = 4 D{x) = (1 - J^xf - 164*a* (1 - a^' (1 - **'«*)*• 
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Altboogh for nuny purposes the expressions thus obtained 
in the case in qnestiou (n even) would be ia their original form 
more conTonieut than the completely developed expressions, 
yet for other purposes and in particular for the calculation of 
the functions of a higher uneven value of n these last are the 
more convenient. 

114. When n is odd the numerator of l:tsDnu is a 
rational and integral function of the order n*, containing the 
Cactor 1 + a; or \—x, and the other factor being the square 
of a rational and integral function of the order } (»*— 1): the 
two formule are derived one from the other by merely chang- 
ing the sign of x ; say they are 

i)W-^(.)-Cl±«)(P(«)l-, 

giving when multiplied together 

viz. the left-band aide is IP(x),=(l — a?) {^{x)]^; andconvenely 
the equation (l — a^{A'(x)]''=iy{x) — A'{x) implies that the 
foctoFB J){x)~A{x), D{x) + A(x) are of the forms in question. 
Ajb regards the sign ± it is to be observed that D{x) — A{x) 
contains the factor 1 - (—)""'"« ; viz. in the numerator of 
l-snn»,n = 3,7,...or 4p + 3, thefactor is l+aT,but n = 5, 9, 
...or 4p + l the factor is l—x. The reason is obvious; 
n = 4p + 8, 1 — sn nu vanishes for u = - K, that is sn « ■= a: = — 1 
(but not for « = + K), while, ti = 4p + 1 , 1 — sn nu vanishes for 
u = K, that is sn u = a; = 1 (but not for u = — ff) : we have in 
fact en (4p + 3) A" = an 3^- - 1, but sn (4p + 1) .ff = sn .fi'= + 1. 

The like coosiderations apply to the numerators of 
1 j: ft sn nu : the single factor is 1 ± ftx, viz. for 1 — it sn nu this 
iBl~[-)^'-"kx. 

115. In the case n even, there are given (jv=2) foitnuls 
for 1 ± en 2u, 1 1 dn 2u, and from these may be deduced 
analogous fonnulaa for 1 ± en nv, 1 ± dn nu, but I have not 
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thought it vorth vhile to write theee down for the eaeea 

4 and 6. We in fact have 

l-cn2ptt=28n'j?udn'^, (+) 

1 + en 2pu = 2cn*pu, (-r) 

1 — dn 2pi* = 2A* SD*^ cn*pt(, (+) 

1 f dn 2p« = 2dn'pu, (-=-) 
denom. = 1 — k^en'pu, 

and sobstitating for the functions of pa their values we 

hare 

l-cn2pu= 2A;C*, (+) 

i+cn^= %b;d*. (--) 

1 - dn %«* = WA/B,*, (-5-) 

l+dn2pu= ZG/B', (4 

where denom. — D^ as for the other 2pu-functions. 

116. We may in the multiplication-formulffi write it = 0, 
viz. we then have s = sin u, and sn nu, en nu, dn nu = sin nu, 
COB nu, 1 respectively : this however aflfords a verification only 
of the terms not maltiplied by any power of k. A more 
complete verification is obtained by writing A — l, we then 
have x = Bgtt, Vl — a^ and Vl — i?^ each =cgui and sn nu, 
en nu, dn n» = ^ nv, eg nu, eg nu respectively. Becalling the 
formuhe 

,«»« = H(l+a:)--(l-,»)-), W 

cg««-. (l-aO". (+) 

denom.- 11(1+ «)- + (l-«)'|, (+) 

the terms of the fractiooe require to be each multiplied by 

(1 — a^**""""', viz, the formuhe then are 

l««« = i((l+«)--(l-.)-| (l-a?)<l— 1, W 

cg»«- (l-*^-. (+) 

denom. -il(l + a!)'+(l-*)1 (l-a?)""'-". 
Thus n = 3, the formula are 

sg3l.-x(3+ii0(l-a^', = «(3-8a? + 6»' + (ke'-a?), (+) 

cg3»-(l-aO'«'f-«'.-(l-*»'+6*'-**'+a^^l-»'.W 
denom. - (1 + 3af) (1 -a»)', - (1 + Ox" - 6a!* + 8»' - 3a?), 
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freeing with the foregoing values of sn 3u, cn 3u, dn Su on 
putting therein k = l. 



Factorial-Jbrmvlce. Art. Nos. 117 to 122. 

117. In the expressions for the numerators and denomi- 
nator of the functions of nu, the rational functions of a? may be 
decomposed into their simple factors. This may he efiected 
A priori by considering what are the values of x (that is sn u) 
which make these functions respectively vanish. But in the 
particular case r = 2, it may be done A poeteriori, by means of 
the duplication-formulae, and the formulse obtained for the 
dimidiation of the periods. 

Write 

(m, m")" ^mK +2m' iK', 
(m,'m')=(2m + l)K + 2W iK', 
(m,m')= 2m K +{2m'+l)iK', 
(m, m ) = C2m + 1) Z -K2m' -I- 1) ijT. 

Then, using { ] to denote a product, as explained by the 
appended values of m, m', we have 

sn 2« = 2xvT^^ Vl-AV, (+■) 



_ m = 0, 2 

sni(m, m')!' ^•■' m' = 0, 1 



dn 2b * jl + ■ , - ,\ , (~) 

I 8nl('«. '«)J ^ 

denom. = J 1 -f- - 



m = 0, 2 
m'=.0, 1 

m = 0, 1 

'"snK'n."*')!" m' = 0,l. 

118. Thus in cn 2u the product is 
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which is 

-0^stir)('-4l) 

(' + mJiK + lk)) [^ ~ .ii(iJf + «:■)) ■ 

-|i-(i+iVlli-(i-tVI. 

So in dn 2u the product is 
V "*■ 8n(iir + JiKV V ■*■ .n(}if + J.A")) 

which is 
= (l - i«» (i - af) Vl - in" (i + 2i')) , 

= i-aiv+F»'. 

And in the denominator the product is 

(' "*" mjirj V "*" sn iHc) 

V ■•■ inllr+jiTrj} (' ■*■ taf^K + iilT)) ' 
which is 

- (1 - iVii) (1 + iVt«) CI + Vfa) (1 - Vii), 
= (! + *«■) (1-fa^, 

119. Considering next the case where n is an odd numher, 
= 2p + 1 Buppose, 
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write as before 

(m, m') - ZmK + Zm'tJC, 
(m, «') = C2fli + 1) ^ + 2m'iK', 
(m, W) -. Smfi" + C2m' + 1) iT, 
(^ m) = (2m + 1) K+ {%n' + 1) liT; 



giving to m the values —p, — (p — 1), ... — 1, 0, 1 ... p; and to 
m' the same values; viz. there are id all (2p + 1)*, ■>>!* values 



For take ft, ft values of the form in question, any other 
values are /t + nff, fi' + nd' ($ and $" int^;ere). 

where {0. ff) - 2«Jr+ iffiK. Hence 



which, when 6-^ff ]& even, is 



and, when 6-^ff \i odd, it is 



sin - 0*, /*'), 



- «>» - 0. mO. 



which is = en - {— jit, — ^'), 

where — /i, — ^' are of the form in question. 

One of the foregoing values is en- (0, 0), =0; and if we 
exclude this there remains a eystem of n*— 1 values. 
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120. CoDBider next tfae distinct values of sn- (m, m). 

Suppose in the first instance that m, m' each extend from 
— (p + 1), —p, .,. — 1, 0, 1 ...p(viz. that each has n + 1 values). 
I call the values —{p + 1), p extreme values and the others 
mtermediate; so that m, fn' have respectively 2 extreme and 
n~l intermediate values. We have in all a system of (n + 1)* 
terms, viz. these are 



m, m both extreme 


4 


m extreme, m' mean 


2n-J 


m' extreme, m mean 


2n-2 


m, m' both meaa 


n'-Sn + l 




»• + 2n + 1 



Now tn, m hoth extreme the values are sn(±K ± iK'), and 
these are excluded &om consideration. 

If m is extreme, m' mean, the values are 



say for shortneas sn(±£'+a), that ia en{K+a) and su(— .ST-l-a}, 
-where a has ^ (n — 1) pairs of equal and opposite values. 

But BD(K+a) — -«D.{-K+a), =8,m(K-a); hence Ba{K+a) 
has J (n — 1) values ; similarly Bn(—K + a) has J (n - 1) values; 
or sn (± K+ a) has (»— 1) values. 



And in like manner, m' heing extreme, the value is 

= Bn(±iE'+^^K), =8n(±»ir'+/3). 

which has (n — 1) ^ues. We have thus in all 

(n - 1) + (n - 1) + (n - 1)*, - ra* - 1 values. 

And as for sn - (m, m'), it may be shown that these are all 
the values. 
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values — (p + l), ~p, ... — 1, 0, 1, ...p, say —(.p + 'l),p are ex- 
treme values and the others mean; and m has the values 
— p, .,, — 1, 0, 1, ...p, say is the extreme value and the 
others mean. The cases are 

m, m' both extreme 2 exclude 

m extreme, m mean 2n — 2 reduce to n — 1 

m mean, m extreme n — 1 is ft — 1 

m, m' both mean b' — 2n + 1 b* — 2n + 1 



»■ + B n" — 1 

or number in resulting system is = n* — 1. 

And so sn - (m, m) has same number = n' ~ 1 of values. 

n ^ ' 

122. We now obtain, n odd. 






M 



„=,/rr? Ii + — r^^ — , M 

j en - {m, m') | 



8n-(m,m}J 



where denom. = 



sn - (m, m') I 



the number of factors being in each case n*— I, viz. the values 
of m, m' are those belonging to the several systems of (n* — 1) 
values as above explained. 
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New Form of the Fat^orial-FomMla. 
Art. Nm. 123 to 126. 
123l The formals may be presented in a different form : 
obeernng that to each term 1 + - in the numerator or deoomi- 

nator there corresponds a term 1 — , and comblDiDg t<^ether 
the pair of &ctor8, also making an easy change of form, we hare 

^ ' M 

j .n'(«--i(»,m'))| 
dnii«.v'l-fi-jl-<i'm-(x-l(«,«.'))^l, (+) 



deaom. = 



I 8n»- (m, *»■)[ 
n-em'^(m, m')A 



where as r^ards the values of m, m' observe that these are 

m-0, «'- 1, 2... i(n-l); 
»t = l,2.... ori(n-l), TO'-0,±1,±2...±H»-1); 
viz. there are in all i(n-l) +iCn-l)B, -i(n*-l) combi- 
nations. 

124. Restoring for x its value sn *(, and observing that 

1 ™*" 

gn*g en (m- g) sn (tt — a) 

1 — i'Bn'usn'a sn a sn (— a) ' 

and combining all the coDstont factors (that is factors indepen- 
dent of u) into a single factor A, we find 

sn jiu - j1 en u jsn « + - (m, m') sn M - - (m, m) || , 
c. 7 
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or as this may be written 

BnnwA Jsn u + - [m, m) \ , 

where m, m' have now ea«h of tbem all the values 

0, ±1, ±2...±i(n-l). 

Proceeding in the same manner with the other equations, 
we have, with the same limits for (m, m'), the system 

annw — j1 Jsn «+ -(m, ra') [, 
en nu = j5 Jen u + - (m, m') [ , 
dnflu= G Jdn «+ - (m, ta') k 

where the coefficients A, B, C have to ho determined. The 
values are 

125. Tp show this, write in the formulie u + £' in place 
of u. Observing that we have 

Bn (nu + nK) = (-)«»-» sn (nu + K), 

ai(nu + nK) = (-)«»-il en (nu + K), 

dn (nu ^ nK) = dn(Mw + K), 

and that the products on the right-hand aides contdn n* term^ 
n'— 1 being evenly even, or (-)»'-i=+, we obtain 



(-)«—' 



« + -(«», m) 



u + - (m> m") 



DiglizedoyGOOglf 



IV.] 



ON THE ELLIPTIC FUNCTI0H3 BD, CD, dn. 



(-)'" 



dnnu 



(*■)• 



IBD 
- 
dn 



« + - {m, m) 



u + - (m, m) 



;-(*■)■■ 



»hi<"''"''jr 



agreeit^ with th« original equations if only 
= A, 



(-)"-"§- 



(-)"■ 



9 reduce themaelres to the two independent equations 



The change of u into u + iK' gives i 
pendent equations, one of which is 



like manner two inde- 



and we thus have A, B, G subject to an indetennination of 
the signs of A and C. 

126. But it may be shown that the signs of A, B, C are 
(_)«■-»_ +^ +. For this purpose recurring to the original 
equations and writing therein u = 0, we find, observing that 
Bdnu 



»-.4J8n^{m,m')[. 1 =5]cn^C«t, *«')[. 1 = C jdn - (m, mOJ , 
where in each case the combination m = 0, m'=0 is to be 
omitted, viz. the products each contain n'— 1 terms. Grouping 

7—2 
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tc^ther the opposite terms sn a, sq {— o), Ac, and recoUectiDg 
that J (n' — 1) is even, we may write 



and we may in each product consider separately the } (n — 1} 
tenns in which m' is = 0, the ^(n — 1) terras in which m ia = 0, 
and the J(»i - 1)* terms io which neither m nor m is = 0. As 
regards these last we may consider that m has any value 
whatever from 1 to ^ [n — 1), and m' any value whatever &om 
± 1, to ±i(n — 1); uniting together the terms which belong to 
the same value of m but to opposite values of m' these are 
conjugate imaginaries and their product is positive : hence the 
whole third product is positive. Taking next the terms for 
which m' is = 0, each term is real and positive; hence the whole 
lirst product is positive. There remains only the second pro- 

duct ; viz. as regards A this is j sn' - (0, m') t , where m' has the 

values 1, 2, ...^(n — 1). Each term is the squue of a pure 
imaginary, viz. it is real and negative; and the sign is thus 

(_jt."-i|. But as regards B the product is jcn* - {0, m') [■ , where 

each term is positive (since cn - (0, m') is real) : hence the 

product is positive. And so as regards C the product is 

■^dn' -(0, m')[, which is in like manner positive. Hence in 

the three cases respectively the sign of the first product ia 
(—)*<■"'*, +, +. And the required quantities A, B, G have 
these signs accordingly; wherefore we have 

as mentioned above. 
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Anticipation of the doubly-infinite-prodtict Forms o/tha Elliptic 
Functions. Art. No. 127. 

127. In the formute No, 122 for « write", then « - bb ". 
=*— when n is very laige. Moreover when m, m are finite, then 
in like manner sn - (m, m) is = - (m, m") : and Bubatituting these 
values and writing n= oo we obtain the following formulee ; 






dnu 
denom. 



"(«..»'))' 



where m, m' have each of them every integer value from 
— X) to +00, the simultaneous values m ■• 0, m'^0 being 
excluded from the numerator of sn u. I defer the fiirther 
consideration of these formulaa, only remarking that not only 
they are not as yet proved, but that, in the (Atence of further 
de/m^ion as to the limits, they are wholly meaningtess. 

Derivatives ofsa u, en u, dn u «t regard to k. Art. No. 128. 

128. We have seen. Chap. III. No. 73, that 

dF 1 , , , , „ _ ^ Bin 6 cos 6 

where F, E, A stand for F{k. >p). E{k, ^), -i(A;, ^) respectively. 

But we have u = F, giving sn u = sin ^, en u = cos 0, dn u = A ; 

also 

E=:f,^di> =/,dn*u du, =/,d«(l -k^ + k* cn'tt) = Jfc'u + jf/.cn'u du. 
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and therefore E- k'*F= tfjjsn*u du ; 

beoce 

But BDu = 8m0, viz. coDsideriug snu aa a function of u, fc, 
where u,=F {k, 0) is a function of k and tp, we have an w, 
a Unction of if> only without k; and we hence obtain - 

danudF deau . 
~dirdk'*'~dk"^' 



or finally 



dsnu , dF 

^^=-cnudn«^. 



— T- = — rt CD u on u /jCn'u etu + p| an u cn'u, 



— Tr-= r^Bnttdnuj.cn uou— r^sn «cn«, ■ 

and 

ddnu Jf r . J * . J 

— rr- " TJiBDMCnu/^cn uott— j^en udnu. 

And it will be convenient to repeat here from Mos. 73 and 
74 the following formulie, in which we now write K, K', E, E 
for the complete functions FJe, FJc, EJc, EJc' ; 

dE_\ dE k 



dk-kk""-^ ""'■ dk- kk"^ "^• 

giving EK' + E'K- KK' = iv. 
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THE THREE KIin>S OF ELLIPTIC IKTEOHALS. 

129. In the present and foUowii^ Chapters we revert to 
the notatjon of the elliptic integrals Fi^, £4>, Tlif>, hiinging up 
the theory to the point at which it is expedient to introduce 
the elliptic Ibnctions so u, en u, dn u : and explaining the 
resulting new notations. 

His Addition-Theory. Art Nos. 130 to 134. 

130. We have throughout 0, i^, ft, connected by the 
addition-equation : regarding herein /t as a constant, this gives 

^ + r^ = : hence if U be any function of ^, '^, ^ such that 

in virtue of the addition-equatlon we have 



or (what is the same thing) if this last equation he a form 
of the addition-equation, we hence derive rji.^'^'Jj.^'^™^' 
thai is (2 CT— 0, or by integration U= funct. f*. : and if moreover 
the function C is such that it vanishes for ^ = 0, -"f- = /*, then 
the constant of integration, funct. /x, is = ; and we have U= 
as a consequence of the addition-equation. For instance the 
function U=F^-\-F-^- Fft, satisfies the conditions in question, 
and we thus have 

F<^-¥F-^~Fii.=TQ, 
as the addition-theorem for the first kind of elliptic integrals. 
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131. Again we have 

as the addition-theorem for the second kind of inte^p^. In 
fact the equation to he verified is 

(A^ — jfsin'^coB^Bin/j') A^- (A^ — it^sin^coa^sin/t)A^B O. 

that is 

A*0 — A*'^ + Jb* sin >x (sin ^ cob ^ A'^ — sin ^ cos ^ A^) = 0; 

which in virtue of 



sm/»» 



n^cos^A^ + BJn^ cos^A^ 



1 — i" sin*^ Bin*^ 

and the identity 

stn*^ coa''^ A'^ - sin'^ co8'0 A*^ 

= (sin*^ — sin^) (I — il^ sin*^ »q*^), 
reduces itself to 

AV - A*^ + Jt* (ainV - sin^) =■ 0, 

which is an identity. 

132. Again for the third kind of integrals, writing 



^ -^ V "/ 1 + rt - »( C08^ CO 



8in/t 
i-^coa/i' 



and for convenience retaining 

ii-, — si =-:=tan 'Rva, or = . , — log =^ 

according as a is positire or negative], to denote the one or 

other of these espressions as the case may be, then the addition- 
theorem is 

ii*+nf-n^-/j.-^..o. 
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In fact the eqoation to be venfied is here 
< 1 1 dm 

\(1 -f niin'^) A^ 1 + ilS" J^ 

f 1 ^^AJ, n 

~Ul+f>sill'+)A+ l+jtS-i^J ■*""' 
p 
where, writing £ = ^ , we liare 

—L *? 1 /-.dP p(ig\ 

1 dS 1 . f.dP „d(}\ 
l + aSfd-^ qr + aI^V'd^^ 3^)' 
and the equation thus becomes 

But in virtue of the addition-equation, as shown in the next 
No., 

Q" + oJ* - (1 + n sinV) (1 + » tin'ip) (1 + n sin*^), 
aad the equation to be verified thos becomes 
(1 + n sin*/*) " (sin*^ — sin'^) 

133. In regard to the expreasion for Q*4-<iP', observe that 
this is 

™(l + n— ncos/iCOB^coa ^)' + n'a sin*/* sin*^ sin*^, 
or patting herein coa cos ^ = cos /i + sin ^ sin ^A/t, this is 

= (1 + n sinV — n coB/tAfi sin ^ sin ^)'+ n'o sin*/* sin^ sin*^, 

» (1 -I- It sinV)* — 2 (1 + n sin*/*) *^ <3ob m^M sin ^ sin '^ 

+ «' [(l-sinV) (1 - **8inV) + (n- n +-+*") sinVl ainVsinV, 

— (1 + n MnV) [1 + ft s'l^V - 2» cos/tA/* sin^ sin'^ 

+ (»' + ni* sinV) sin*0 sin'^j. 
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But we hare 

(1 - sin*^) (1 - ein*^) - coeV — au^V Bin*+' ^V 

= 2 coa/iA/( em ^ sill -^, 
or vhat is the eame thing, 
2 cos/t^/i sin^ sin^ = sinV ~ fi^V ~ ^*^ + ''^ Bin'^ sin*^ sin*^, 

and substituting this value within the { ] we obtain the above 
expression for ^ + of. 

184. We have 

— n COB/t sin^ cos^ . n sin^ sin^ sin'^, 
= n sin/1 BLQ'^ {{1 + n) cos^ — n cos/t cos'^ (cos*0 + sin*0)} 

= n 8in>t sin'^ [cos^ + n (co80 — cos/i cos'^]}, 
that is 

Q -rr — i';^*>n8iQ^8in'^(cos^ + nBin/tsin^A^), 

and similarly 

C j-r — -pT¥-«sin/« sin^fcos^+n Bin /lain ^A^). 

The equation to be verified is thus 
(l+nBioV) (ain*^ — siD*^)Esin/isin^(co8^ + nsin/i8in^A^)A^ 
-8in/*8in^(co8^ + nsin/ieint^A'^) A^, 
breakii^ np into the two equations 

sin*'^ — Bin*^=sin/i(Bin^coe^A^ — sin^cos-^A^), 
and sin^ — Bin*^=8in*^ A'^ — sin'0 A*^, 

the former of which is equivalent to the equation which gives 
the addition-theorem for the second kind of int^irals, and the 
latter is obviouely true. 
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New Notaiiotu for the Integrals of the Second and Third 
Kwda. Art. Nos. 136 to 137. 

135. If in the equation E^ = lJ^^d^ ve write Biii^>=Bnu, 
aod consequently <^^ = do udu, A0 = dnu,the value of ^0 be- 
comes = /,dn'u(fu, or what is the eame thing |,(1 — A* 8d*u) du. 
Jacobi, changing ths original signijication of the functional 
symbol E, calls this Eu, viz. he writes 
Eu = Jgdu'udu, 
the effect being to throw the addition-theorem into the form 
^ + ^-£(« + t>) = ifc* snw 8nr8n(u + w). 

He further considers in place of Eu a new function Zu, differ- 
ing from it only by a multiple of u, viz. we have 

Zii = Eu— -p-u, =u(l — -=.] — if /jSn'iidw, 

where E is the complete integral of the second kind. Sub- 
stituting for E ita ezpresaion in tonus of Z, we thus have 

Za-^Zv-Z(^-\-v) = l^ snu sn v snCu + v). 



136. K similarly in the equation lid — I j^ . , ,, 

•' ^ ^ J,(l+n8m'^) 



d^ 



A0' 



we write sin^^Bnu, and therefore ^ =■<?«, the value of 11^ 



J,l+n 



t-nsn' 
called IIu, we should have 

TT ''" 

IIu = 77— i-, 

^ 1 + n sn*M 
or what is the same thing, 

— /*— n sn'utAt 

"'-"J .l-fm'. - 
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The effect would be to change the addition-theorem into 



an 



R~ 



n spa ant) hd(m + w) 
I + R — n cQu can cii(u + ()) ' 



137. Jacobt makes however a Jurther change of nottUUm, 
viz. ezpreasing the parameter n in the form —i^Ba'a', he 
omits from IIu the term u and multiplies the remaining term 
b; a constant factor; he writes in fact 

[If ana caa daa Ba^udu. 



n(u,a)./_^ 



1 — ife* an"a sn'u 



The full advantages of the change will appear in the sequel, 
but it is conveoient to mention here that the addition-theorem 
takes the form 
Tl(u,a) + U {v, a) - n (u + w, o) 



= ilog 



1 — ifc *en M6nti8n(M-Hti — o)aao 
l-t-i*BnusnvBu(u-|-o + a) sna 



The Third Kind of ElHptie Integral. OutUne of tha Juriher 
Theory. Art. Nos. 138 to 147. 
138. We have a theory for the addition of the parameters, 
including in it a theory of the reduction of the parameter to the 
' forma — 1 -^ &"* sin'^, and — f sin'^ respectively. This is de- 
rived &om the consideration of the function 
sin0 c 



where Jf is an arbitrary constant. Taking also p an arbitrary 
constant, we obtain 

dw _d^ l-{2 + {:}sin'0 + (l-t-8j:)f8inV-j;fe'8ip*^ 
1+pw' A (l + fsin'^)'{l-Jfc*Bin>J +p8in'0Cl -»"»*0) ' 

* Beswding a m ml, thii would implf that the parametai is negativ* 
and in abiolnte magmtade < t' ; hot a U legarded »a BOioeptible of inaginarj 
Ttlnw, and Um other lonua of pantmeter are thu icelnded. 
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and putting the deoommator 

= (l + n sin*^) {1 +«' sin'^) (l+m ain'^), 
and decomposing into an integer part and partial fractions, we 
have 

(f«r ^dif,<l A ^' \ ^ \ 

l+pw* A If l+nBiii*0 1 + n' bid*^ l+msin'^J' 

whence integrating from ^ = 0, 

ATln + A'Un'+BUm+l,F-= f, ** „ 
where the integral on the right-hand side ia 

^-^tan'^VP-or^-^^log,-^. 

according as pia positive or negative. 

139. There are two particular cases, ^= — 1, that ia 

**°^ jfc rtxv.- sindcoad . i. » i- . 

w = — T-^ , and c = 0, that is « = — ^ ~ , in each of which 

one of the terms, say BYlia, disappears, and the formula takes 
the more simple form ■ 

Ann + A'Un + CF= L ^^ . , 

establishing a relation between only the two functions Iln, Tin. 
In the first of these the parameters fl, n' are connected by the 
relation nn ~ A": in the second by the relation 

(l+n)(l + n')=k\ 
Hence by the first relation the function Iln, where n is positive 
or negative, but in absolute value greater than 1, is expressed 
by means of the function IIb', where »' (having the same sign 
as n) is in abaolute magnitude less than &*: in particular n 
being negative and greater than 1, that is, between (- 1, - cc), 
n' will be between and — ib*. If n be positive and greater 

negative and between - 1, — i*: and it thus appears that the 
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only raluea of n which need be considered are the n^ative values 
between {0, - 1} : viz. we may have n between {0, — jfc^ say 
n = — A* aia'ff, or else n between (— k", — 1) say n = — 1 + f sinV. 

Observe that in the former case «, = (1 + n) f 1 + — 1 , ia negative, 

and in the addition-theorem we have a logarithm; in the Becond 
case a is positive and we have a circular function (the inverse 
function tan"'}. This leads to the consideration of two kinds 
of functions H, viz. n = ~ jf sin*^, logarithmic functions, and 
R = — l+jt" sinV, circular functions: there is a convenience in 
taking n = — l^ ein'd, as a universal fonn, allowing to aseume 
imaginaty values. 

140. Recurring to the general form 

AUn + A'tln' + BRm + lF" f=-- ,, 

we may consider herein n, n' as arbitrary quantities, m as a 
determinate function of n, n' ; it is in fact obtained by means of 
a quadratic equation. Taking n, n' to be real the value of m will 
in certain cases be imaginary : and conversely taking m to be a 
given imaginary quantity it is possible to determine real values 
for n, n': and thus the function Ilm of a given imaginary 
parameter is made to depend upon two functions Iln, Iln' of 
real parameters. This may be effected in a different manner : 
viz. taking n, n' to be conjugate imi^naries we obtain two real 
values of m, and thence two formube each involving the con- 
jugate imaginary functions Iln, Tin: the combination of these 
would lead to the expressions of Iln, Iln' in terms of the two 
real functions Iltn,, Ilm,. 

In either of the ways just referred to we in effect obtain an 
expression for the function of the third kind Iln, of imaginary 
parameter, in terms of two functions with real parameters : but 
it will presently appear that the solution admits of a very con- 
siderable simplification. 

141. Introducing in the formula for n, n', m the values 
— A?sin*p, -fc"sin*g, — Fsin'ft the relation between n, n', m 
gives a relation between p, q, 8, viz. this is found to be 

ft' (1 — i" smp sin q sin 6) = Ap Aj ^0, 
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being in fact equivalent to the relation 

or (what is the same thing) p, q, $ being coonectect by this 
equation, aod writing Up, &c. in place of Xl{—l^8m*p), Ac, 
we have between the three Unctions the foregoing relation 



142. It is natural in place of d to introduce a new angle ff 
such that Fd + F^ = F0', the relation between^, q, ff being con- 
sequently the algebraical relation answering to Fp+Fq—Fff=0. 
The function 116 can be expressed in terms of 11^, and the 
resulting equation is found to be 

gmp ^ ^ ' Binj- * ^ ' sinP ^ ' 

... . • « Ti . »i F-^ +A*BinpBinoBiiiA.il-4' 
= *"Binp8mff8in^.f +ilog-J:-j, — ,^-.- ^ . ^ . i— tJi-t , 

where A, B, A', B are certain functions of ff and ^. 

143. This equation assumes a veiy simple form on writing 
thereia sin^^Bnu, sinp^sna, singrsssni, and therefore (by 
reasoD of Fp + Fq — Fff = Q) Bin^ = 8n(a + 6): and by introduc- 
ing Jacobi'B notation for the function 11 ; viz. making the 
changes in question the three terms on the left-hand side are 
to a common factor pr^ n(u, a),. n(u, (), II(u,a-l-&): the 
If^arithmic term is oonsiderahty simplified and the final equa- 
tion is 

n (w, a) -H n («, 6) - n («. o -I- J) 

,. , ., .. ., l-A^Bnwano8n6en(a-l-6-«) 

aArBngBn6sn(a+fti.m-*l(« , . ,. ■ -■ — - — s— — 7 — . , . ' , 

*■ ' ■ *l + Ar8niieno8nc8n(o + c + tt) 

¥12. we thus see the theorem in its true point of view as a 
theorem for the addition of the parameters. 

141. We also gain a farther in^ght into the problem of 
the determination of the function Tin with an imaginary value 
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of n; viz. any such value is expressible in theforin-A*gn*(a+6»), 
vhere a and h are real ; the function Iln, or say IT (u, a + frV), 
is then made to depend on the two functions 11 (u, a), IT (u, bi), 
which have each of them a real parameter, viz. in the second 
faction the parameter is n = — it* an* bi, which is a real positive 
quantity. 

146. There is another theoiy, the interchange of amplitude 
and parameter. Starting with the equation 

n-f ^. 

J,(l+nsin»A 

we have -r- dependinjr on the inteirral I .-:; ^ . . ., . , which 

an '^ ^ * J(l+nBm'^)*A 

is expressible in terms of F, E and H. The terms involving 
-J- and n combine together into a term -j- IlVo^ where as 

before a>=(l+n) fl-| — j, and we have this term equal to a 

function of n, 0, where ^ enters tbrough the functions sin^, 
coa^. A, E, F, but which is algebraical in regard to n, viz. the 
actual equation is 

an " nVa nVa 



+ ^Asin^cos0 — 



(l+nsinV)^«' 

a = (1 + n) [ 1 + ~] as just mentioned : bo that inte^fratbg in 

f dn 
r^fard to n, we have 11 v a depending on the int^^rals J -r^ • 

l^ I— 



r= : these are really elliptic iatecT&k aa 

t-IUiB»Va ' ' ^ 

at once appears b; writing therein n = - Ifsu^O (viz. we thus 
adopt for the parameter » the before mentioned form — ^sin*0}, 
reducing the integrals to the forms 

! de tde ! arfedt 

1 sin's AS' l&S' J(l-f 8in'«Bin-^)i»' 
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or oltiin&tel; to the forms 

viz. the first two of these are F8 and E6, and the last ia the in- 
tegral of the third kind !!(»', S) with parameter n', — — i^Bin*^: 
the final result is 

cot^ A(9 {n (ft, *) -^^} -cot^ A^ [n Cn', ff)-Fe\ 
= MFi>-E^FB, 
which is the equation for the interchange of amplitude and 
parameter. 

146. If as hefore ^ = 8nii, d = 8na, then uung Jacobi's 
notation, the functions on the left-hand side are II (u, a), 
IT (a, u) ; and the functions E^, Ed are in the same notation 
Eu, Ea : the equation therefore is 

n (m, a) - n (a, u) = vEa - oEu, 

or what ia the same thing 

n(u. a) -U(a, u) = uZa- aZu. 

Fund. Nova. p. 146. 

147. The foregoing outline of the theory of the elliptic 
integral of the third kind brings up the theory to the point 
immediately preceding the introduction of Jacobi's function 
A : viz. his functions H (u, a), Ztt are in fact each of them 
expressed in terms of the new transcendent 6, by the equations 

the second of these leads at once to the just-mentioned equa- 
tion II(u, o) = n(o, u)^uZa — aZu, (interchange of amplitude 
and parameter): and by means of this theorem we can from 
either of the addition-theorems (for the amplitudes, and the 
parameters respectively) at once derive the other theorem. 
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BeducHon of a given imaginary quantity to £A« Jbrm 
m(ct + fit). Art. Nos. 1*8—162. 

148. By what precedes it appears that there is an advan- 
tage in bringing the parameter to the form —Ji?Bn*a: this 
however cannot always be done bo long aa a is restricted 
to be real : but we have to show that it can be done, ad- 
mitting imaginary values of o: or what is the same thing, 
that a given real or imaginarj quantity n can always be ex- 
pressed in the form — ^ sn*(a -t-^i) : that ^ \/ -jT can always 

be expressed in the form sn (a + /Si) : and the theorem thus is, 
that taking as usual the modulus jt to be a given poutive 
real quantity less than unity, then any given real or imaginary 
quantity whatever can be expressed in the form sn (a + jSi). 

149. It is to be observed that a and y being ^ven real 
quantities, the former of them equal to or less than ± 1, we can 
find the real values o,^ such that s^ena, tyssnt^: in iact 
these equations give 

sn C8, k-) 

and as a passes continuously from to ± f , sua passes from 
to ± 1, that is through every real value w whatever between 
these limits ; and similarly as j3 passes continuously from to 

± iK', — ^ — r ^ passes firom to ± « , that is, through every 

real value y whatever. 

Hence writing 

_ g VI +/■ 1 -f ^^3^* + ty ^l~'a?. 1-i^a? 
l+A'ay 

we have \ = . •^,, . , — ^, u = *t — , - ,: > , 



tfasuo, y — - 
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'•I 

or what is the same thing 

i- (1 + 4-«y)' = ;>• (1 + jO (1 + i"!fl. 

and it only remaJaB to be shown that X, ft being uiy given 
real values whatever, these equations are satisfied by real values 
of X, y, that of x not greater than ± I ; or what is the same 
thing, that the two curves have real intersections within the 
limits x= ± I. 



150. This is at once seen by tracing the curves ; the first 
carve has one or other of the two forms shown by the dotted 
lioea ; and the second curve has the form shown by the oon- 




tinoous line (the curves are obviously symmetrical as to the 
four quadrants, and only a single quadrant is drawn): and 
there is thus in each quadrant a real intersection for which 
« < ± 1 . The original irrational equations show that x, y have 
the same signs as X, /t respectively : there is thus for any given 
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values of X, /* a single intersecUon satisfying the condition in 
question, 

151. But we may further develope the analytical theoiy: 
for this purpose instead of the original equations, consider for 
greater simplicity and symmetry the equations 

X (06 - ay )* = otiT (a - y) (6 - jf), 

>t(a6 — ay)*=aJy(a — «) {b—w). 

Each of these representa a quartic curre passing throagh the 
points {a, h), (b, a), and the two curves have besides at infinity 
10 commoD points, S on the line x~0 and 5 on the 1iney = 0: 
there remain therefore 4 intersections. To find these assume 
try = abw, the equations hecome 

X (1 — «)• - a; + (uy — (a + &) «, 

^ (1 - «)• = »a; + y - (o + J) «, 

giving X, y linearly in terms of 0, Solving the equations there 
is a factor I — u which divides out (u = 1 is in fact a solution 
answering to the two points (a, i), (6, a) ), and the equations 
then hecome 

(X - /!«) (1 - «) + (a + S) ffl = (1 + w) flv 
0* - X(b) (1 - «) + {o + ft) » = (1 + w) y, 

and multiplying together these values and for xy writing aba, 
we have a quartic equation in a ; this is a reciprocal equation, 
solvable by a quadric; or if for greater convenience we write 



'-(:-^)'' 



, then IB alao determined by a quadric equation ; 
and putting 

^ - a' - 20 (>. + ,») + (X - rt". 
B-y-2J(l + ri + (X-,i)', 

we And e= f;-*''- , that i. ft -^= °~V , 
iyA--JB)' « + l ■JA--/B 
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aod thea after some redactions 

' '/A-'/B-a + b 



-^Ca+\->» + V3)(H-x-,* + V5), 

(a-6)(X-/*) + 6V2-aV5 
^" V3-V5-0 + & 

= j-{a-X + /t + V^)(J-X + M+V^. 

and cbaoging hereio the signs of V^, Vf, ve have of coune 
the coordinates of the fdUr points of intersectioa : it will be 
oheerred that A and B being real, these are all real or all 
imagintuy. 

152. To return to the original problem we must 
for atb,\, /*, fC) J/, 

write 1, p, X*, -fi\ a?, -y*, 
whence if now 

^-I-2(X«-m') + CX' + >.T. 

(A and B h^g therefore, as is easily seen, each real), and 
choosing the root for which the tadic^ have Uie sign — , we 
have 

!/'--^i.'^-'>-'-i''-''^){h-*-'-i'-^)' 

where a? is poaitire and less than 1, ^ is positiye. By the 
original investigation it was in toct shown that there was one 
such set of values of (x*, ^), and admitting this it is easy to 



Dig lizedoy Google 



us THE TBREE KIMOB OF ELLIPTIC UrTEQBALS. [v. 

see that the set just writteo down (wherein s^ has its least 
value) must be the set in question : but it must admit of being 
shown independently that these values of «*, y do satisfy the 
conditions in question. 

We have thus, by meaos of the quantities sno, =^ and 
sn i^, = it/, determined analytically the functions a, j3, wfaich 
are such that sn (% + j3») = X + ^t^ a given im^nary quantity ; 
it may be remarked that the solution, although under a some- 
what different form, is substantially identical with that ^ven 
by Richelot, CreUe, 1. 13 (1853), p. 225. 

In the remunder of the present chapter we work out the 
foregoing theories. 

Addition of Parameters, and Seduction to Standard Forma. 
Art. Nos. 153 to 172. 



n («, k,it.) = [ '^, 

J,(l +n sinV) ^'1 -i" flin*^ 

or expressing only the parameter, and writing for shortness 
Vl-A"sinV-A, 



j,(l+n sin 9J a 



Consider the function 

sin ^ COB 
""(l + t8in»4' 

where jf is a constant Taking also p a constant, we fonn the 
equation 

dw_ ^d<i> l-(i + sinV + (1 + 20 ^ Bin'0 - jy sin'^ 
1 + pv* A (1 + f Bin'0)*(l — /^ aja'4>)+f> sia'^ (1 — sin'^) * 

where the denominator, being a cubic function of sin*^, may be 
put = (l+»8in'^) (l+tt'Bin'^)(l + m8in'(^). The expression 
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and breaking it np into partial fractionB there is an intf^ral 



A If ^l+»iBm*^^l + »'8m>"^l+«smVJ' 



d W 



1+pw" 
vhence integratiiig from ^ = 0, ve have 

AUn + ATln' + Bnm+^F^j-^ 

where the integral expression on the right-hand side is re- 
tained to stand fox 

-j= tan"** •/p, (p podtive) 
Vp 

or i log ;;, — ^ ■ ,— , {p n^ative) ; 

1 —vV—p 

and we have thus an identical relation hetireen three fiuictions 
n each with the same modulus k and amplitude ^ but with 
the parameters n, »', in respectively. 

151. The relations between these quantities and the values 
of tiie coefficients A, A', B axe given hy the equations 

(l + ft)(l+»')(l+m)= i"a + D', 
(*? + n) (i? + n*) (i* + m) =-£•*>, 
or, what is the same thing, 

n + n' + m"2t - J^ +p, 

n»'m= - If^. 
Hence considerii:^ «, »' as ^ven, we have 

1 fr, t^(n-{y 

»»' "^ (H-n)(l+«') ' 
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or, vhat is the same tiling. 



[v. 



{-- 



and then 



i' + i" 



1+nl + n' 



n- • 



P (*? + .) (i'+n') 

and then further 
^ -K +(2 + !:) »■ +(:+2f)i^. +£*■)•<-» (n -nOC" -•»). 
^■.ln'' + (2 + Bn''+ (1 + 20 *''•' + £*■)•'■»'(»'-") ("'-"). 
B,.jm"+(2 + f)'n'+(l + 2E)''''» + E*'l + '»("'-») ("-"')■ 
The redaction of the general formula is somewhat lahorious; 
there are two important particular cases which it is as well to 
discuss separately : these are 

{._1 (-.''°*). and f=o(,= Si!^). 

rae Com r=-l, =-*^. 
15fi. We haye here 

m = — 1, 

which last equation may be vritten 

or what ia the same thing, 
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We then have 

^ = {„« + «»_iV-*']-^n(»-«') (« + !)» ' j^fn^n") ' '^' 

and similarly A' = l; ol3oB=0; so that the parametera n, n' 
being connected by the relation nn' = )t*, we have between the 
two functions It the relation 



» + n«'=-f+/i-Tb- f/T 



viz. a being positive, the integral, substituting therein for v 
its value, is 

and a being negative it is 

1 . A + V^ tan^ 
"2vr^ °^A-V^tan^* 



156. The general expressions are not immediately ap- 
plicable; they give m = and then £=T:,but the two terms 

5 and J— j-j-t- are t<Hrether equal to a determinate constant, 

6 l+msm^ ** ^ 

the value of which, = , can be found by writing in the first 

P 
instance ^=^ : the formula becomes 

dor / ;y A A' \d<l> 

l+^jw" ^ p 1+nsin*^ l + n'8ia'0/ A' 
or what is the same thing 

AUn + ATln'--F^l.r^^i 

* if) and, next page, {g^ are the foimnlc thns deeignated, I^geudie, 
3>«tM du FonetioM EUipttqwt, Clup. xr. 
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where 

nn' = —fi, 



« (« — nO ' n' (n' — n) 

We hare therefore n + n' + nn' = — lf, or what is the eame thing 

{l + n){l + «').*'*, 
which is the relation between n, n'. And thee writiiig 

. (.+i)'-f 
^ "(»-»■) • 

and substituting for k" its value we find 



Moreover writing for p its value the formula becomes 

« + !_,, n' + l_.i»_ f <;«■ ,„ 
nn + — i-Un+ — ,F= r-T, (o) 

which is the relation between two functions IT. 

157. The two formuUe (/^ aud {^) enable us to perform 
the reduction of functions of real parameter. We may consider 
the four cases 

I. n positive, = cot*tf ; 





sindcoed' 


II. 


n negative and between 0, —i?, s-ifainV; 




i/^-cot»A(4, «). 


III. 


n negative and between -it* and -1, =-I + t'*8in'fl; 




,- i^sin^coe^ 




^' - 4(*',«) ■ 


IV. 


n negative and between - 1, - oo , = - -5-5^ ; 




\'::ii = cotM(ft,*); 



D„t,i.a,G00glt' 



v.] THE THREE KINDS OF ELLIPTIC INTEOUAXB. 123 

-where ia each case the value is aanexed of Va or •J— a 
as the case may be. Observe that Id the cases I. and III. a is 
positive, or the function is circular: in II. and IV. a is negative 
or the function is logarithmic. 

158. It is very noticeable how the formulae (f) and (p') 
give each of them a relation between two circular functions or 
two logarithmic functions, but not in any case a relation 
between a circular function and a logarithmic function. Treat- 
ing n, n' as coordinates, we shade by vertical lines the spaces 



for which n is circular and by horizontal lines those for which 
»' b circular : the two curves tin' s= i* and (I + n) (1 + n") = k"*, 
are then hyperbolas lying wholly in the spaces which are either 
cross-shaded or else white, viz. the corresponding values n, n' 
are both circular or both logarithmic. 
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169. Id the formula {/'), taking n = — r-rs we have 
n's — lfem*0, aad thence, Bubetituting for a its value, 

- 1 . A + cotgA()fc, g)tain^ 

" '^ "*■ 2^3t^A0^ i - cot ^ A (A, 5) tan ^ ' 
or as this is better writtea 

1 , cot j, A()fc, .^) + cot g A( fe, 0) 

" '^ ■*■ 2 cot 5 A(A, 5) '*^ cot A(A;, ^) - cot tf A(A;, ^ • 

This e<)uatioii shows that a logarithmic function of parameter 
which is uegative and in absolute magnitude greater than 1, 
may be reduced to depend on a like function where the 
parameter is n^ative and in absolute magnitude less than A^. 
The first-mentioned kind of l(^arithmic functions presents the 
difficulty that the function under the integral sign becomes 
infinite in the course of the integration [viz. for the real value 

sin'^B — ]: we therefore always conuder tbe reduction as 

made, and attend only to the case where the parameter is of 
the form - ^ sin'd. 

160. The formula (f) gives also a relation between two 
circular functions of positive parameter, viz. writing therein 
n=cot'd we have n' = i?taji^0. And the relation is 

n («,f«) + n (P to'«) - i' + 5!«?!f taa- ;A(|«) «^ 
^ ' "^ ' ^{k, 6) A (A^ 0) Bin 5 COS ff ' 

which in &ct serves to reduce a circular function of positive 
parameter greater than I to a like function of parameter less 
than it : but the or^^nal form 

n.+n(g)=f+ltM- '^'"» 

\n/ va A 

is for this purpose equally if not more convenient. 
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161. The formula [g) gives in like manner a relaUon 
between two logarithmic fuoctionB, or two circular fuuctionB : 
as r^ards the fiist case observe that if n, »' are both negative 
they are both in absolute magnitude greater than 1, (viz. 1 + n, 
1 + n' are each negative) ; and we have thus a relation between 
two logarithmic functiona with parameters of this form ; bnt 
such functions being excluded from consideration, the formula 
is not written down. There remains the case where the p&iar- 
meters (being bj suppoeitioa logarithmic) are each n^ative and 
in absolute magnitude lesa than £*: viz. writing n = — if sin*d, 
n = — l^ sin' X, the relation between the parameters is 
(1 — i* sin* 0) {1 —1^ sin* X) = if, or what is the same thing 
(cos* S + k"* sin* ff) (cos' X+ k"* sin* X) = k'', or as this may be 
■written (1 + i* tan*^(l +i^tan'X) = t'*(l + tan'^ (l + tan*X), 
whence finally the relation ia 1 = A;'tanXtan9, (answering it will 
be observed to the transcendental relation Fff + F)>.=' F^. 

We then have 

l + n l + k^taii^e h", , , ,^. A** 

-S-= -A*tan*5 '"i?(-^-**"^''""F^3?X' 

aad completing the substitution, the formula becomes 

008*5 n (- i* sin'^ + coB*X II (- A* sin*X) 

n !-«•», M0 — i* sio ^ ein X sin A COS A\ 
= f +i6ingflinXlog| . 7, . , . ■ a • ■> ■ J tI » 

where as above 1 = it' tan B tan X. The formula enables the 
reduction of a Ic^rithmic function of parameter — A:*ri»'tf 
in absolute magnitude greater than (1 - k') (or for which 

tan > -7= ) to a like function of parameter in absolute 
vFJ 

magnitude less than (1 - k") for for which tan 5 < -^J . 

But it is convenient, not using the formula, and therefore 
without thus restricting the value of ff, to retain — fe" sin* as 
the expression for the paiameter. 
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162. In the same formula (^) if the pararaeteis are both 
circular they may be taken to be n = cot'5aod n'=- 1 +k''Bm*0; 
and the fonnula becomes 

n (cot*g)- ^.^""l'f^'/ n (- 1 +k''Bm*ff) 



t* BID* 6 p KaBcmB _, ain ^ cos ^ A(t', ff) 
"l-ffc-sin'^-^"*" A(fc',^) **° tan&A(i,^) * 

which is a fonnula for the reduction of a circular function of 
positive parameter cot' ^ to a circular function of negative 
parameter — 1 + A;'* sin' 6. 

163. The above fonnula 

cos'^ n (- iy sin'^) + cos'X 11 {- A* sin*\) 

° \A9 + Ar am tf sin X sin cos 9/ 

may be written under a slightly different form : viz. expressing 
it first in the form 

cos'5 pI (- i" sin'^ ~F\\ oos'X [n (- U sin' \)-F\ 

= (l-cos'5-cos'X)7i'+ieinflsinXlogfl, 

and dividing the whole by sin ff sin X ; then reducing the 
coefficients of the several terms by means of the relation 
1 = /;' tan X tan d, and finally restoring the value of fl under 
a slightly altered form the equation becomes 

^tnc-^.i»-.)-in+5^[n(-*..i„-x)-/] 

A" , rt n . 1 1 /i'AA — A;'cosXcos^sindco8A\ 

= y7COBXco8d..F + Jlog(77-T^ — n r a -i — i^ r , 

k ^ ^Vfc A^ + foosXcosflsin^cos^/' 

where as before 1 = 4' tan X tan 6. 

164. If to fix the ideas we consider herein 0, X as posiUve 
and less than ^ir, then writing 6' = ir — 'K, the relation between 
6, & will be )k'tandtand' = '-l, (0 and 8 each positive but 
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fftz^v, S'>\v). Substitatiog for X its value ir~ff the 
formola becomes 

wliich is a form used ia tlie sequel. 



J%e general Case resum^ 
165. Beturaing now to the general equation 

write n= — Jl^sin'^, 

n' = — ft'sin'j, 

m = — ]f Bin* tf ; 

then introducing these values we have 

f = — i? wnp sin q sin 5, 

ife* 
/) = - j^ cos Vcos* g cos* 5, 

ifc" (1 + ?)•=■ (1 - A^ Hin'p) (1 - i* Bin* j) (1 -*" sin* ^ ; 

or writing this last under the form 

*r'(l + 0=ApA2A5, 

we have £' (1 — it* sin p sin g Bin ^ = Ap Ag A0 

as the relation between the parametric angles 'p, q, 0. This 
is in fact equivalent to the transcendental equation 

and it su^eets the introduction into the formalse in place of 

tf, of a new angle ff, such that FO + F^'^Fff and consequently 

Fp + Fq~Fff~0. 
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[y. 



B~- 



166. But let us first express B In terms of the original 
igiea p, q, 6. We have 

m' + (2 + m' + (1 + 20 ifc*m + gf 
m (m — b) (m — n") ' 

the numerator is 

— Jc* Bin* 6 

4- (2 — ^ sin linp sin q] h* siu* 
+ (1 -2Jf ^a.0 smp extiq) . — k* m^ 

— it* sin d sin^ sin q, 

= - A* Bin 5 [sin e (1 - 2 sin* « + ;i? sin* ^ 

+ fiinp sin J (1 - 2ifc* sin* 5 + i» rin* fl)], 
a — i* sin fl [(sin 6 + sin j) sin q) cos'tf A'5 

— k"* sin' ^ (sin ff — sin ^ sin j)], 
and the denonunator is 

— V sin* <> (sin* — sin* p) (sin* — sin* y), 
whence 

„ _ cos' &.*0 (sin^+sin psiag) —k'*m ji*0 (ain — Bmp sin q) 
~ A* sin d (sin' — sin* p) (sin' — sin' j) 

167- The relation between 0, 0' may be written under the 
forms 



cos^ I . ^ cosd 



C08P = 

Ad 



fe' sing' 
k' 



A0' = 



Afl * 
k'sin 



k' 



A^- 



Hence in the Ust-mentioned expression of B, the nu- 
merator is 

A;'*8in*d7 cosfl' . . . \ k^ca^ff fcosff . . \ 
~A^^r~A"^ +B"ni>sm?J + -^;^^-^^ + 8in;,8injj, 

which is 

= . B ~ \_k'* sin* ff (~ cos 0' + sin p sin j A^ 

+ 008*5' A* 6' (cos & + siQ ;) sin q A^]. 
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But in virtue of the relation between p,q,ffyi6 have 
cos ^ ~ txap COB 3 — sinp sin q Ad', 
or the numerator is 

= -jnTff \J^ sui* ff (cos p oos J — 2 cob ff) + cos* ^ A*)?* . cosp cos j], 
say this is = yn Si. 

Then we have 
n coa p COB J = (cob* ^ A' tf" + i"* ran* ff) co^p cos* j 

— i'* sin* ^ . 2 008 p COB 2 cos d'. 
But 
1 — cos*p- COS? J — COS* ^ — A? sin* j» sin* J sin* y 

3- — 2 COS p cos 3 cos ff", 
say R sin'tf* — co^p — cob* j = — 2 C06j> cos jeos 0", 

Trhere R = 1~I^ sin* » sin' j. 



Q coflp coa J ■ (co^^ A*^ + A'' sin*^) cob'p cos' J 

+ k" sin* ^ (B sin* ff — co^p — eoffq), 
- (1 - at* sin* ^ + fc* sin* ^ coa" p COB* J 

+ A" sin' ff {R sin* ff — coa'p — oo^ j), 

= C0B*pC0B*J 

+ sin* ff [— 2A^ cos*p cos* J — jf* (cos'p + cos* j)], 

+ sin* tf" [A* C08*p COS* J + iii^(l - jf sin*p Bin* j)], 
which is 

s=C08*pC08^J 

— ain*^ (co^pA'j + coa*j A*p) 
+ ein*^ A*p A*^, 
= (oo8*p — sin* ff A*p} (cot? J — ain* ff £i*q), 
so that numerator is 
A^ 
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168. Denominator is 

Iffxnfff. , cos" I 






which is 

= -^^^ (cos'5' - sin'p A'^ C««'^ - sin's ^'^. 

= ,-, (coa* p — sin* ffA'p) (cos* q — sin* ff A*j) ; 

whence 

J.. -f 

i"" coap coa j cob f ' 
Write 



-Ag* / -A' \ 

ji^sin^coa^coej \ ^ coa^ cos qcos0/' 



then 

and similarly 

Bin/i 

Bin? 
169. The equation ie 

j4nn + A'Un' + BUm + = f^ f- , ^ , , 

? ;i+^* 

or since 

^ + ^' + J5=l-L* 
* We hkTB fa -MeinjiBiiijiiiitf, 

md benoe thia aqoMum is 

[>gpAf> ooBgA; taring' } 



t'sin dtoBjxMBg ( tanp ninq oOB^&S'i 



~ JfliinpemgvMff" 
ta identity whieh ma; be rerifled. 
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this is 

Ai^n-F) + A^inn'''F) + B(^m-F)■^F=jJ^^. 
that is 

52!£^ (ny - ^) +£^J^ (n, - J?) _ 55!if (n« - f) 






where Up, &c are writtea i» place of 11 (- if sin'p), &c. We 
have 



— k' it* 

it* cosy COB y COB 5' f k* ^ ^ 



hence 

da 

M. 



1 f At _. U ,_ ,, 

afn + pw* 'Jfjfcospcosjcoee*' *' ** 

- fcoapcoag'coaff sin cos 
lo fc' (l + i:ainV)"A 

and the fonnula thaa becomes 

* 

, , fe'(l + f ain'^) A^ — JfcoBpcoagcosflBin^coa^ 
* ** A' (1 + f sin" 0) A^ + if cos p cos } cos 5 ain coa ' 

170. Representing, for convenience, the logarithmic term 
by ^ log n, so that 
^ _ t'(l— if BJnp sing sinffein'^) A^— ycospcosycoaff sin^cos^ 

A;'(l— ifsiny BinjBindsin'^)A^+i*co8ycosgcoedBin^coa0 ' 

= p:|rp suppose, 

9—2 
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132 TH& TUBEE KINDS OF BLLIFHC INTBaRlLS. [V. 

we have, ante No. 163, writing ff for X, and — tot (thereby 
pasmng from the relation F^ = F\ + FB to the actual relation 
F^^Fff-Fff), 

COB 0^0 ^. „ COfl^A^,, 

, , jt'A0+Jfcos0'GOBdsin(&cos0 / , , R + 8 \ 

and using this to introduce into the formula 

°".y (ny-f) . 

BID P ^ ' 

in place of 

Bin S ^ ' 

the formula thus becomes 

ein^ *■ ^ ' %\Txq ^ ^ ' sinp ^ ■' 

where the coefficieut of ^ou the right-hand side is 

jfc" 

p sin/) sin 9 Ad" cos d, =/:*siDj}Bin;sind'. 

171. Introducing into the logarithmic terms 9 instead of 
0, we have 

P- Q = k f 1 + AT — r i 8m> 1 A0 

fifc' 
- -r^ Bin £' COS p COS ; sin ^ COS ^, 

or, multiplying by A^ and omitting the factor k', say 
-^— C=(^^+^'D/'shi{cosfl'Bin'0)A^— A;*sin^co8pco8j8in^cos^ 
= [A^A0 — &'sin^co8^ein^co8 0] 

+ A^Bin^8in^coB^[(coB^— C06j)COB^, s-sinpsinjA^} 
+ jI* sin j7 sin ; cos f)* sin' ^^, 
B A^A^ — ifsind'cos^sin^cos^ 

+ A:*ain;>8inj8in0[cosy 8in0A0- cos sin dfA^] ; 

DiglizedoyGOOgle 



v.] THE THBEE EINDe 0/ ELLIPTIC INTBOEAIA 133 

and similarly 

i> + Q= A^i0 + i*8in^co8^8in^coB0 

+ 1^ saip gin g sin ^ (cob 9 sin ^A0 + cos ^ sin ff^ff). 
Also 

n a iJA , . f^^ tan coaff iia A co% A 
B + S = I^A^ + ^^-^ r, 

or, multiplying by Aff and omitting the factor jf, say 
B + 3= A6'A^ + S?Amff coBff ais ^ coi ^ ; 

and Bimilarly, 

S-S~^ A^A^ - if sin ^ cos ^ Bin ^ cos ^. 

172. Write for shortness 

AffAi^ — i^tinff cob ff sin f cos ^ = A, 

Al?'A^ 4- £* Bin d* COB d* sin ^ cos = .<1', 

coa ^ Bin A0 — cos ^ sin ^ A^ = f , 

cos ff sin ^A^ + cos sin ffL0 = ^, 

then the logarithmic term ib at once ezpresBible in tenns of 

these quantities, and Bubetitutiag in the formula, we have 

sinp ^ '^ ' smj ^ ^ ' Bine "^ ' 

,, . • A rt . I M + jt*sin p sin o sin 4 . £1 ^' 

= t*atnpamgBmy.f+tlog I: .; ,. > ^ . ' . 7 ty j—r » 

which is in &ct the formula connecting the three functions 
Up, Hq, lid', or in the ori^nal notation 

n(-i*Bin*p), n(-i*8in*ff), n (-fsin'!?); 
Ihe angles p, q, ff being, it will be remembered, connected by 
the algebraical equivalent of the equation 
I^ + Fq-IW=0. 

173. This apparently complicated formula is wonderfully 
simplified by introducing into it Jacobi'n notation ; viz. writing 
sin^— sna, ainj=Bn&; and therefore aiuff=Bn(ii+b); also 
sin^— Buu ; then omitting a common factor 1 — !^ sin* ff ain' ^, 
we hare 

A= dn (o + 6 + m), 

A'^ dn {a + b — u), 

- B - an (a + 6 - «) dn (a + 6 + «), 

B*- sn (o + i + u) dn (a + i - m). 
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and the formula becomes 

n (u, a) + n (ii, i) - n (u, o + A)-if8aa6n68n(o + 6).» 

, , 1 — jfc'eP O SP & BD (g + i — m) 8D u 

^ 1 + it' ED a SD b sa (a + 6 + u) BD u 
viz. it ia in fact a formala for the addition of the parameters. 

Interchange of Amplittide and Ptirameter. Art. Nob. 174 to 186. 
174. Starting with 

n=( ^ 

and taking throQghont the integrals in regard to ^ from this 
iuferior limit 0, we have 

dn^ r -niiin*4>d<f> 

dn J (l + n sin' tf>y A ' 

^f # n 

l + -j we have 

2a f dib AsindcosA k* f,, . ■ t.^^ 

n J{l + nBm*i>fA l + nsm'^ n*}^ ^' A 

dij, 



"^ »VK]+nflinV)A' 
as may be verified by diflferentiation: or since 

it* I (1 + n BiD»^) ^ = (ifc* + n) J?-- nj; 

n n* n\ »y »\ an/ 

this is 

2a r d 4> _^ A8in.^cos<^ A^„ 1 , j, ^. 

~n ill + nsia'<f>y^ "^ '* -^ ""'"*''' "* 



l + n sin' <j> if 



« ii(i + 



n^ 'an 
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175. Thia equation may be writtea 

2,^ = ^"'"».'»y»_^y-l(f-g)-n^, 
dn l+7iBin'^ n' n* ' on 

or, what U the same thing, 

2=tjn + n<fa = A8in*cc«A,— ^Urr-i'i^^-C^-^-» 
^ '^ 1 + n sin' <^ n* ^ ' » 

viz. multiplying each Bide by ia'', this is 

n vet 

where of course a, = (1 + n) [ 1 + — j , is regarded aa a fuoction 

of », 

Integrating each side we have 

nVi=Cr + JA8inAc08Af ^- P-Kf/"-^ 

J(l+nsm»Va J»'Vo 

where the constant of integration may of course be a function 
of k, 0, but it is independent of n. 

The formula is simphfied by representing the parameter n 
under any one of the foregoing forms cot* ff, — 1 + ii/* sin' 0, 
— Jt* sin* 6. The last is the most interesting case, but it is proper 
to consider them all three. 

First case, n « cot* 0. 

176. Here 

, 2 cos fl J . r ^(Kff) 

um'tf ' Binflcos^' 

and the equation becomes 

A(f,0 „ f Bin'^Jg „ I M 



-A Bin 



in^cos^ I: 



;Biii"»+»iii"^cos"e) a(f, ») ' 
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where the integrals io r^ard to 6 xoaj be taken firom the 
inferior limit 0. 

The integral 
and we have 

Moreover, writing cot' ^ = n' we have 
~~ coa^ J A {k', 5) sin ^ COS J (1 + n' an' 5) A (jfc', 0) ' 



A sip ^ 



^■(-1;', 0) + ■ " ^ n (n', k', ff). 
' Bin cos iff ' ' 



Subfititufing these values and for greater cleamess writing 
n {n, k. if>), A {k, ^), F{k, <^), E{k, 0) instead of H, A, F, E. 
putting also for G its value = ^, determined aa presently 
mentioned, the formula is, (n = cot' 0, n' = cot' 0) 

- ^- fil n tn, *, « + .^f'*' n (»■, *■, ») 

Sin tf cos ff ^ ' ■ 7-/ am 9 cos 9 ^ ' 

(0 Leg. p. 133. 

+ J" (ft, ^) .FCf, ff) - J (A:, ^) £ (jfc', ^ - £(A, ^) f (*'. ^. 

177. If in the formula, instead of ^, the term had been C, 
then O is independent of 0, and by the symmetry of the 
formula it must be independent also of ; it is thus an 
absolute constant; to determine its value take 0, ^ each 
indefinitely smaU ; then 

F(k, <f>) = E{k, ^) = 0, F(k',ff)=E(k:0) = 0, 
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and similarly 

n(n',i',tf)-Ataar*|: 
9 
we have therefore 

Cf = tan-*| + taa-'|, =^, 

which is thus the value of O. 

178. Write ^ = ^ — w, « being indefinitely nuall: then 
«' ™ cot* = tan* ca = en* is indefiDitely small, and therefore 

n f«' t' ffi = f ^^ f dd . /- ein'gdg 

and thence 

Bin ^ COS 9 ^ • ' ' COS0 ^ 

The coefficients on the rightr-hand side are 

1/1 . ,\ cosd , »' ft>' 

7 I -: — 7 — Bin o I , = -. — ^ and r . = t '■ 

cos 9 \8m 9 ^/ BID 9 cos 9 coe 9 

viz. writing cos ^ = u, these each contain the factor a, and the 
function on the left-band side is thas ■» ; hence the equation 



^ ?' ^o n. (n, k) = \w+°^FJcA{k', 0) (Jc)Leg. p.l34. 

+ -F;ii^(A', 5) - FJeEd^. ff) - EJcFlk', ff), 

viz. we have thus an expression for the complete function 
n, (n, k) in terms of the functions of the first and second 
kinds. 

179. If in this equation we write — in place of n, and 
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assume also — = cot* X, so ae to write X io place of 0, we 
have 

n.^, A) = ifl.+^iF;AA(i^,x) 

■¥FJcF{l!. \)~FJcE{k\ \)-EJcF{k', X). 
160. Adding the two eqaations together, we have 

Bindcosp * smXcoaX ' \n / 

+ j;ii;(^(Jt', ^+J'(i', X)-£(&', 0)-E{k', X)) 

-£:.i{J'{&',^ + i?'{if,x)l. 

But in virtue of cot* cot' X = A", or i tan 6 tan X = 1, we have 
FQc,0)-^F(Jc',\) = FJc\ 
E [W, 0)+E (k', X) = E^k' + A" sin X Bin (?, 
and further 

. , cosd , Jesiaff .... . fc' 

sin X COB X sin d cos ' 

^-^-^ = Va Bin' X, - -— a — '■ = vasin*e: 

cosX coaff ' 

hence the equation becomes 

= IT + J",* f Va (sin* ^ + sin' X) - A** sin 5 sin Xj 
+ F^ {F^' ~ E^k") - EJcFJc'. 

181. But we have 

cos* k'*sa^0<M^0 k'* 

A*CA', fi) ' ""T' 
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that is 

8in*(9 + Bm*X = l + — or Va(am»tf + 8iii'X) = Va+ -^ , 



'wbence on the right-haiid side the second term is FJc'Ja, 
or the equation may be written 

Ja\u,(n,k)+uJ^,k\-FA=>7r+F^kFJc'-FJcEJ<^-EJcF,i^, 

which is in feet a consequence of two focmer results 

nJn, k) + uJ~,k)-FJc=^, 
" ' ' ' W / • Va 

and 

F^kFJc' - FJcEJc' - BJcFJc = - Jir, 

viz. the equation is hereby reduced to the identity !«■■» «• — \ir. 
Second case, n = — 1 + i" sin* 0. 

182. Here Vc( = — |i°^^, -"t ~ %dd ^ {k' , 0), 

a \je, 0) Va 

and taking as before the integrals in regard to $ from the 
inferior limit 0, the general equation, arUe No. VJ5, becomes 

fc"aingco8g „_^, ,r, ^ f 49 ,jt, f d0 
ACfe'.g) •"''^+^^-^j5-W:^-^^J (l-/;^ain'g)t 

+ A Bm d> 008 A — 1 ■ . I't- ' ia ■ t T ■ 
^ ^ J C08 + « em' d sm' 9 

We haie 
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moreover, writing 

k"* tan* if> =" It', 
we have 

... , f ^(k; e)d0 A Bm * f A (y. g><?^ 

Aam^coa^j^^— j^,-j^^-^r^. — ^^TT/l +«' sin" ^ 

sm^ ^ ' Bin ^003 ' 

Making these substitutiooa, and writing also A {k, 0) instead 
of A, &c, the formaU becomes 

(n =■ — 1 + jfc** sin' 0, n' — i" tan' if>,) 
Je' sin d cos ^ -, 



A (*'. 0) 



- [n (n, k. 0) - F(fc, .^)] CO Leg. p. 138. 

= -^?'^^.x PI («'. *■. fi) -coa»0 i^CA', ^] 
am^cos^"- * ' ' ' '^ ^ '-■ 

+ F(k, <^)F{k',e)-E{k, 0) Fik'.0)-F(k, tf>) E{k', 0), 

the value of the constant C being here = 0, since the two sides 
each vanish for ^ = 0. 

183* Write = ^ir — C0, « being indefinitely small; it is 
to be shown that 



A(ifc.0} 



[n («', v.e)- coB*0 Fin, 0)1 = iw, 



D0CO80 

which being bo, the equation becomes 
k'*sai0&yi6 



A (A', i 



[n, (», &) - FJc] (m") iiS'- P- 138- 

- ^ + J'^J'Cifc', (0 - .Ejiti^CA:', 0)-FJcE{if, 0), 

giving the value of the complete function 11, (n, k) toi the form 
in hand n = -l +A'*8in'^. 

184. As regards the subsidiary proposition, obeerve that 
<ft = ^v~ 0) gives n ^ fc'*tan'<^ (=i'* cot* <a), that is— 7= cot? 0, 
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■■ten* at; eo tbat from the first fonnula in Xo. 160, writiiig 
therein it' for t, imd mterchanging and ^ ve have 

n (n', k'.e) + n {tan'». k', ff)=F(lc', 0) 

sin COB ^ _, A (k, ^) tap tf 
"•" A(ft,0) sin ^ cos ^4 (*',»)' 

bat tan «* being indefinitely small, 

II(tan»», k',0)~F{li^,e) + t»*M, 

where JV is finite : the equation thus is 

TT / ' »j A . » !*■ sin * cos . _, A (i, i) (an d 
^ ' ' ' A(«, 0) am0cos0A(Jt,^ 

tbat is 

nn9C0B9 ^ sin cob 9 sin 9 cos 9 A («,^ ' 

or putting herein ^ = ^ir - w, then since -7 yaniahes, and 

the function under the tan~* becomes infinite, we have 

sm^cos^ ^ ' ' ^ * ' 
whence the required relation. 

Third case, n = - f ain' 0. 

185. Here ^a-tA (it,*)cot^, "^=- AlFflT' *°** '^^ 
general formula becomes 



■^^''''*'^*i(l-ft'8in'^sin'0)ACA,tf)' 

hetal 
theme 
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the inferior limit 0. Since in the present case the modulus as 
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regards botli the ^ and the 6 functioiia is k, we may instead 
of A (i, ff) write mmply A^ and ao F6, Ed. We have 
d0 



/§-». k 



= Fe~Eff-coi.$^&, 



jBiii'0A0~ 
and moreover writing n = — lf sis' </>, then 



r Ji^ Bin* 8 d0 r fBin'gotg 

J(l-jf 8in'0sin'0)A^"i(l + n'8in'e}4 



whence the formula becomes (n = — Jt* sin* G.n'^ — i? sin' 0) , 
cot tf Afl [n (n, 0) - ^0] = (n') Z<^. p. 141. 

cotif>A^[n{n',e)-F0]+EffF^-FeEi>, 
the constant in this case being evidently = 0. 

186. Writing ^^ Jjt we have 

U,n~F^^^(F,Ed-E,F0), (p") Leg. p. 141. 

which is the value of the complete function n,n, or say of 
11, (n, k), for the form n "■ — i* sin* 0. 

The formulss marked (i), (*'), (f), (»»'), (n'). CpO are tliose 
given by Legendre, Traits dea Fonctions EUiptiques, t. i. 
ch. xxm., in the pages severally referred to. 
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CHAPTER VL 

THE FUKcnoKs 11 (u, a), Zu, Ou, Bu. 

The (imctioiis referred to all depend on the modolua h, 
which may be expressed vhen uecessaty: as regards 11 (u, a) 
this IB seldom required, but the other functjons irill he fre- 
quently written ^(u, i), 6(u, £}, f (u, &), ao as to put the 
modulus in evidence. 

/nirodwcfory. Art No. 187. 

187. The function 11 (u, a) has already been defined as 

r iE^ sn a en a dn a sn'u<!u 



-/.- 



1 — A;" an* a sn' M 



and the Bereral properties already obtained for the function 
n (n, h, ^) admit of being translated into this new notation. 
But in the present chapter the theory is estabUshed in a 
different manner, by expressing this function 11 (u, a) in terms 
of the new £unction Ou. This function ^ may be considered 
as originating from the function Za, which has already been 
mentioned as introduced in place of the functioo "E^k, ^), viz. 
writing E to denote the complete function E^y we have 

^w = w ( 1 — ^ 1 — fc" /„ sn'u du. 



or, what is the same thing. 



-■p-« + /(,dn'utlM. 
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144 THE FUHCnoira n («, a), Zu, 9«, Hu, [vi. 

The new function ^ is in fact 

IWK U^*» IWK -*!"'*/.*'/.*'**' 

N It ' V TT 

where the exterior iactor ^ 

which will appear: the original function Za is thus expressible 
in terms of the new function Ou and its derived function, viz. 

we have Za = ^- , hut the employment of the symbol Z as 

a separate notation is nevertheless conrenient 

The function Bu is one of & series of four functions, Su, 
e(« + tJr), S{u + K),S{u + K + iK'); but it is found con- 
venient instead of 6(u + iX') to introduce a new function 
JHm, and write the four as Su, Hu, 6 (a + Z), H{u-\-K). 

The following article is in the nature of a lemma. 

Values o/^ n (u + a, a) tn Vie three casea a = ^ iK", a = ^K^, 
a^^K + l%K' reapecHve^. Art. Nos. 188 to 190. 



^ n I . t ^8n a cn a do a an* (u + a) 

j~n(u + a,a) = — = — u — i =-, — ^ '• 

m ^ ' 1 - ft" sn* a sn* (m + o) 

finA if o = 1 iK, we have 

8nit^,cnit^,dnitir = 4. ^^5^, Vl+^ 
v« vi 

sn' (w + i \K) = y ;, , ' -. ^— , (ante No. 103). 

^ ' K(l + A)8nu-tcnudn«^ ' 

The right-hand side of the foregoing equation is therefore 

a fraction, the numerator of which is 

ii(l +fc)[(l +i)8n« + tcnudnM], 

its denominator being 

fc [(1 + i) sn w - »' en M dn «] + A [(1 + ifc) sn M + i en « dn tt], 
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VI.] THE FUNCTIONS 11 (u, a), Za, ©w, Bu. 145 

viz. this is = SA; (1 + A:] sd u, a mere multiple of sn u: and we 
thus have 

SDu, and mtegiating 80 that 



BDu du 
the value may Tanisb for m =« — J iK', we have 

Ji(l+i)(« + !.X')-ilogm» + Jlog(^'). 
189. Smmdlga-iK, 

^/^ + i Vl+4' 

,„•,„ . ijn 1 dinn-(l + f)ainicim 

■"("fj-aj n.i'dn»+(l-i')8n»ci>«' 



^n(„ + i^,W-}(i-J^{i + ^ii^^^^"}- 



or observing that 

d . , — it*8nucn u 
J- iMf dn M — 3 , 

and integrating so that the value may vanish for u = — } f, 
we have 

190. Thirdly a = ^K+i iK', 

sn (J if + J iff'), en (i /f + 1 »^, dn ( J Z"+ i .r") 

/k + ih' /— ik' I — .., ., :- ■ ■ ,> ■ . 
= \/— J— . y-j-, v-tA^fc + ii"), 

)/ . 1 p , 1 •E"\ *+t*'<!n«-+(*-tfc')8n«dnu 

"• o..i°,Goo8k- 
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^n(u+iir+iijr,iK-+iiX') 



.j(...'){i.a-ei^"}. 



whence observing that 



and integrating eo that the value may vaAish for 
ve have 

The FtatcHon Zu. Art. Nos. 191 to 196. 

191. We now proceed to coaeider the function Za: it has 
already been, ante No. 131, seen that we have here the addition- 
equation 

Zu + Zv -Z(u + v)^l^musavsa{u + v). 

192. Starting from the equation 

Zu^— jfU + J, dnV du, 
and writing herein lu for u and k' for k, we have 

Z(iu, ft') = --^tu + t7»dn'(»tt,i;')du, 

[which observing that dn (t«, k') — may also be written 

IT . , . J*dn»« , \ 
K J,cn*i( /' 
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TI.] THE FUNCTIONS 11 («, o), Zu, Su, ffu. 147 

and it is to be shown that we have 

I stop to remark that u being indefiaitely small this equa- 
tion is 

«(i-D=.-^-»(i-|,), 

which is true in virtue of 

193. To prove the theorem, we verify withent difiGculty 
that 

d snudnu , , . dn*u _ 
au cnu en u 



we have therefore 

d snudnu 



or integrating from u = 0, 
snudnu 



dn* u + dn* (iu, k") — 1, 



5= f. dn' u du + /, dn* (iu, k') du—u. 
But the integrals in this formula are 

=sZu + j^u and ~iZ{iu, f) + ^u 
respectively, and substituting these values and reducing by 

we have the required formula 

„ snudnu tni ._., ,,. 

194. Writing in this equation u = Hl, and observing that 

o}<fe?Googk- 
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since Z(K', k') a what Z{K) becomes on writiog themn if for 
k, we bave 



which is infinite, =kJ, ii I is the infinite value of eniK'. 
Writing in the addition-equation u = v — ^ xK', we have 

2Z iiiK') = ZiiK") +** an' i i/r Bin .JT, 

eniZ'dnifi'' ,. ,,.„, . .„, w 

or Bubstitnting for an' \ ilC its valae » i-— 5 — ^ , tbia is 

. ._, (dntir , V(\~miK')\ iv 
= °"*^ I^Vr"^ l+dntiT' piT' 

where the first term is 

Binijr(dttiig' + ;^cn«g'+fe") . 
cniK'(l + dnifi') ' 

and substituting herein for sin iJT', en if, dn iK' their valoee, 
»/, ~il, —iki respectively, and then making / infinite, the 
term is —1(1+ le), and we thus obtain 

Z(,\iK).i<{l-Hc}-^. 

It will be recollected that 

and we thence by the addition-equation find 

z^^K+\iK')~^(k^■a:)-'^. 

1S5. Starting irom 

Zu = — ■=.« +/„ dnV du. 



DiglizedoyGOOglf 



vl] the functions U{u, a), Zu, Su, Hu. 149 

we have 

ZCw + o)»-^(u + o)+;_.dn*(« + a)dw, 

- - ^ (« + o) + /, dn' {«.+ o) du + j; dn'« da, 

= -^« +/,dn' (m + a) (iu + Za, 
that IB 

/,dn*(u + o)d« = ^« + ^Cu + a)-^. 

And Bimilarly, obeermg that Z (— o) = — Za, we have 

/,dn*(«-o)dw=^« + ^(«-a) + ^a, 

whence 

/.dn*(tt + a)((u-/,dn'(tt-o)(lM = Z(u + o)-^C«-o)-2^ 

1&6. We find without difficulty 

d cnudnu cn'u , , 

_ 3 — — = dn w, 

<tu snu Bn u 

= dn*(«+»^')-'3»*'*' 

and thence 

S^Ji^=C+/dn'{« + tir')du-;dn««dt., 
snu ' 

To detennine the confltant, write «= - i tK', we hare 
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or Babstituting for the functions of \iK' their values, this is 

.•(l + i)-cr+.-(i + i)-^. 

and therefore 

heuce the equation is 

The FmOion Bw. Art. Nos. 197 to 199. 

197. The definition has been given at the beginning of 
the present Chapter. 

du ia obviously an even function, 6 (— u) = 6u ; and we 

haveeo-^^. 

We have 
and therefore also 

198. From the equation 

multiplying by du and integrating from u *> o (observing ^at 

snudnu d , . , 

= — -— log ca a), we have 

cnw du ° ' 

/,^d«--logcnu--^~, + i7,Z(tM,4'), 
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and taking the ezpoDential of each side and expresaiDg the 
Taluea in termB of 6 we have 

V IcK' cnu ^ ' ' 

199. From the equation 

we deduce in like manner 



uid, -in order to determine the constant, writing herein 
u— — ^tff"', we find 

wT . -r 
C?--Biniiff'8"«--;-^«"*^, 

whence the equaUon is 

Vfc snu '' -^ " 

an equation which will presently be proved in a different 
manner. 

JEa^ression o/U (u, a] in terms of^u. Art. No. 200. 

200. We hare 

, , . , , . 28nucnadna 

sn (M + a) + BD (M — a) = = — a — i 1— , 

■^ ' y I l-A*en'oBn*u 



, . , . Sanacnudnu 
sn (u + a; -sn (w- o; = , — , .- , ■ - , , 



6(0. ft 9(0,*)' 

Out ia 

ca isbBtitotiiig for 6 (0, V), 6 (0, i) thtir nlnet, tbli ii the fonnoh of the text. 
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and thence 

,, . ,, . iBDracnadnasDUcnudnti 
an* (u + a) - bit (« - a) = -r — r, — j j— r5 , 

- rf^ ettocaadDaan'u 
du' l—l^sa*aaii?ii ' 

ll J-8I 

du 

The equation may be vritten 
- i dn" (u + a) + i dn* (u - a) 

d £*»nacn-adQa8a'u ^ n , \ 
du 1 — «r an* a sn' i* du' ^ ' 

idlence multiplying by du and integrating from u^fi, 

-i/,dn*(« + a)rf»+J/,cltt'(«-a)du-^n(«,a), 

or, what is the same thing, 

du 

Substituting herein for Z{u — a), Z(u + a} their values 
e'(»-o} e'(m-a) 

e(«-o) ' e(« + o)' 

multiplying by cfu and integrating from u = 0, we have 

n{»,a)-.Za+llog||~', 
where for Za we may of course substitute its value, = ^— . 

The Function ©u reavmed. Art. Nos. 201 to 206. 

201. We have 

d rt , . jE^snacnadnasn'u ,d, ,. ,• ■ i i 

-r nfw, o)=— t; — n — 5 i , --i j-log(l-A*8n*OBn'ii), 

du ^ ' l-*"sn"a8n'w 'da *^ ' 

that is 

2s- + a-)- r-s- / ■■ . — ^=.-T-log(l~i'6n'osn*u), 



- n (u, a) -^a+ J Z{u-a) - J Z(tt+ a). 
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or what is the same thing, 

|^ioge(.-.)+^i„ge(.+») 

= 2t-1(^6« + j-log(l-i*an'aBn*«). 
lot^rating ia regard to a we have 

e(M-o)e(w + a) = £?©'a(l-Jt»8n*osn*u), 
-where of coarse the constant of integration C may be a function 
of V. To determine it write a — 0,. we have 

and then the equation is 

e(M-a)©(tt + o)-^J^e*u©*o(l-Jfsn'a8n*w). 

202. Writing tlie differential formula under the form 
A^^snacoadaasn'u _ , _, , , ™, 

1 — «r sn a an u " ^ i * \ ji 

if we herein interchtmge a, u, this becomea 

*^sn«cn«dn«8n*a _ , „, ■, , ^z . , 

and adding the two together we have 

^u + ^ — ^(u + a) = A:* an u en a sn (u + a] , 
viz. we thus reproduce the addition-formula for the function Z, 

203. Starting with 

n(«.a).«^-JIog|^>, 

and writing herein u + a in place of u, we have 

n(. + <.,a) = (. + a)Z.-il.g5(^; 

we have in the present chapter found the values of 11 (u+ a, o) 
in the several cases a = i iK', a=\K,a='\ K+ i iK'. 
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204. First o = i ilC, we have 

i.-(l + fc)(»+J.-ir)-ilog8ntt + Jlog(^ 

that is 

which substituting for Z() t£^) its value becomes 

or writing the first term under the form — ^^ (JT' - 2»w), aod 
taking the exponentials of each side, 
— I 

205. Secondly a = J ^, we have 
J(l-fc')C»+5-S'J-il«gdnu + JlogVi' 

that IB 

logdn»= (1 -4'-2Z(J iT)! (u+ J2r) 

where the term in u + ^ f vanishes by reason of the valoe of 
2 a £}, and passing to the exponentials we have 

206. Tyrdl!/(i = iK+iiK',weiiiye 

l(l; + *')(" + JJr+J.XO-llogciiii + lIog,^/^ 
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that is 

log en » = (it + « - 2Z( J jr+ J.X )) (»+ 1S-+ { .•«-) 

+i«gV-r+'°»-^— s; — -• 

or substituting for Zi\K-^\y3C) ito valae, the ffrst term is 
^[u->r\K-\-\iK% which i8 = -^(Z'- Sw) +^: hence 
passii^ to the exponentials and observing that 

we have 

*=""=* VJ-^"ei • 

JIecaptfu/aft(m. Art. No. 207. 

207. We now see that the elliptic functions sn u, en u, dn u, 
that the elliptic function of the second kind considered as a 
function of u, and for convenience replaced by Jacobi'a Za, and 
that the function of the third kind considered under Jacobi'a 
form n (w, a), are all of them expressed in terms of the single 
function B (u), and the /;-functionB K, K', viz. that we have 

sn« = e-^*^-«*" .^*eC« + ^0, W 

cn«-«"S"'-»"''y^ e{w + jr+iff'), (+) 

dnu- V^ e(« + r), (+) 

denom. = Bm, 

viz. these are fractional functions having the common denomi- 
nator Bu, and having also B-functions in th«ir numerators; and 
further that 

" B'm _, . e'ffi ,, ^(ii-a) 
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and conversely that 6u is a function derived from gn u bj the 
equation 

(involving the i-fiuiction S, Legendre's M^k). 
And we have also proved the formula 

or as this may also be written 

and the formula 

e(« + o)e(«-o) = ^e'«©'aCl-i'8n'«sn*a). 

The Function Hu. Art. Nos. 208, 209. 

208. If introducing for convenience a new function JStt* 
we write 

nu = ~ie'^^^''^ S {u + iK'}, 
and therefore also 

• K inBte»d of JaooM'B O, ff we vm ite four ftmotioM Qu, e,«, 6,w, &,u, 
=**'^^"' V 4^(" + '^l.'^^9(« + ^) raapectJTely, then GiU, e.u, ^b 
ua tha munoratora, and Gu ths oommon deaomiiiator, for the three elllptia 
ftmotioM ID, en, dnu. The four ftmotions e^ e„ 6,, G have been tabulated 
under the snperintendonoe of Mr J, W. L. OUbher, and are in ponrae of 
pnbliMtioD. 
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then the formuls for the elliptic fuactiona hecoma 

dDtt=v^e(u+j:), (+) 

vhere denom. = 6u. 

It hence appears that J9u ia an odd function of u, which for 

/2kk'K 
u indefinitelr small becomes = a / 1*- 

209. Combining with 
e (u + a) e (u - o) = 2j^ ©^* e*a (1 - if sn' u be' a), 
the equation 

BD (« + O) TO {« - a) — .1 rj — J r- , 

and attending to the ezpressioDS of sn u, sn a in terms of H, 6, 
we have 

ff(u + a)H{u-a)^ ^^ (ZTV e'o - H'a e*u). 



The Function U (u, a) ruwmed. Art Nos. 210 to 215.' 

210. We deduce the addition-equation for the function of 
the third kind 11 («, a), viz. we have first 

n («, o) + n {t>, o) - n (u + tf, a) 

where the logarithmic term containing the functions 6 ma; 
be in three different ways made to depend on the functions sn. 
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211. First we have 

e(«-<.)e(»-o)-^e'i(«-,)e' (J (»+.)-,.) 

{l-A^8n*J(u-tf)8n»(4(w + tt) + a)}. 

eoe{» + «-«).^e-j(«+>')e-(i(i<+t')-a) 

(l-J?8n'lC« + '')«<.*(J(« + .) + a)J, 
and taking the product of the first uid fourth ezpressioiu 
divided by that of the eecond and third, we have 

""{l-i*sn*i(w-«)8n'{K«+")+a)lil-i'Bn'J(«+B)sn*{t(m^)-o)J- 

212. Secondly we have 

e*(M-o)e*(B-a)=e'o.e(M-t.)0(u+f-2a) 

-i-{l-i'BnV«-a)sn*(t.-a)}, 
e*(it + o)©'{D + a) = ©'0.eCii~i')©(«+tt + 2a) 

-s- (1 -A'Bn'(«+o)8n'(w+o)), 
©•a-e* (u + u - a) = ©'0 .©(« + »)©(« 4 « - 2a) 

-r [1 - ft» sn* o 8n» (« + 1> - a)|, 
©'ae'(w + ff+a) =©*0.©(u + i;) ©(« + » + 2a) 

-!- { 1 - f sn* o sn' (« + « + a) }, 
and then ia like manner we obtain 

/ {l-A!'Bn'(M + a)8n'(t) + n)}{l-^8n*nep'<M4ii-a)] | 
V [I-A;"Bn'(w-o)an"(u-oJ} [l-fan'aan'iM + u+ajjj * 

213. But, thirdly, from the form originally obtained for the 
additioQ-equatioD, the aame quantity ahould be 

_ 1 — A* sn o sn « sn r an {m + w — a) 
~ 1 + A^ en a sn M sn w an (w + 1> + o) ■ 
The transformation ia effected as follows : 
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We have 
{1 — I^sa* J (** + «) en' J(w — r)l bhusqv 

= an' i(u + v)-Bii*i («-*>), 
{1— i»Bn'i(« + t)) BD* (!("+") -o)}8no8n(t( + t>-a) 

= sn* i (u + t.) - 8ii'(i (u + ») -a), 

and taking the products of the two aides each multiplied by 
— l^, and adding a common term on each side, we hare 

jl-if8ii*i(«+i»)8n'i(u-e)]{l-i*Bn*J(M+f)8i»'(}(«+«)-o)} 
x{l— ^BnasDU8nffan(u + v — a)} 

= {l-PBn*l(M+t>)8n'l(w-o)J {l-*;'8n*i(«+ij)8Q*(i(«+«)-a)) 
-i'KJ(« + «)-™'i(«-o)l|8ii'J(w+«)-8n'(i("+")-a)}- 

= l+i*Bn*J(«+r)Bii'JC«-f)Bn'{lC« + »)-o) 

- i* sn* 1 (w + f) - ifc* sn* J (« - ») sn' (i (m + w) - o), 

= {l-i'8n^i(u+t.)}[l-ft'en'i{«-i,)8n»(i(«+«)-a)!'. 

C^ianging the sign of a we hare a second hke equation, and 
dividing one by the other, we find the required equation 

(l-i*8n*i(u+r)aa'(i(u+o)+a)|jl-i'8n"i(«-r)8n'(i(w+»)-o)] 
l + j(^BnaBnusntian(u-fv + a) 
1 — ^ an o an « an o Bn (u + » — a) ' 

214. The conclusion ia 

n («, a) + n (tf, a) - n (ti + V, a) = i i(^ n, 

where Q, ia expressed in the three forma just ohtained. 

215. In the equation 

* Tha identitj, nitiiig therein 
beootnes 

.-M„i...,„..-.i„,...,„,.-.|. ,._'',-r°^.':|-X''C J;,- 
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ioterchanging ii and a, we obtain (obserring that B is an even 
function] 

n(a,u).«Z. + Jlog|i^, 

and thence 

n («, a) - n (a, u) - uZa - aZu, 

which ifi the theorem for the interchange of amplitude and 
parameter. 

And we hence deduce 

n («, o) + n (w, 6) - n («, o + fe) - 

n(a,u) + n{b,u)~a(a + h,u) + it{Za + Zb~Z{a + b)]. 

Here on the right-hand side by the addition- theorem the 

first term ia = J log fl', where fl' is the same function of a, 6, u 

that n is ot u, V, a: we have thus fl' in three fonns one of 

which ia 

^, 1 - 4' sn o su & sn (a + 6 - u) sntt 
1 + A* sn a sn 6 sn (a + 6 + «) an u ' 
and the second term ia, by the addition-theorem for Z, 

= ^ an a sn & an (a + &) u ; 
we have therefore 

n («, o) + n («, 6) - n («, a + 1) 

= A;*8nasu&Bn(a + i)u + ^ log il', 
which ia the theorem for the addition of parameters. 

MvUiplicaHon of the Functiona ©«, Eu. Art. Nob, 216, 217. 
.216. From the equation 

we deduce 

e{2«). ^(i-f »!.•«), 
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and it is hence easy to see that 8 rh -^ 8*^ (u) is a rational and 
int^pral function of sn'« of the degree \n* or J (n*— 1) (that ia 
n* or n*— 1 in sn u) aocordiog as n is even or odd. More pre- 
. cisely we may say that On«. ^"^0 -=- ©""u ia such a function, 
reducing its^ to unity for sn u » ; and it thus appears that 
considering sn nu, en nti, dn nu as expressed in terms of sn u by 
the multiplication formube, in such wise that for u = the de- 
nominator is = 1, then this deaominator will be 

217. And it hence of course follows that the three numera- 
tors are 



=v1 



jS(m, + X)«'-'0*«'u. 



=V)ee(n»+ir)e'-'o+e"'«, 

respectively. It win appear In tlie sequel liow we thence 
obtain the expressioiu of these numerators and denominator. 



11 
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CHAPTER Vn. 

TKAKSrOBHlTIOlT. OBNBEAL OUTLINE. 



218. The theory of traoBformation is considered in the first 
dx 



iDstaiice in r^ard to the differential ezprea^on -j= f which, for 



the elliptic int^raU, has the particular form . . . . , 

V 1 — (T . 1 — «rar' 
and then to the elliptic functions an, en, dn. 

Case of a gmeral jwortw radioai >/X. Art. Noa. 219 to 222. 
219, Consider the differential expresaion -X where F is a 
given rational and integral quartic Amotion of y. Write her^ 
y a ~ where U and V are rational and integral functions of te, 
one of them of the order p, the other of the order ;> or p—1: 
such a fraction is said to he of the order p. It is to be shown 
that the coefficients of U, V may be so determined as to lead 
to an equation 

Mdy dx . 

vF"vl' 

where X is a rational and int^ral quartic function of x, and 
JIf is a constant; We have 

D„t,i.a,G00glt' 
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where cnnsideniig y as a homt^neoiu quaitic ^mction of - 
(1, y), then ( V, JJ)* is what this becomes on writing therein 
F, IT* in place of 1, y reepectively : v'tt. ( V, Uy is a homogeneous 
qnartic function of U, V, and therefore of the order 4p in x; 
VTT- VU, iSV, D" are of the same order p, would at 6r8t sight 
appear to be of the order SSp — I, but in this case the coefficioit 
of i)^~* Tanishea and the order is really = 2p — 2; viz. whether 
the orders of U, V are p, p or p, p ~ 1, the order of VU'— VU 
is »2p — 2. The foregoing valnea give 

dy {VU'- V'ZT) dx 

S20. It is at once seen that if (F, U)* has a square factor 
(a: -a)» then* -a divides VU'-VU. Similarly if ( F, 17)' has 
2p - 2 snch factors, or if it is - T'X, where I* is of the order 
4p — 4 and therefore X ctf the order 4, then the product T <rf 
the roots ot the square factors divides VU" — VU, and since 
FIT- VU and r are each of the order 2p-2 the quotient 
C FTT-FP)-!- 1* must be an absolute constant Jf^. But in this 
case we have 

Mdjf dx 

•/t'VX' 

an equation of the required form. 

221. Regarding U, Vaa being each of them of the order p, 



(T; F so as to satisfy the condition (F U)*=T*X we deter- 
mine 2p — 2 of these : there thus remain three arbitrary con- 
stants : this is as it should be, for if the required condition is 
satisfied by any particular values U, V, it will also be satisfied 

by the new values obtained by writing in the fraction -p., in 
place of X, the function * 3_ <> ' with three arbitrary constants. 

We may by such linear truisformation make either IT* or F 
to be of the order j> - 1, or if we please b^n by assuming this 

11—2 
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to be 80. But we cannot have either IT or F of an order 
inferior to p — 1; for if this were the case VTT— FP^ would be 
of an Older inferior to 2p — 2, while in fact it divides by T which 
is of the order 2p — 2. 

Considering V as a given quartic function of y, the function 
X is obtained as an arbitrary linear transformation of a deter- 
minate quartic function of ir: or what is the same thing, it is a 
quartic function containing a single parameter which cannot be 
assumed at pleasure, hut is a determinate function of the coefB- 
cients of Y, different according to the different values of the 
Dumber p : which number is termed the order of the transform- 
ation. 

222. It ia to be observed that we cannot have any other 

really distinct transformation of the differential ezpres^on -^ 

into the form — t-=- with the same radical "/X and a con- 
stant value ot M: for suppose that such transformation existed; 
say by writing y= Function (e) we could obtain -^= — t=- 
where Z is the same quartic function of z that X is of 

X and Ai IS a constant: then ~^=* — 7^ = — =;-, that is 
^/7 VX xfZ ' 

~-j= = —ps- \ such an equation is integrable algebraically when 

M, N are commensurable, that is proportional to integer 
numbers m, n ; and from the form of the integral we infer that 
the equation is not integrable algebraically imless M, N are 
commensurable : hence N, M must be commensurable or the 
ndx ^mdz 
' VX~ V^' 

we have thus a known algebraical relation between the quanti- 
ties X, z such that by means of it we can pass from one to the 

other of the transformationB y = p » y ■" Fimct. (e) : the two 
transformations would on this account be regarded as not 
essentially distinct the one from the other. 
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The Standard form f" Art No. 223. 

Vl-ai*.l-ifc*a^ 

223. The theory applies in particular to the case of a diffe- 
rential expression of the fono 



V1-/.1-XV' 

viz. this by a transformation of the form y- ^, of the order 
n, can be converted into one of a like form in r^ard to x, that 
is we obtain a relation 

Mdif dx 



Vl-/.l-xy Vl-fl^.l-i-K"' 
where, i or X being given, the other of them and also the value 
of the multiplier Jf are each determined, not uniquely but 
by means of an equation called the modular equation, between 
* and X: more predsely, if fc or X be pven, the other of them 
may be taken to be any particular root of the modular equation, 
and then the coefficients of U, V, and the multiplier M, are 
determinate fimcdons of k, X. 

IHstincUon of oases according to the form of n. 
Art. Nob. 224 and 225. 
224. In the case where n is a composite number « jr, the 
modular equation breaks up, and the tFansfbrmation in fact 
decomposes into distinct transformations. That this ptay be 
the case is clear A priori, viz. if we have « = -^ a rational 
function of sc of the order q, giving rise to a relation 
M,dz dx 

and y = -^ a rational fiincUon of z of the order r, giving rise 

to a relation 

M^if dx 

VI -/. 1 -xy ° Vi^ri*.i-w' 
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then for e Bubetitating ita value in terms of a, we have clearly 

y ■» -p. a rational function of x of the order gr, giving 

M,3f^2f _ dx 

Vl-y.l-xy Vl-ai^.l-il^a?' 

but to show that the case is of neces^ty so would require 
further investigation, and the question is not entered upon in 
the present work. 

A^uming the property in question, it appears that the 
transformations betongii^ to the several prime numbeis need 
alone be considered ;. viz. the cases » = 2 and n an odd prime => p. 
The case n = 2 presents certain peculiarities. 

225. n — 2. TheM are in thiacase two distinct rational trans' 

formations, one of them ef the form y ^ —r~jit (^>^ ^«n y 

vanishes with a:), foi which the new modulus is X, = ^ , 

and the other of them of tL« f«na y — 5-^, for which the 

e + aar 

2^/^ 
new modulus is y, ="TXt- thwe will be considered. 

It is to be observed tkat fc«- the casein question » = 2, 
X and y correspond respectively to the real moduli X and \ 
belonging to the case n, an »dd prime, as presently mentioned : 

viz. we have the equations air'^'^^^r I"**^'? oane- 
sponding to the equations ~ X ~ T? ~ " "aT **^'''™'^ men- 
tioned. But in the case of n an odd prime, X, X, are roots of 
one and the same irreducible ec^ation: moreover (as afterwards 

appears) y, <= sn [ ^, Xj and y, >= sn I jpr , X, j are each given 
in terms of a;, = sn u, by a rational transformation of the form 
y =3 -=. where y vanishes with x : whereas in the present case 
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n = 2, the coneapoQding functiooB 

lf,=m(X+Wu,\), y,=Bii (! + *!«, 7) 
■ce (as will be seen) given in terms of s, « en if, the former 
by an iirational, the latter by a rational tnuiHformation, y in 
each of them Tanishing with tc 

Instead of at once proceeding to the case of n an odd prime, 
we take in the first instance, n any odd namher whatever. 

n an odd number: fwrHur developmmt of tAa theory. 
Art Nos. 226 to 231. 

226. We have here the formula 

X (1, fl^«"-" 

^ (1, a?)*<-« * 

viz. the numerator is an odd fimction of the order », and the 
denominator an even function of the order n— 1. We may 
proceed somewhat further in the determination cS the form : 
for this parpoee take P, Q even functions of tc, such that 
P + Qicisof thed^[reei(ii-l): for instance 

n-3. P+Qica + px, ord.P = 0, ord.Q»0, 

n-5, P+Qa! = a + /S» + 7a?. ord.P-2. ord.Q-0, 

n»7, i*+Qa!"a+j8a! + 7a!*+Sa^, ord.P-2, ord.Q = 2. 

n=9, P+ Q» - o +/9a)+ 7a? + &^ + «!;', ord.P=4, ord.Q-2, 

and 80 in general ; viz. n « 4p — 1, the orders of P and Q are 
each = 2p — 2, but «-> 4p + 1, order of P is = 2|) and that of 
Q is = 2p - 2. 

227. This being bo, assuming 

1-y {P-Qx) * l-ix 
\+y''{P+QxYl + x' 
we see that 

^ a:(P'+2Pg+yiO 

*' P'+2PQa?+(fsf ' 

is a function of the above-mentioned form ; and not only so, hut 
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forming the equations 

l+y = (P+Or)'a+.), (+) 
where 

denom. - i* + iPQa^ + (?a?, 
we see that 1— y and 1 + t/ have each of them the required 
property of having in the numerators a Bquare factor of the 
proper order. 

228. It is next to be observed that the functions P, Q may 
be 80 detenoined that the expression for y remains onaltered 

when we simultaneously chai^ x into 7- , and y into — . 
To see how this is, write for shortness 

y />(1, a?) ' 
N, D being as above functions each of the order }(n — 1) 
in as*. We have 



^(■■i^)=(sr^(''"''>)' 



and considering the coefficients, say of N (1, 2^, as ^ven, 
we can at once determine those of D (1, a*) in such manner 
that, £1 being a constant, we have identically 
JV(ifc'a;', l) = niJ(l,0. 
In fact the coefficients of D will be those of N taken in the 
reverse order and multiplied each by the proper power of k. 
This being so, we have 

and this identical equation, writing r~ ^r ^i becomes 

whence identically 
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Suppose 


that 


writing 


^ for a^ y ia changed into y, 


then 



or multiplying by y and reducing by meana of the resalt just 
obtained, we have 

- a* 

Ti& writing -pj = — we haTey = — ; and thus we may simul- 
taneonsly change x, y into ^ > t- > ^he theorem in question. 

229. Or, in a somewhat diCTerent form, the theco^m is 
at once seen t» hold good prorided we have 

''° (i-Wx^(i-WJ)... ' 

tea then, making the change in question it becomes 
J_ 1 (1-Jfc'a'a^a-yya^... 

^"^^'"*-' i^-W-i)- ' 

which is in &ct the original equation provided only 

We thus in effect determiue X as a function of it (viz. these 
are connected by an equation called the modular equation], and 
then the coefGcients of P, Q are determined in tetms of k, \. 

230. The required condition being satisfied, we may in the 
fomulse which give 1 — y, 1 +y make the same change; and it 
is easy to see that the resulting formube will be of the fonn 

l-M-(.P-Q'=')'0.-l'^). (+) 

* Oompuing with the toimer eqnftiion ^=~i we baTe=sif (aft...}i. 
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the denommator being of course the aame as before: heoce tJie 
required condition as to the square factor is also satisfied by 
each of the functions 1 - Xy, 1 +Xy; and the int^ral reUtion 
between y, x leads thus to the required differential equation 

Vl-y*.l-xV"Vl-iB*.l-ifcV* 

231. SuppooDg that r is not a prime number it will be the 
product of two or more odd primes, and the transfonnati(ni wffl 
break up into distinct transformations each of which may be 
separately considered. We therefore now assome n an odd 
prime: the modular equation is in this caae an irreducible 
equation of the order n + 1> so tiiat h being given we have 
n + 1 different values of X; and correqunding to each of them 
we have a distinct formula of transformation. This modular 
equation is conveniently expressed as an equation between the 
two quantitiee u = Hk, and v <- ^X, viz. it is an equation of the 
form («, tf) =0 where (u, ») is a rational function of the decree n+ 1 
as regards each of the quantities (u, v) separately. It is to be 
added that i? being as usual positive and less than 1, there are 
two and only two real values of X' (which values are also posi- 
tive and less than 1) : and corresponding to them there are two 
real transformations : but this is a property which may in the 
&«t instance be disregarded. 



AppliocUion to the Elliptic Fuadiotu. Art. No. 232. 

232. We have in what precedes a purely algebraical theory 
of transformation: in particular, in the case where the order 
n is an odd number, if in the formulae we write y = Bin%, 

X SI sin di, the differential equation becomes . .^ i^ . = . */ ,. ; 

and further assuming sin ;^ ■» gn («, x), sin ^ = sn (u, k), then 
it becomes Mdv = du, giving (since u and r vanish tc^ther) 

ti = -^; whence « = Bn(«,A), y = 6n(■^^,\J: and the theory 

DiglizedoyGOOglf 



TU.] TRAmiFOItlUTIOH. QENEBAI. OUTLINE. 171 

is an algebraic theory of traDafcffmation, serving to express 
sn (jf, \\ in terms of so (u. A;). 

The theory may be completed algebraically without much 
difficulty in the cases n-^ 3, 5, 7; but there is great difficulty in 
doing this generally for larger values of n: and it is in fact 
completed by Jacobi, not algebraically but transcendentally, 
by expresang X and the coefficients of the transformation by 

means of the sn, en and dn of (m and m' integers), 

OE say by means of the functions dependent on the n-diyision of 
the complete functions K, £'. 

n an odd-prime, the vUeriar theon^. Art, Nos. 233 to 235. 

233. In particular when n is an odd-prime, there are as 
already mentioned two real transformations ; & first transforma- 
tion from it to a smaller modulus X, involving the functions of 

— ; and a second transformation from A; to a laigei modulus X, 

' involving the functions of — . And in these two cases (taking 

K, A, Aj, f , A', A,' for the complete functions to the moduli 
j^ \, \j, k', \', \' respectively) the modular equation is replaced 
, , ,. A' K' K' A' ^. , . ^, 

by the equations "7-"''*'Jr' "^^^A respectively: viz. these 

transcendental equations contain the relations between the 
original modulus it and the new moduli X and X, respectively. 

* Obsarre that X, beretofoTa used to denote kbj one wbaterer of the n+X 
Toota of the modnlu equation, is in what immediately lollowi nied to denote a 
particnlai root, and X, another parttonlai root, the root* belonging to the ilrtt 
and aeoond leal tranifoimation« raapeotlvely. In Not. 387 <t teg. \ is again 
Qsed at the beguudng to denote any root, and (X) a d«tenimiste root oorreapond- 
ing thereto, these are taken to be flrst the partienlaT roota (X, \), and aeoondl? 
the paitionlar roots {\, \). It ironld, abelxsotedly, be adTantageooB to MMrre 
Xaathei^ymbolotanrTootKhatereT, mingXj.X, loithe partignlar roota: bnt 
tbti wonld have oeeuiooed a toj fitqnsnt aUentwrn ot JsooU'i notation. 
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S34. The equAtioQS jiut referred to are obtained from the 
foUoimg : 

A ' A. ^' 

which present themselves in the theoiy. Ajb regards these 
equations it may be ofaeeired here as follows : 

235. The Jirtt transfonnation is a relation between 
8n[jj3,x], 8n(u,£)r and it leads to the equation A^—^, 
Effecting on the transformation-eqiiation Jaoobi's imaginaiy 
substitution, we obtain from it a nomplemetUary Jirtt tiansform- 

stion, giving sn (-^ , \'j in terms of sn [u, it'), and this leads 
to the equation A' = -r? . 

Similarly the MOond transformation is a relation between 
sn I -rr, \J , sn (i^ Jfc), and it leads to the equation \~^. 

Effecting on the transformation-equation Jacobi's imaginary 
subetitntion, we obtain from, it a complementary wccnd trans- 
formation, givii^ sn (-^ , X'J in terms <^ sn (u, it^, and tfaia 
leads to the equation A,' = -Yf , or reci^tulating, 

first traosfonnatien. gives A " -t> , 

complemmtary first „ A'= -5-, 

second „ A, B I? , 

K' 
complementary second „ A[ — -tt , 

the chief object of the complementary transformations being in 
fact the deduction of these second and fourth equations. 
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GonMxion with AfulHplieatim. Art Ktw. 236 to 241. 

236. The theoiy of tranafoTToatioD is coDiiected in a veiy 
Temarkable manneT with that of multiplication. This is the 
case as well for an even as an order number n, and indeed 
the connexion will be exhibited in the case, n — 2, of the 
quadric tranrfonnation, but here one of t^e transformations is 
inational : and it is convenient to restrict the attention to the 
case n an odd number, where the transformations are both 
rational; or rather (this being the only case which has been 
completely developed) we may at once take n to be an odd- 
prime. 

237. This being so, starting with the transformation-equa- 
tion y = -K. of the order n, which gives 

Md;/ ^ dx 

Vl-^.l-xy " VT^^Tl^ *•-!? ' 

we may imagine a new variable e connected with y by a 

p 
transformation-equation ^ = q °f ^^^ same order n (P, Q 

rational and int^ral functions of t/) giving 
Kdt _ dy 

V1-b'.1-(X)V "" Vl-y'.l-xy ' 
where (X) is not of necessi^ the same function of X that X is of 
jt, but a like function ; viz. X, £ are connected by the modular 
equation, and chaoging herein k into X -and X into (X) we have 
the relation between X, (X), And we have then k a fractional 
function of x such that 

MNdz dx 

^/l-^•.l-(X)V " VI -a^.l -*■»=■ ' 

238. It is a property of the modular equation that we may 
have (X) » k, and further that when this is so MN^ - : the last- 
mentioned equation then is 

de ndx 

Vl-zM-Jfc'a*"°Vl-<r'.l-*'<^' 
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viz. m being as before taken =i ea (u, k), we have 2 = sn (nu, k) ; 
and tbe relation between £, x then gives bq (nu, i) as a function 
of en (u, it), viz. the expression is a fraction, the numerator being 
an odd function of the order n* and the denominator an. even 
function of the order n*— 1 ; this is in fact the expression <^ 
en (nu, k) in terms of sn (u, k) given by the multiplication- 
equation. Observe that for obtaining in tbis manner the tians- 
formatiou le to « (or sn (u, k) to sn (nu, k)), tbe transformation 
X to y may be any one at pleasure of the different trans- 
formations, but that regarding it as given we must combine 
with it a determinate transformation y to z, the resulting 
transformation a: to e being of course independent of the 
selected xto jf transformation : there are thus as many ways of 
obtaining the final s to 2 transfonnation as there are trans- 
formations X Ut Jf. In the case n an odd-prime, this may be 
considered more in detail. 

239. Selecting the root \ of the modular equation we have 
a real transformation (Jacobi's/rrf transformation) y= ^giving 

(tfreal) 

Mdy ^ 

and selecting the root \, of the modular equation we have a real 
transformation (Jacobi's aecond transformation) y = W giving 
(M. real) 



Now \ is in fact the same function of k that i is of X, : this 
at once appears from the before-mentioned relations 
A' K' K' A' 

Hence taking x such a function of y, X as W is of «, k, the 
difiereniial relation between e, y is 

Ndx dy 

Vi -«•.!-*■«•" Vi-y-.i-xy' 
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an3 oonaeqaently, MN being = - , we have 

(2e ndx 

240. Or again, taking « aoch a function of y, \ as -p is of 
a^ it, Uie differential equation between s, y is 
N,de _ '^y 

and consequently, ^^, being ^i - , we have in this case also 



BO that ia each case, « being =■ sn (u, A), we obtun the same 
ntlae e s sn {vm, Jt) : viz. in the first case we pass by a firtit and 
then a tecond transformation from k through X to £ ; and in the 
second case by a second and then a fg-^ transformation from h 
through \ to k. 

241. As r^ards the equations MN » - , M^N^ = — , these 
follow from the before-mentioned equations 

bA ' A, 
viz. N beii^ what M^ becomes on changing therein k, \ into 
X, k, and Nj what if becomes on changing k, \ into \, k, we 
derive from these 

and thence the equations in question. 

JacobI in connexion with the equations -r =" *> -^ ftnd 

■j^^--w Mmarks, FimdaemeKta Nova, p. 59, that if n be a 
composite number — n'n", then, In the transformation of the 
order n, there ia correspoDdiDg to each real root of the modular 
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equation a relation o( the form x ™ ''' "^ * ^^^i^*^ ^ particular 
if n be a square number, the equation is "t™ -^ • viz. we tben 

bare \ = k, sbowii^ that in the case where n is a square number 
there is among the transformations of the order n one which 
gives the multiplication by Vn. 

He further remarks, p. 75, that \ being ony root whatever o£ 
the modular equation there exist equations of the form 



nJif • 

where a, a', et, a are odd numbers, b, h', 0, ff even numbers, 
such that aa' + bb'=l, aa.' + 0ff'=li and (same page in a foot- 
note) as follows : " Accumtior numerorum a, a\ b, b', &c detenni- 
natio pro singulis ejusdem ordinis transformationibus grsvibua 
laborare difficultatibus ridetur. Immo heec determinatio, nisi 
egre^e bllimur, maxime ik limitibua pendet, inter quos modulus 
k versatur, ita ut pro Umitibus diversifi plane alia eradat. Id 
quod quam intricatam reddat qoffistionem, expertus cognoeceL 
Ante omnia autem accnratius in naturam modulomm ima^na- 
riorum inquirendum esae Tidetur, quee adhuc tota jacet queetio." 
That some such equations exist may be inferred without difficulty 
from the general formulee of transformation, but the strict proof, 
and certainly the detemuuatioQ in questioa, would depend upon 
investigations out of the field of the FundametUa Nova. The 
property is used by Jacobi to show that the proof which he 

n kk" d\ ' 

first instance the real root, applies to the case of any root what- 
ever. 
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CHAPTER Vm. 

THE QUADSIO TRANSFOBIUTION, n = 2; AND THE ODD-PBUE 

TKANSrOBlUTIONS n=5, 5, 7. FBOPEBTIB8 OP THE 

HODDLAE EQUATION AND THE HITLTIPLIEB. 

242. The case n = 2, although very a&alc^uB to the case 
n an odd prime, presents, as remarked in the preceding 
Oiapter, some essential differences ', there are analytically dis- 
tinct transfonnationB relating to the two new moduli X and 7 
respectively, viz. these are not roots of one and the same 
irreducible modular equation ; and it is an irrational trans- 
formation vhich in some sort corresponds to one of the real 
transfonnationB in the other case. There is an d priori 
necessity for this: viz. as 8a2u is not a rational function of 
snu, we cannot have here two rational transformations leading 
to the duplication: the duplication must arise from the com- 
bination of a rational and an irrational traneformation. It 
should be noticed that the case may be studied quite inde- 
pendently of, and in fact previous to, the general theory ex- 
plained in the preceding Chapter. 

The Quadric TTamsfwmaii<m. Art. Nos. 243 to 258. 

243. It has been Bhown geomstrically that, considering 

1 — A' 
a new modulus X connected with k by the equation \ « v.jj > 

ajid establishing between 0, ^e relation \sind>:Bin(2^ — ^, 
or, what is the same thing, 
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we have between ^ S the differential eqoation 
{l + l,f)d>f, _ d0 

Writing herein tdn^ — ir, sind — y, the relation between y.xa 

thia is in &ct the first form of quadric transformfttiOD, and 
(as is about to be shown) it is ooDDSoted with a second 

form y = VT4?~- 

Modular retaUont. 
244. From the original modulus k we derive two moduli 
y, X; these form a decreamog series y, k, X, the relations 
between them being 





■>-TTf 


i: 








!■: 








\' 




are connected by the equations 




(1 + X)A. 


.K. 


= ,^''. 




ia+x)A'= 


.K'= 


=lf.-. 


whence also 


»^ 


■k' 


-?• 



^rsf amf Beooiid TraTisforma^ona. 
245. We pass by a quadric transformation from the 
differential expression l to _ ^ or 
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, . . . . t Tiz- in the former caae tte traDaformation is 
Vl-!)".l-7y 
from {se, k) to (y, X), in the Utter case firom (w, k) to (y, y}. 

The,f!rttf form is 

(i + tTa^vr:? 

Enn^ taking throughont, denom. « 1 - (■«■, ve hare 
l-xy-ll-tl-iOa^' (+), 

vi-y-.i-xy-i-a^+i-.' (+), 

and therefore 

(1+X)dy 2<fa 

Aa « passes from to . ■ , y passes from to 1, and as 

as continneB to increase to 1, y diminislies from 1 to ; we thus 
obtain the relation 2 . {1 + X) A = 2K, that is {1 + X) A ■=■ K, 
which is one of the ahove-mentioned integral relations. 

24>6. The second form is 

^ 1 + U- 



Taking here, 


denom. = 1 + ka?, we have 






1- y = (l-«)(l-fa) 


(+). 




1+ j,=.(l+»)(l + J») 


W. 




l-W-(l-«^'t)• 


(+). 




1+W-(1+«''J)' 


(+). 


eonaequently 






Vl-/.!- 


-yj^-(l-W)Vl-a?.l-fa? 


W. 


and 


<iy = (l+*)(l-faO(fc 


1!— 2 
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in whicli two fonnukB 

AenoTa. = (l+ka?)*, 
and we have therefore 

{l+k)da! 



Vl-/.l-yy' Vl- 
Here x and y increase simultaneously &om to 1 : hence 
taking the int^rals between these limits we have another of 
the above-mentioned integral relations, P = (1 + i) K. 

Complementary Tranaformationa, 
247. If in the first form we eflfect Jacobi's imaginary trans- 
formation, that is write x = - .. — and y = - j - - ^ , then 



and 



dm idX 



Vl-ic'.l-ifa? ^l-X\l-k"X'' 
and the differential relation is therefore changed into 

(l+\)dY 2^ 

Vl-r'.l-X.T* ~ '/l-X\l-k''X* ' 
the integral equation is changed into 

Y _ (l + k')X 
Vi^j- ~ ^l-X'.l-k"X' ' 

viz. this is r_Ci±^ 

i+kx* 

which integral form gives therefore the last-mentioned differ- 
rential relation : observe that this integral form is what the 
tecond form becomes on writing therein X, Y for x, y, and for 
k the complementary modulus k'. 

Moreover since X, Y increase simultaneously from to 1, 
the differential equation leads to (1 + X] A' = 2R', which is 
anothi^r of the above-mentioned integral relations. 



Dig lizedoy Google 



Tin.] ;QUASBIC TBANSFOBHATION. 181 

248. Similarly, if in the tecoJid form we effect Jftcobi'B 
imagiinaiy tTansfonDation, then the differential equation is 
changed into 

dY _ (l+JcjdX 

^/l - y. 1 - y r*^ N?nrx*. 1 _ t-j:* ' 

the integral relation between ic, y is changed into 

Y _ (i+t)xVi^rg^ 
vnrr* i-(i+it)z» • 

leadingto y^O+^XVlE^' 

which integral form gives rise therefore to the laBt-mentiooed 
differential relation: observe that thie integral form is what 
the Jirst form becomes on writing therein X, Y for x, y, and 
for k the complementary modulus h'. Moreover as X passes 

from to ■■■ - - , Y passes from to 1, and as X, continuing 

Vl +k 
to increase, passes to 1, 7 passes from 1 to : the differential 
. equation gives therefore 2F = (1 + k) K', which completes the 
set of integral relations. 

The Ihiplication Theory. 

249. We may in two different ways combine the two 
transformations, and thus in two different ways obtiun a 
"Duplication by two quadric transformations." 

First duplication (through X). Writii^ 

we have by what precedes 

dy 2 dx _1 de 

and therefore 

dz 2dx 



Vl -«•. 1^^^? Vl - a;*. 1 - (fa:* ' 
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wliere, &om the ftssomed integral equationa, 

• T^W • 

250. Bewnd daplicatioc (tlirough 7), Writing 

Vi-yji" ■ "" i + W ' 

ve have bj vhat precedes 

(l + tjA _ aiy 

Vl-.M-i"s'"vi-y".l-7'j"' 

^ _ (l+t)<to 

and therefore 

dz 2db 



Vl-jM-i-a- Vl-.'.l-jfa!'' 
and the two integral eqaations give, as in the &rBt duplication, 

2«vr^vi^^ 

' TTfa^ • 

251. In the first dapUcation, asanming « ^ sn («, 1e), 
y = sn (w, X), « = sn (to, k), and observing that w, r, w vanish 
together, ve obtain ti = (l+ib^u, «i — 2u, and the formulae are 

a! = sn («,*), 

,.sn(rFP„x),-a±fiBK|sM, 

..,n(2„,i). .(H-^)"'(i:±!'"A), 
l + Vsn"(l + i'ii,X 
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and nmilarly in the •eoood dopUcatioa the fonnols Me 

X = bh (u, k), 



f sBd(S«, k) 



^ (1 4 T*) sn (1 + ifcu, y) en (1 + fa*, t) 



Ihifu/onnatums of the Elliptic FuneUons sn, cd, dn. 

232. Take the first and eecond jz-formulsB aa they stand. 
In the 6r8t ^-formula change it, X into X', lif, and for u write 
^(l+k')u. In the second z-formula change k, y into 7', V, 
and for w write l(l + i)«, obnerving that i(l+y) (l+it)-l. 
We thus ohtain the fonnuUe : 



BQ(l+;fu,X): 



n(l+Att,7) = 



_ (l + k')sn(u,k)ea(tt,k) 
dn (w, k) 

{l+k)an{u,k) 
I + Aan'(M, i) 



(from first y-formula), 



(from second ^formula), 



and we may complete the system by adding the values of the 
functions en, dn. 

253. We have thus the formulie : 



-!>dnw 





BI1=> 


011= 


dn;- 


(THPisX) 


(I+IOinttcnw 


l-(l+*0«n». 


i-a-to«n«« 


(f+te,T) 


(l+k)ini. 


«D«dnw 


l-iiD'W 


(TTi'u.x') 


a+i-Xoi," 


o».«a%« 


I'k' ■!),*« 


{! + *», V) 


(l+i)mit»Mii» 


l-(l + *)>n,»« 


l-(l-i)w.i*u 
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irliflre in the first and second lines snu, &c denote (as usnal) 
hd(u, k), &c.: and in the third and fourth lines ea^u, &c. de- 
note Bn(u, k'), &c. 

Third and Fourth' TranaformaUoM. 

264. In what precedes we have a complete theoiy, or say 
" the standard theory," of the quadric transformation, but we 
may add a third and fourth fonn^ 

The tiurd form is : 

_ l+X-£a> 

Here, denom. a= I + X — 2Xj^, we have 

1-y =2(1-X)«' W. 

1+y =a(l+X)(l-a^ H, 

l-Xy = X'' (■=■), 

l+Xy-(l+X)'(l-;i?»0 (+). 
and thence, denonL = (1 + X — 2Xic*)*, we have 



Vl-jf*.l-Xy= 2X'*(l + X)«rVl-!B*.l-jtV, 
dy =■ — 4i\'*xdx, 

and consequently 

(1+X)dy _ a^B 

VI -y*. 1 - xy " Vl-a^.l-A-a;*" 

255. To connect with the standapd form, observe that 
writing iCBSn(t^X:), y = Bn(«, X), we have dw = — du, 

= ~-(l+U)du, thatia, tJ= G-{l+i')a, or (since for a! = we 
have y = l, that is for ifO we have « = A) the value is 
« =" A — (1 + k'ytt, and the int^^ equation is 

™/A m? ^^ l+X-2 sn*(u, ft) 

or, what is the same thing, 

'°l-(l-f)«ii"(»,i)' 
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but the left-hand mde is s cc (1 + &'«, \) -!- dn (T+Vu, X), and 
snbetitating herein the values of the two terms frtAu the table 
Na 263 the formola is verified. 



Tlie Fmalh form ij 






1 + fa^ 






1- y-- (l-aivOt)" 


w. 




1+ »= (l + «V)t)> 


(+), 




1-W— »(!-"') (I-*-) 


w. 




1 + TO- 7(1 + «)C1+J») 


w. 




deilom.= aVfai 

5 






y.l-Y's' = -T(l-fcOVl-«'. 


1-faf 


(+). 


iy — 2\'i(l-fet^ci« 




w. 



where 
and hence 



where denom. = 4(u^. 
Consequently 

Jy (l- + fe)(fo 

Vl-y'.l-T'y'^Vl-ar'.l-Jfa^' 

257. To connect with the standard form, putting a; = sn (u, k), 
y — 8u(v,7), we find v=C-¥ (l+it)u, and then, since ii;=l gives 

y = ^i^,=i, w© have T + tT ^ C+(l+k)K, or since 
' 2V* 7 >. /— ' 

(l + i)K = r, this gives O^iT, and therefore v = tT + 1 + itu 

and y=8n(ir' + l+iw, 7) : wherefore the equation is 

6n(»r + l+tw,7)-r-7T — ^-TC* 
ivksa (u, jt) 

The left-hand side is 

1 l-l-fcsn'(i(, k) 

7 en (1 + tu. 7) ' " 7 (1 + ft) sn (w. *) ' 
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or, what 18 tto same tUng, = — j^ i-i—l ^riiich is right. 

2 vA en (m, ifc) 

258. MakiDg in the third form Jacobi's imaginary trans- 
iY .,. iY l+k'X* 



giving Y= — T-— - , viz. this is the/ourth fonn, writing therein 

X, Y for w, y, and for k the complementary modulus H. 

And similarly makii^ in the/o«riA form Jaeobi's imaginary 

— Y 1 — r+i-'P • ■ 

transformation, it becomes - j- — jfj — a~jj ^ / "'V^ ■ S'^^ff 



, viz. this is what the iMrd form becomes 



on substituting therein X, F for a;, y, and for X the comple- 
mentary modulus X.'. 

259. The cases n = 3, 5, 7 are worked out in accordance 
with the general algebraical theory explained in the preceding 
Chapter. In the case n » 3, it is to be observed, that the 
process introduces a single indeterminate quantity a, in terms 
of which the moduli k, X. are expressed ; the resulting form, 
containing only this parameter, is an interesting and valuable 
one, but it is nevertheless proper to obtain the modular equa- 
tion, and express the formula in terms of the two quantities 
tf, V connected by this modular equation. I have in r^ard to 
this same case n^S gone into some details to connect the 
formulas with the transcendental ones depending on the trisec- 
tion of the complete functions, as obtained from the general 
theory for the case of an odd-prime. 

The Oubic ZVom/omuriion. Art. Nos. 260 to S62. 

260. We write 

1— y _ / I — aBg \* 1—x 
l+y~\l + ax} 1+x* 

S'™'^ y= lVa(a + 2 J^ ' 
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and then the conditions in order to the diange x, y into 

1 1 

J—. :-— , are 
fee' Xjf' 

*■ n'- 
It is moreo-rar dear that j^=2a + l. 

261. We have at oDce everything expresiied in terma of a, 
viz. we have first il = <^., and thence 



" 2a+l '^-°i2a + l;l ' 





l-»-(i-»)'Cl-«), 


(+). 




l+y=(H-«»)'(l+.), 


(+>. 




l-Xy=(l-^«)'(l-fa), 


(+), 




l+>*-(l+;»)'a + *«). 


M. 


wh^ 


denom. = 1 + « (a + 2) a^. 




and thence 


<i; (2a+l)<fa 





Vl-y-.l-xy Vl-a^.l-ifiC*' 
ake &ctOT 2a + 1 being obtained directly &om the consideration 
that, X and y being small, t/=[2a + l)x. The modular equa- 
tion is hero replaced by the two equations 

0^2+^ /2 + ay 

wUch in foct detenaine X in terms of k. We obtain 



., (l-a)(H..y , (H-,)(l-.)' 
2«+l ' (2«+l)' ' 
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[VIIL 



honce VfcX + ViV = 1, which is aform of the modular equation. 

"We have -r- ■= a*, that is writing ilk = u,, if\ = v, we have 

.-!^. Moreovsr ^/Jx.^Jlli), that is „V = ^i±^>.or 
tj 2a + l 2a+l 

(eubBtituting herein for a its value), 

....j- ^'K + gp) 
"^ vi^ + v)' 

or ■»(»^+2o) = w'(2t^ + v), 

that is «• - 1)* + 2«iJ (1 - «'i^ = 0, 

which is the modular equation, expressed as an equation be- 
tween u=ilk, and v^il\. 

262. Introducing into the equations u, c in place of a we 
have 

y - [(p + Su*) tw + «*a!^ 

l + y = {» + MVCl+«) 

l-y=C»-«V)*(l-«) 

1 + e*y = fl» (1 + uwa;)* (1 + «*«) 

1 _ B-y = „» (1 _ Utw)' (1 - W*«) 

where the denominator is in the first instance oht^ned in the 
form «*_+ 1** (w' + 2«) a^ ; or, altering this hy means of the 
modular equation, we have 

denom. = t^ {X + W (« + 2u*) «*} ; 
and then 

vdy (y + 2m') die 
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I%0 Qtdntie Tremgformaiion. Art. Noe. 263 to 267. 

263. We write 

l-y _ (l-a!)(l-aa!+^' 
1+y (1 + «)(! + 03! + j8a0" 
_ m{i2a + l) + (2aff + 2ff + c^a^ + ^a^} 

AiLd then the conditions in order to the change x into 

1 . , 1 

^.yinto^,«re 

jfc* (2«j8 + ?S + 0^ - n {2a + 2j8 + a^, 



264. Affiuming it — u*, X » «*, we have ^'^-r, and thence 
VIi = — ■ Substituting these i 
comes (2a+l)wii* = «'+ 2a«j, that ii 



0=tJQ, = ~ . Substituting these values the last equation be- 



2«.(l-ttP0-«(f'-M*), or2a^ "y ^ . 
The second equation becomes 
(t.* - «•) (2^ + a^ = tt" (1 - w'd) 2a, 





«-(i,'-«')(l-rt) 






» !-«»• • 




that is 


2^ + .'-»'('' + "'>('7^, 

« 1 — UIT 




vhence 


. ,«•((.• + »•)(!-»■.) 


-a.' 


■^ . 1 l-«r- 
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And diriding tins value by ihe value first obtained for 2a, 
we have 

w" + w' * ll(l— w*) ' 

whence -(»■ + u") (i»* -«•) + 4ap (1 - upO (1 +«'») = 0, 
or, what is the same thing, 

u* - *• + sw^t^ y - lO + *«» (1 - W'O = 0. 
the modular equation. 

S66. We then have 

and hence 

_ v{v-t/^x + u*{r^ + u*)(v-i^) a' + tt" (l-tttOa* 
y ~ «• (1 - uiA) +««• («V u") («-«') Jb" + r'w' (o - M*i as* ' 
or if we please 

'+2(l-««') * + ?*''' 
leading to 

f (1— itp^dy (v — i^diu 

Vl-j-.l-eV" " Vl-a^.l-ii-ie" ' 

266. If from the original equatioQ3 we eliminate A;, 0, we 
obtain 

(«■ + 2»/a + 2«' (2a + /3) - («• + 2« + 2/9)" (2(1 + 1) /3 - 0, 
viz. this is 

Za- (1 - /S) K - 2;8 (1 + a + /3)) = 0, 
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Bat a=0 gives simply t/ = x; 1-/3 = coirespoiKJU to 
A; = X = 1, and does not gire a traaaformationj rejecting these 
foctors, we have 

B*-2/3(l + « + /3) = 0, 

viz. if a, yS are connected by this equation, and 
1-y _ 1_- a: f l-ax + ff3?\^ 

then there exist valnes o{M,k,X, such that 

Mdy ^ 

^l_y».l_Xy"^l_a:».l_A«a*' 

, ;^— rx. . .-^^-^-±^, or, what is the 

ff (ff 4- ^aB\ if 

same thii^ fc*™ — 5 -— - .■ — and X* = ^ : this is of coaree only 

another form of the theorem. 

267. It is worth while to consider the caae j9 = 1 : aa 
idready mentioned this gives l^'=\* = l: we have 



l+y"l + 3jU+aa' + W ' 



8"™* y = l+(»'+2a + 2)a:' + (2a+l)«" 

and calling the denominator i>, we have thence 

1 -y*- ;^ (1 -a*) (1 + (2-0 a^+^T- 

Moreover %=» j^ (1, 3?ydx, but the numerator (1, a^' con- 
tains, not the square, but only the first power of 1 + {%~f^)i!^-\-a?', 
we in iaxA find 

<'y°;^l2a+l + C-a'-*a+2)a!"+{2a+l)a:*Hl + (2-a>*+aj*li&, 

and consequently 

dy _ 2a+l + (-of-fa + 2)!i^+(2ix + l)a!* dx 
1-y' l+(2-cOi»'+»* '1-a^' 
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viz. the factor which multiplies -= — 3 Ib not a mere constant ; 
and we have thus no quintic transformation. 



IJu Septio J^naformeUion. Art. Nos. 268 and 269. 
26a We write 

and thence the conditions in order to the change x, y into 

1 1 

r-, c- are 
lex \y 

ifc* 03* + 2i»y + 207) -= n (2)9 + 27 + (^, 
ft* (2y3 + 2«j8 + 27 + a*) = fl (/S* + 2«g9 + 2y + 207), 
i(^(l + 2a)-nC/ + 2^y), 



il = T 1 and thence 7, = ^11 , = - . Moreover, by taking x and 

y each indefinitely small we obtain at once l+2a='jiT, and 
substituting these results in the last of the four equations we 
find 2/3 = aV(-T> — A: and the second and third equations 



tf* OS" + 2^y + 2cpy) = u' (2y9 + 27 + a*), 
«V (2^ + 2ay3 + 27 + <0 - yS* + 2(yS + 27 + 207, 
in which equations a, fi, y are to be considered as given 
functions oi it, v, M: the equations therefore detennioe the 
relation between u and v (the modular equation); and they 
also determine the multiplier Jf aa a function of u, v. 

269. The final results are simple: but it is by no means 
easy to deduce them from the equations, or even to verify 
them, when known : we have 

(l-tt')(l-ty^-(l-uw)'. 
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or, as this may also be written, 

(b - tt') («-!)')+ luv (1 - HI))' (1 - Mw + uV")" " 0, 

for the modular equation: and then Jf is given in either of the 

two fbllDS 

1 7«(l-«p) (l-uv + 1^^ j-^ p(l-iw) (l-w + w'«^ 

valnea vhich are ideotical in virtoe of the laat-mentioDed form 
of the modular equation. And then as above 
1 



Sa~-: 



20: 



"•"(i-lO. 



which are the values of the coefficients a, fi, y. 

Forma of the Modular Equation in the Cvinc and Quintio 
Trans/ormatioiu. Art. Noa. 270 to 273. 

270. In the cubic transformation, the modular equation is 
originally given as an equation of the fourth order between 
(u, e) : but we thence easily derive equations of the same order, 
4, between («', p^ (u*, w*), and (u\ if) : the forms are 





1 










+ 1 






+ a 




























-8 






-1 










n. 




1 «» 


u* 


u» 


«* 




1 










+ 1 






~i 














+ a 














-4 






+ 1 











13 
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+1 




-16 




+ 13 








+ 6 








+ 13 




-16 




+1 










1 


•^ 


tf. 


«" 


«»• 










+ 1 




-S66 


+ 394 


-182 






+ 864 


-763 


+ 834 






-133 


+ 884 


-366 




+1 











271. Here I. is the original form «.* - ti* + 2uv (1 - «V) = 0, 

n. may be written {1 - «^) (1 - 1^ = (1 - mV)*. Jacobi ob- 
tains this. Fund. Nova, p. 68, as follows: we have 

j;i - «*) {1 + »•} = 1 - «v + 2w» (I - «*tO 

= (1 - «V) (1 + uvy, = (1 - uv) (1 + ot)*. 
(1 + u*) (1 - v*) = 1 - «V - 2«p (1 - w'o^ 

■ = (1 - v^iT) (1 - Mr)', = (1 + Mr) (1 - «»)', 
whence the form. Writing 

&• = «', ft" = l-u',\* = t^,X'* = l-/, 
the equation is A'*X'* = (1 - '^kK)\ 

or, what is the same thing, 

•</Vk + VFv = 1, 

the irrational fonn obtained ante, No. 261. 

in. may be written (m'-«*)*-16«V (1-w*) (1 -t)*) = 0: 
which form can be at once derived from U. under the form 

(1 - u") (1 - r^ = (1 - wV)*, by writing therein 
1 — mV = -~{u* — v') ~ 2up. 
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IV. may be writteft 
(u» - if)* = 128 u"!^ (1 - u^ (1 - VO (2 - ti* - 1/" + 2w'ii^ : 
or Bay 

CiE^-X7 = 128jt^»(l-i^(l-X')(2-i»-X' + 2A*\'), 

f^tnd. Nova, p. 67, viz. this is the modular equation expressed 
ratiooally in terms of 1^, X\ Writing; with Jacobi, ^ °= 1 ~ 2i*, 
2=1 — 2X*, it becomes 

fe-i)'.64(l-}^Cl-P)(3 + !0- 

272. In tbe quiatic tranafonsation the modular equation 
is originally given as aa equation of tbe order 6 between u, v: 
thia may be expressed as an equation of tbe same order 6 
between (u*, o*), (w*, »*), {«", i^, viz. tbe four forms are 



1 














- 


V 




+ 4 










Jf 










+6 




1^ 














n. 






-6 { 










1 




-4 1 


-1 




1 






1 


u* 


.. 


„. u« 


h" 


... 


1 














+ 1 


r" 




-16 








+ 10 




f>* 








1 +16 






«• 




1 


-20 j 






, p" 




|... 


1 






rw 




+ 10 




1 


-16 




r» 


+ 1 1 




1 
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1 


+ 1 




-866 




+830 


1 -70 








-610 




+ 666 1 






+sao 




-600 




+«ao 








+ «66 




-640 








- 70 




+ S90 




-866 




+1 















1 










+ 1 


|- 666S6 


+ 168840 


-188240 


+ 43620 


- S690 






+ 168640 


-188130 


-207360 


+ 133186 


t 45620 






-188240 


-207860 


+ 6911B0 


-307860 


-138840 






+ 46680 


+ 133186 


-807860 


-1B8130 


+ 168840 






- 8690 


+ 43G20 


-188240 


+ 163840 


- 66686 




+ 1 















273. Here I. is the original form 

«'-ti*+5uV(t^-»') + 4w» (1 -m'o*) =0. 

11. may be written (w'-o*)'- 16wV(l - «") (l-(^ = 0. 
This Jacobi obtains, Fvnd. Nova, p. 69, directly as follows: 
writing the modular equation in the form 

(«' - <,'*) (m' + fi«V +!;') = - 41(1. (1 - wV), 

from this we deduce 

(«' - 1.*) (u + v)'. = (» -«)(« + «)',.= - iuv (1 - u*) (1 + ««), 
(w' - 1^ (w - v)', = (u - vY (m + »), = - 4up (1 + w'J (1 - 1-*), 

and thence tlic form in question. 
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The form IV. may be transformed into: 

(,/_„•)• = 612 u*,^ into 



+W8 


-830 


+ 870 


- B6 


+ 7 


-830 


+ 380 


+ 406 


-360 


- 86 


+ 270 


+ 406 


-18S0 


+ 406 


+ 970 


- 86 


-960 


+ M6 


+980 


-830 


+ 7 


- U 


+ 370 


-830 


+ 13B 



and thence into : 

(«"_»«)• = 5 12 wV (1 - lO (1 - tO inta 



+ 138 


-193 


+ 78 


- 7 


-1»3 


-369 


+ 498 


+ 78 


+ 79 


+ 433 


-363 


-1« 


- 7 


+ 78 


-198 


+ 138 



vhich is the modi^ar equation expressed rationally in temu of 
u'lt^.^if.X'. If we herein write q-l-2i^, 1^1 — 2\', Hub 



9* 







+406 






+ 486 




- » 


+ 406 




-370 






- 8 




+16 



which is equivalent to the form given. Fund. Nova, p. €7. The 
equation may also be written 

(j - !)*= 25« (1 - J-) (1 - 116j' {9 - jO" + » (*5 - ji) (j - V)- 
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198 THE HODULIB EQUATIOH. [VTO. 

Rvpertiea of the Modular Equaiion for n an odd prime. 
Art. Nos. 274 to 277. 

274. The cubic, quintic and septic tr&DBformatioiiE supply 
illustrations of certaio properties of the modalar equation for 
aaj odd prime value of n. It ni&j be convenient to mention 
here that the equation has been further calculated for the odd 
prime values 11, 13, 17 and 19, by Sohnko, in the Memoir, 
Sqnationes modulares pro transformation e functionum ellipti- 
carum, Crdle, t xvr (1836), pp. 97 — 130; the results are given 
in a tabular form in my Memoir on the transformation of 
elliptic functions, FhH Trans, t 164 (1874), yp. 397 — 456. 

The degree in «, v respectively is = n + 1. 

275. The equation remains unaltered if for u, « we write 
therein —u,—v respectively. 

CJsnneeted herewith we have an important property not 
explicitly noticed by Jacobi. In general an equation F(y,, v) = 
of the order v in u and v respectively can be transformed into 
an equation of the order 2r, in «', »* respectively: viz. the 
transformed equation is 

F{u,v) F{-u.v) F{u,-v) J'(-«,-t>)-0, 

whore the left-hand side is a rational and integral function 
of u", «' of the order Iv in these quantities respectively. But 
as regards the modular equation, since .F (-»,—«) = J' («,»), and 
therefore also F{~u,v) = F{u, — v), the transformed equation 
may be written F{u,v) F{u, — v) = (i, and it is thus au equa- 
tion in «', ^ of the order v, = n + 1, only. It has just been 
Been how in the cases n^Z and n = 5, we obtain equations 
not only in (a* u"), but also in (u*, v*) and in (a*, i^, of the 
same order, 4, 6, in these quantities respectively: and the same 
tiling might easily be shown in the case n s» 7. 

27C. The modular equation remains unaltered when for 

«, r we write tliercin v, (— ) " « ; viz. n = 3 or 5, (r, — v), but 
n = 7, (f, ■«) in }'laco of (w, r). Tukiug the equation in 
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(u', if), (u*, v') or (u', V*) this merely means that the equation 
is symmetrical as regards the two variables, but as regards 
the original form as an equation between (u, r), we have, as just 
stated, R = 3 or 5 (mod. 8) a skew synmetiy, but r = 1 or 7 
(mod. 8) a complete symmetry. 

The above change u, « into {v, {—) u] changes the mul- 

tiplier M into =— ^ — i^ — , and it thus appears that, given the 

expressioa of the multiplier in tenus of (u, v), we can deduce 
the modular equation : thus, r = 3, 

-: -tt 



whence (2i/ + v) (2i»* - «) - Sup = 0, 

the modular equation. Amd so also, k = 5, 

^„v{l~v^) J -«(l + t*'g) 

w-w* ' 5M -u — t^ ' 

whence 5uv (1 - 1*)^ (1 + u'v) -(«-«") (tA + «) = 0, 

the modular equation. 

277. The modular equation remiuns unaltered on changing 
therein u, v into - , - respectively. 

The moduli^ equation also remains unaltered on changing 
therein i, X into k', V respectively, that is m", i^ into 1 - w", 
1—1^; this appears &om the equations expressed in terms of 
J = 1 — 2jf and 1=1— 2X.'; viz. by the change in question 5, 1 
are changed into —q,—l; and the equation remains unaltered. 

TuM) Tnaa/ormtUions leading to Multiplication. Art No. 278, 

278. It appears from the property stated in No, 276 that 
we can by a twice-repeated transformation obtain a multiplica- 
tion, thus, n = 5. 
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_ g (g + gu*) g 4- t>V 



Vl-/.l-»y » Vl-a!».l-uV' 
and writing (», - u) for (u, »), and («, y) for (y, «), 



«(»-2fly + ,/'/ 




' «■ + .V(»-2^/■)J■ 




<^. 1.-2V iy 




Vi-^.i-.-^ • -fl-^A- 


-»y 




__ 



Vl-«^. l-«V" 



279. Similarly, n = 5, 



^ ™ t^ ("1 - uu') + ub" (u' + r*) (i- w") a' + uV (« - «") ** 
gives 

(^ v—u* 



Vl-^.l-«y «(!-««') Vl-a!».l-wV' 
aod 

* u' (1 + u'u) - u'v (w* + v") (« + tf*) y + «V (» + ti*) y 
gives 

(is _w +y (% 

■w'jence 



V 1 — a' . X — wV Vl -a;' . 1 — u'j; 



Dig lizedoy Google 



Tm.] THB VULTIPLIER. 201 

The MvUiplier M. Art. Nos. 280 to 284. 

280. The aTwYe-mentioned valuea of Jf -r> lead to coa- 
Ja 

Tenient ezpresBions of nM*; thus 

tt t2u* + tt) 



«-7, 7iP- 



» f tt — D*) 



« {t> — «') * 

It will be Bhown that we have ia general 

" k]t* dX ' tt (1 — u') du ' 

or, what is the same thing, if ^ = be tlm modular equation, 
then 

a formula which is here to be verified in the three cases n » 3, 
n = 5 and n = 7. 



281. 


!□ the case n ' 


= 3, we 


have 




M 


c So--!. 
". + 2»'- 3» • 


also 






1> + 3»V 
,.-3,.-B- 


and the 


equation becomes 








l-if 


2t^-» + 3»V 
2»' + »-3»V 



But writing 3 — ^ ^ '.then in the last fracttoo 

the numerator becomes = (Sv* — u) (1 + u'v* + 2u*v), and ijie 
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202 THE MULTIPUBR. [tUI. 

denominator = (2u'+ v) (1 + uV— Sue*): and the equatiun 
thus ifl 

l + uV+Sii'o 



But wo hare 

1 _ »•= (1 + a*) {1 _ p* + 2«i. (1 - uV)}, 

= 1 - u'd* + It* - p* + 2ur (1 + u*) (1 - b'iO. 
= 1 - mV + 2i»*u (1 - «V), 
= (l-uV)(l + uV + 2«»«), 
and similarly 

1 - 1^ = (1 - ttV) (1 + »V - Sim*), 
which proves the theorem. 

282. In the case n — 5 we ha%'e 

c — u ou(l+ui>) 

and the equation hecomee 

(1 - mi') (u + ti') 1 -w' rftt 

(v-«')(l+it'«) " i -a' rfp- 

The modular equation may be written (by No. 273} 

(«• - o'Y - 16 uV (1 -«•)(!- 1^), 

whence diGFereutiating and multiplying by u* — v*,aad redudo^ 

we have 

C«a (1 - w") (1 - if) {udu ~ vdc) 

= u {«• - r") (1 - «») {1 - 5o'j dw + («' - <;•) (1 - p") (1 - 5«') A 
or, as this may be written, 
»(l-t/')C5w'-w"' + »'-5«'i/)rfM 

= «(!-«') {5y'-»"4 w'-5uV)rf», 
that is 

V da 1 — i^_5m* — v" + B*— Su'p' 
u dvl — u' fiw* — «'* + !)' — 5mV' 
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or, observing that from the modular equation, we obtain 
5«* - »" + ti' - 5uV= (1 - uV) (»• + 6i^ + 4u'p), 
5p' - r" + w' - 5wV = (1 - u*p') (u' + 6n* - iuv'). 
this is 

t) dw 1-t^ _ «' + 5p' - 4M y* 
u rfw 1-w'~b" + 5«' + Wb' 

and the e<iuatioa to be verified is 

D (1 - «»^ (« + P*) M* + 5H* - iu v' 

w (t) — u'; (1 + u'v) r' + 5m* + iu'o ' 
283. Write 

^=« + i^, B=u(l + u'v), C=v~u\ i)=v(l-«0> 
then we have 

«*+ 5i^ — 4ww*=mj1 +5(ii?, 
u'+Su'+WusuC + oiii?, 
and the equation becomes 

AD uA + 5vD 
BO^ vC + 6uB' 
or, what is the same thing, 

vACD + 5u ABD = uABC + 5v CBD : 

but from the modular equation 5DD = AC, and substituting 
this value and throwing out the factor AC, the equation 
becomes vD + aA^uB + vC, which is true since each side is 
= u" + B*. 



284. In the C8«e n = 7, we have 






. .(i-«.Ki-«. + «V) 


u-v' 




^ .-„' 7.(1- 


■fitjil-i 


,, + uV)' 


and the formula 13 
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Starting &om the modular equation 

^, =(!-«') (!-»*) -(I- «p)', =0. 



we bare 



*S— •'<i-»')+«(i-'«')'; 



= (l-tto)' («-»•). 
Aod similarly 

whence 

r — tt" 



T3i?i.-a-^i-(i-»-)s 



the formula in question. 

Further theory of the Cubic Transformation, 
Art No8. 285 to 294. 

285. The cubic transformatioQ may be considered from 
a converse point of view. Writing ic » an (u, k), r » an {Su, £], 
we have 

. "('-g) ('-!)(■-?) ('-a 

" (l-i"a'«l(l-t"/3'«")(l-F7"J)(l-4"S-«')' 
where 
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these being the roots of 

3 - 4 (1 + iO 'i^ + 6itV - iV = ; 

and it is to 1)6 showa tliat this relation between e, x may be 
decomposed into two transformatioD equations between (y, a;) 
and {z, y) respectively. 

286. We take these to be 

g('-g) M'-^ 

^ l-JfaV *' 1-XVy* ' 
giving respectively 

Mdy dx 

VI -yM - xy " VI -x\ 1 -i*j!"' 
and 

dz ^Mdy 

Vi ^.1-iV ~ vi-y.i-xy ' 

where observe that a, which enters into the relation between 

y, X, being as above the real root sn -^ , the equation between 

y, a; is a first transfonnation, and consequently that the relation 
between z, y ought to come out a second transformation. 




~^ VI -A"/? = - (1 - if;?'). 
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Also 

, UK' + *K JiK'-iK /9"-a' 



~ 3 l-fJ/3" 

2fl -fT^ Vl - fa- - /9 (1 - J^a*) 



7 + 8- 
and tbence 

that is 

^ + T + S = -*"<i"^S, 

78+8/9 + ^87= -a', 

or, what is the same thing, 

-T + i+ff- '^''' 

78 8/9 fiy 



and, moreover, since 

= 3 - 4 (1 + J^ a!- + 6i"ie' - tV, 
we have 



iticn of y= - — ° , leading to 



Vl-y".l-xy~Vl-»'.l-iV' 
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We determine M so that «= 1, y = 1 efaall be coirespoDd- 
ing valaea, yiz. we have 

. mV'^J „, „ 1-0- 

and then (ilenom, = 1 — ]t?r^^), nmting 

l-J,-(l-i'«';.0-s(l-^ W, 

-Ci-.){i-(i-l)-i} W) 

the teim in { ) ia taken to' be a perfect square, = [ 1 — -j) 
suppose, viz. this being go ve bare 

1 Vl-fa" 



2 \-VJ: I 1 ■Jl-lfJ\ 





1 1 
/•= if." 




which agree; 


and then 






i-j,=(i. 


-<-j 


whence also 








l+y.(l+»)(l+5 



/^ 



H. 



(+). 



"We next detenmne \, so that x being changed into f— 
y shall be changed into ^ : we thus have 

a* 
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or, multiplyiiig by y, 

1 1 

that is 

*■ '"*^°' (li-V)'- 

Observe that, a being real, we hare 1 — a* < 1 — If of, and hence 
X < j^, viz. we pasB from a modulus kioa, smaller modulus X. 

And then the expressions for 1 — y and 1 + y lead to 

1 _ Xy ^ (1 _ fcc) (1 - kfxf (+). 

80 that we have the required equation 

Mdy ^ 

VI -yM -Xy '^ Vl -«*. 1 -Jfa^" 

289. Afodu/ar «guafum. 

Next, for finding the modular equation, we have 

(1-Ara)' 1— *ro' 

where tlie tenn in { } is 

1 -4/fa'+ 6tV- Wa' + Fo- 
- J» + 4f a- - eiV + Wa" - i-a', 
- (1 - 4^ {1 + f + i' - 4 (yfc* + to '^ + eifi"' - i"»l. 
= (l-J')|(l-i")'+if [3-4(l + i')«- + 6i'a'-t'<,'j;, 

(hat is 



t VV*' 



D„t,i.a,Google 



VltL] FUBTHER THEOBT OF THE CtJBIC TRAHSFOSIUTIOIT. 209 

and hence 

1 —tra 
that is 

VU + >/Xk' = 1. 

the required equation. 

290. We have next {0 heing arbitrary) 



l-l=l-w^-^^,(.-g 


(->, 


(denom. as before = 1 - jfaV). 




And taking 




--if— i=|a. 




'•"=» i-|->-''»'"'+^s('-?) 


(+), 


-'-fs-^'-^'-W 


(+). 


-(-l)(-?)(-s 


w. 



and umilarly 

also, changing a:,]/ into j- > 5— t 

1 - X^ - (1 _ ijSa:) (1 - ky!e) {1 - ifcSa;) (■«-), 

1 + X^ = (1 + Ai8*) (1 + ^-c) (1 + 1'^) W i 

consequently 

»U f('-S('-g)^-a(^-l) 

1 - i-e-/ (1 - ifa'iiO (1 - wy) (1 - *"7'»') (1 - *"''«0 ' 

We have 



It 
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but X = M}l^<^*. hence X^ = - ^, and X'^ = - 31f*JP<^ ; whence, 

puttine for ehortaess M,^ — t-ti n-ir . = — rr. , we have 

*^ * ' a.'il — lc'i^)' a'B 

ft a j1' «a" a'ir 

291. It is to be Bhown that 6 is connected with X as a is 
wiUi k; viz. that we have 

3 - 4 (1 + X») 5" + 6X'd* - X^fl" = 0. 

Substituting for ^, X*^ and X^ their values, the 
the left-hand side is 



(A = l-a*, 5-l-i(:'a*), viz. the term in { ] ia a function (l,a^' 
the coefficients of which are 

27. 
-64-6**", 

27 + 90yfc*+27i', 
- 4-l&t"-18i;'- ■«■, 
- 2f-16t'- 24", 
Hi" + Hf, 
- f+lOJ?- i", 
- 2f-2i', 



andthisisequaltothe product of 3-4(l+4*)o' + 6iV - itV 
by a function (1, a')*, the coefficients of which are 

9. 

2f + 2S:', 
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viz. thiB Other factor is =\&-(l+I^c^- i*a'}\ The first 
fiutor vanishes and we have thus the required relation 
3 - 4 (1+ X') «■ + 6X.*^- W= 0. 



pure imaginary, hence also d is a pure imaginary. Now the 
equation iaz,y corresponds with the di£ferential relation 

dz ZMd y 

Vl-z-.r^TV "" Vl-/.i-xV ' 
and we thence see that 6 must denote one of the quantities 
4A 4VA' 4 A + 4iA' -4A+4tA' 



and, being as just shown, a pure imaginary, it clearly denotes 

4i"A' 
sn — ^ , viz, the transformation from « to ^ is a second trans- 
formation. 

Writing now 



M-f) 



i-x'ff'y ' 

we may determine N so that corresponding values shall be 
« = 1, y = - 1 (or z = - 1, y = 1), viz. this will be the case if 



4(-^) 



or say N= 



and the value of J/" thus determined will te = g^ . To verify 
this we have to prove the equation 

^(l-X*^ = 3JIf(l-^. 
Substituting for ^, X^ and M their values, the equation is 



(.4 = 1 - a', B = 1 - lf<i?, as before). 
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212 FURTHEB THEOBT OP THE CUBIC TRANSFOHMATION. [VIII. 

We have B — li?A = 1 — A:", and the term B* — k*A* contains 
this same factor. Omitting the factor in question, 1 — A^, the 
term in { } ia 

a'Cl + Jf-SitV + Jt*a') + 3{l-(l + iO«' + 4''»*l. 

viz. this is 

which is = 0, and the theorem is thos proved. 
292, Starting from the equation 

' i-ve-j,- ■ 

where 1, — 1 are corre^pondiDg vtdues of b, y, and 

3 - 1 (1 + ^'j «■ + C*.'*" - X'S" - 0, 
we have 

l+t«-(l-Xj,)(l-X^y)' (+), 

\-k,.{l+\y)^\^■■kgy)' (+). 

where denom. = 1 — X'fl'y*. 

viz. in ebtaining the above we have 

= Cl-j,){l + (3Jf+l)y + ^5-}M, 

-(l-jr)(l-«)' W, 

that is 

1_ 3Jf _l-X'ff 
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whicL agre& We have therefore 

vi-aM-iv " vi -V . 1 -xy ' 

and the proof is thus completed. 

293. The mvestigation would have been very »milar if, in 
the formula 

a had denoted ao; other root of the modular equation, or, what 
is the same thing, if a were replaced by any other root 0, y or S: 
there would have been in each case a corresponding equation 
in («, y) giving by its combination with the assumed equation 
tbe triplication. In particular if the root had been fi, then the 
equation in x, if would have been a second trutsformation and 
the corresponding equation in (z, y) a first transformation. But 
if the root had been 7 or B, then in either case the equation in 
(x, y) and the corresponding equation in [y, 2) would have been 
each an imaginary transformation. 

294. Returning to the quantities a, j3, 7, i, which denote 



respectively the two equations obtained in No. 287 belong to 
a system which may be written 



>9*= . -07 + 08 . +7S, 

7'= a^ . -oS . +^5 . , 
S' = -i^|9+oy . +0y . . , 



ifa/S^fi = a . +7-S, 
JtV^7'S = a-/3 . +S, 
jfc'o^y8* = o + j3-7 . . 



But c?^'f^ = — j-^, or if for shortness « = iV3, then wb may 

write 01S7S = - j-, or jfa/S?? = - », and the last set of equations 
l)ccc)mcs 
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«l- ff- f- S«0, 
a + «j8+ 7- 5 = 0, 
B- ;9 + B7+ 8-0, 
a+ yS- 7 + «S = 0. 

which must he equivalent to two equations only; in fact the 
equations may also he written 

23 +(«-l)7+f« + l)8 = 0, 

2i8-(«+l)7+(8-l)S = 0, 

-{8-\)a +C« + l)j3+ 27 . =0, 

-(8+l)a -(«-l)iS +2S = 0, 

which linearly determine any two of the quantities in tenns of 
the remaining two, for instance a and /9 in terms of 7 and 5 : 
hut then, substituting for a and ^ their values, the third and 
fourth equations ore satisfied identically. 

A General Ftyrm of the Cubic Thtnsformatioti. 
Art. Nob. 295, 296. 
295. Consider the two quartic functions 

X= (a, b, c, d, e) {x, 1)*, X' = « 6', c'. tT, /) (x. 1)\ 

we may imagine the variables x, td connected by a cubic 
transformation so as to give rise to a differcntiaJ relation 
M3^ _ dx 

and this being so the modular equation will bo given as a 
relation between the absolute invariants of these two quartic 
functions, viz, writing as usual /, / 

(= ae — ibd + 3c', ace - ad^ — h*e + 26cd — c", respectively) 

for the invariants of X, and similarly /', J' for those of 

J* 
X', then the absolute invariants are H = 1 — 27 -n > and 

n' = l-27~^. 
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Snppoeing the fuDction U llaearly transformed into 
1 — a^.l — li^a?, and umilarly W line&rly tr&oaformed into 
1 — Jf*- 1 — \*y*: then it has heen seen that the relation be- 
tween i?, X' can be obtained by the elimination of a irom the 
equations 

»_«'(2+«) ,._« (g+«r 

or, what is the same thing, writing — ^ = ^ -a ~ > 'we have a, ff 
connected by the equation 

27/3 + a + j3 + 2 = 0, 
and then ft* = - a'^, X' = - a^. 

The theory of linear transformations gives 

108^0^-^^ , _ ioax.'(i-x*)* 

(fc^+UJb'+l)" (X* + 14V+1)" 

the question therefore is between these equations to eliminate 
a, |9, i*, X' so as to obtain a relation between fl, il'. 

S96. By considerations which I cannot now recall I was 
led to assume 

(l + 2.)(2 + .)(l-aV „, (H-2j9)(2 + g)(l-ffl 
°"' (l + fc + a-)' ■" * (1 + .W+/S-/ 

the equation betweeo a, fi gives 

1 + 2/9- -3 + (l + 2a), 

2 + /3- 3i-i-(l + 2a), 

1-/3- 3(l+a) + (l+2a), 

l+4j3 + /3"--3(l + la + i0.l-(l + 2j)'i 

and we theace have 

„ 27a (l+g)' 
'^ "2(l + fa + a'i" 
viz. in virtue of the identity 

(l + 2»)(2 + a)(l-a)' + 27a(l+a)'=2(l+ta + a')', 
we find a' + jS' = l. 



,i.a,Google 



216 THE HULTIPLIEB BE8DUED. [VIU. 

We then have 

i-=a-(2 + .) + (l + H 
;S'_l_(,_l)(a+l)'^-(l+2a), 
e+ l«-+l-a"(2+a)-+14«'(2+.) (2a+l)+(2i+l)', I 

-(a" + lj + l){a" + 3a'+16i" + 33" + l) J' ^'+'"-'' 

Mid coDsequentlj 

108 «■ (1+ 2i) (2 + .) (g - !)• (g + 1)" 
(o' + ta + l)' (i.' + 3»'+ 16a' + 3i'+ !)■■ 

Bat 

a'-i(l + 2g)(2+o)(l-a)' +(a'+ta+l)-. 

aod thence 

l-ii'.(l + li + «T-l(I + 2«)(2 + ")(I-«)*I_ 
= ¥«(!+")' )• 

l + ei'-(l + fa+a^' + 4(l + a,)(2 + a)(l-a)'1 

=9(a" + 3g' + 16«i" + 3«"+I) J* 

whence 

_6fa'(I-ay 



n= 



(l + 8»)' 



aoil amilarl/ 



, 64ff'(l- ff')' 



where a' + /3' - 1. Writing a' = J + fl, and therefore ^3' = J - tf, 
we haTG 

{5 + 8^' n = 4 (1 + 20) (1 - 20)\ 

(5 - 8^'n' = 4 (1 + 2^)' (1-2^, 

and the elimination of from these equations gives the required 
relation between il, il'. 

JProof of the Equation niP = ^i ir • -Art. Nos. 297 to 299. 

297. The proof depends on the formulse for the differentiation 
of the complete functions referred to at the end of Chap. IT, 
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We deduce 

and ramilarly, if A, A' are the complete fuBctions in the first 
transformation, we have 

d a;^ iw 



tD^A'~A.\x: 




A' JT' 




and we thus obtain 






K' 

'nA* 


But we have alBO A=-t>, that is 


A" 

nA" 



3 nM\ and conse- 
quently 



,„ dK dk ,„ XX" dk 



or writing k = 



298. M is given as a rational function of (a, v), the same 
function in the first and in every other transformation; and if we 

imagine 3- expressed from the modular equation as a rational 

function of (u, v], and suhstitute these values of Jfand -^r- , the 

^ ' do 

resulting equation must be true in virtue of the modular equa- 
tion, viz. it must contain as a factor the modular equation. 
And this being so, it follows conversely that the expression of 
iP,v\z. 

HP ^'* ^* 
""' " kk" dK' 

holds good, not for the first transformation only, but for every 
transformation of the order n. 
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299. Jacobi, Fund. Nova, p. 74, effects the generaliaatioii 
from different considerations. Writing in the first instance 
Q= aK + bK', Q[ = a'K + b'£', where a, 6, a', 6' are constant^ 
he finds 

dkq" q^kk" ' 

and similarly if £ » oA + ^A', L' = a'A + ^A', where a, 0, a, >9' 
are constants, then 

dKL~~ L*XK" 
viz. these correspond to the formulffl of the last No. with only 
Q, Q', L, L' in place of K, K', A, A' respectively. But then 
using the equations 

oA + i^A = 

o'A'+tje'A = 

where aa +hb' = 1, as^ + ffff ~ 1, (see end of Chap. VH), the 
equations become 

.Q" ^tiirdk j-i'_ ^TrdK 

Q V Q J, , , . ,_ >X*dk 

or since -77 = T- , -r = tif, we have as before nlar = ■,-,«-5:- . 

i^ L Jj kk ok 

Differential Equation tatiefied by the multiplier M. 
Alt. No. 300. 

300. We have, No. 76, writing K instead of F, 

and similarly if \ A belong to the first transformation, 
X^-^ + (l-SX-)^-XA.O. 
These equations may be written 
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K 

But M= -r, that ia K B MA, or Bubstitutiiig in tlie fint 



a{w'- 



equation 

which multiplied b; Hmaj be written 

- , whence the second tenn is 

1 d pA''dA \ IdKd nX'dA \ 
nSl dx. )''ndkdk\ d\ )• 



M\W 



,, d>U „ „,j, dM , „1 , 1 Xil 
Xf:'dk 



~il/-^'.'-"'-dk~"'l-'u~dk 



We have if = -n^ir • and if we ose this equation to eliminate 

-,-,- , we obtain 
die 

a differeotial equation of tbe Becond order satisfied by the mul- 
tiplier M conaidered as a function of k. {Fund. Nova, p. 77.) 
Observe that this eqtialion contains ii, viz. it depends on the 
order of the transformation. 

It is in the proof assumed that \ belongs to the first 
transformation : but it may be seen as in No. 208, (or we may 
as in No. 299 by using Q, L in place of K, A respectively 
show) that the theorem is true for any root whatever of the 
modular equation. 
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Differential Equation of the third order satiajted by the modulus X. 
Art. No8. 301 to 305. 



nkk"'dK 

sate M from the foregoing differential equation, then since the 
terms of 



, dk 

t^n an equation inTolving k, \, but independent c 
observing that the equation in M may be written 

aud putting for convenience M*^~S1\ that Is 

/ \K'*dk 
the equation id question is 



n 



or, what is the same thing, 

where A is a given function of k, X, and X is any root whatever 
of the modular equation. 

302. In this form dk is taken to be constant (that is, k 
to be the independent variable), but taking dk, d\ to he each 
variable (in effect k, X to be functions of a new variable), the 
equation may be written 
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and after all reductions we arrive at Jacobi's form 
3 [{dky (tfX)* - (dX)' (sTk)'] - idk d\ (dkd^\~dK d^k) 

+ww-|^)'w-(i±^:ym-}.o. 

303. It may be remarked that if 

jjr,-rfi>, tbatisp.logj,, 



and therefore f -^ ,, 


i--r^. »:■' 






(iX. , 


thati.J-log^,, 






and therefore X'- - ^ , 


--r^. -= 


l + e"' 




we have 








"VI 






and the equation then is 








"f ■ 


■i-i'ii'--^, 






which is readily converted into 






iM'W-pW")-3(.lV- 


-pV) 






*(?V)' 








= (rf^)'f 


-(rf^r 


■f 


where p', p", p'" and q', j", j", are the derived funcUona of 


p.? 


with respect to the independent variable. 







304. The equation in No. 301 ia easily verified in the caae 
1 — A' 
of the quadric transformation : we have here X — v ' X ' y ■ '^'^ ^^ 

*k £ J ft ^ rfX 2(l-i')* ,^. ,. , , 

thence nsd 12 == — n . -n = — ^ n , *°d the equation takes 

l + ls' dk Ar'Cl + i')* ^ 

the form 
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viz. dmdiDg by 2, and reduiaug, thia u 

iTK\li<lh\ i+JT) 1 + i'J i'(i + f;'" ■ 

Bat Uie fast term is 



1 (t -i + gy + t- *_) 



-i'(l + ir' ^' f(l + *-)'' 

and the equation is verified. 

In the case oF the cubic transformation, the equation in 
Jacobi'i form No, 302, might be verified (although not without 
some difficulty) by means of the espreasions, Ko. 261, 

tt'(2 + a) ._ /^iV 

of the moduli k, X in terms of a parameter a : but the verifica- 
tion in the next following case of the quintic equation would 
apparently be very difficult. Jacobi remarks that if a, method 
existed for finding the ^gehraical solutions of a difierential 
equation, then, by means of the foregoing differential equation 
alone, it would be possible to obtain the modular equation in 
the transformation of any order n whatever: but, the mere 
verifications being so difficult, it does not appear that anything 
CEm be done in this manner in regard to the modular equations. 



A relation involving M, K, A, S, Q. Art. No, 305. 

305. Immediately connected with what precedes we have 
a result which will be useful in the sequel: we have 



ik JE, 
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and Bimilarl; if A, G are the complete fimctjons to the moduluB 
X (A - F,\, as before, - E^\), then 

T-xx-a'^+a'"- 

Hence establishing the equation 

i\ OiK dA dh Edk dK 

X iX-A* A.~ k ik-K* K' 

J u ,1. . ir 1 ■K' J .V I dM dK dA 

and observing that M^ - -r and tbereiore -rr = -j^ — t-> *e 



(M\_dM dh Edk 
"XX"A Jf"t ii'"^' 



' M dK) 



rfX ^ 1 dit 



jiS^r A ■4'" (^j -k:' 

which is the result in question. Obierve that -y- is the total 

differential coefficient, viz. if if ie taken to be a function of k, X, 
then in the difierentiatiou, k must be treated as a function 
of A. The equation, aa involving not only K, A but also E, O, 
IB in its actual form only true for the first transformation, and 
it does not readily appear how it should be modified in the 
case where \ is any root whatever. 



■ Dig tizedoy Google 



[IX. 



CHAPTER IX. 

JACOBl'S PABTUL DIFFERENTIAL EQUATIONS FOR THE FUMCTIONS 
H, 6, Ain> FOB THE NUHEBATORS AND DENOHIXATOBS IN 
THE HULTIPUCAHON and TaAHSFOBUATION OF THE EIXIP- 
TIC FUNCTIONS SO U, CD U, dn W. 

Oudine of the BesuUs. Art. Nos. 306 to 309. 

306. The junctions @u, Hu have an important application 
to the theory of multiplication, and theoretically a like one to 
the theory of transformation. To explain this, recalling the 
formulffi 



x/i 



cntt = fi'(w + ^ (+), 
dnM = e(« + ^ C-); 



where denom. =6u, 

and considering first the caee of multiplication, it has already 

been seen that considering the expressions of 

Visnnu, */pcnnw, -^dnnw, 

in terms of en ii, the three numerators and the denominator of 
these fuDctioQS are respectively 

=ffiiue"'"'o, ff{nu+K) e-'-^o, e{rtii+^e"'-'o, en«e"'~'o, 

each divided by Q'^u: where for shOTtness 80 is written instead 



of its value = \ 
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307. The coTTesponding formulie in the tnutsformaUoii of 
the order n are that coosidmDg the ezpreenons of 

,^»>(|,x),v/|»(|a),^>(^,x). 

in terms of bd u, the three numwators and the daiominator aro 
respectively = 

^{i' ^) *»""'**' ^(^ + ^* ^) ®>*"'*'' ® (^+-^' ^) ^'^^' 
and ®(J.>-)e,'''0, 
each divided hy ©"« ; where for shortness 8,0 is written in- 
stead of its value — a/ : the proof need not be at present 

considered. Observe that for it » the denominator is 



e..«.e.o,={-}^ 



Now the functions Btt, Hu, B{u + E\ H{u + K), each 
satisfy as will be shown a certain partial differential equation 

-which in its most simple form is ;ti ~ ^ j~ ~ 0, where the 

-variables axe a, =—=^, and v, = ayr, Jacohi,OreZ!e,t. ni.(1828) 

p. 306. And we hence deduce a partial differential equation 
satisfied hy the foregoing numerator- and denominator-functions, 
as well in the case of transformation as in that of multiplica- 
tion: viz. if, in the case of multiplication hy n, we write v^n\ 
but in the case of the transformation of the n*" order v = n, 
then (in one of several forms) this equation is (Jacobi, CreUe, 
t IV (1829) p. 185) 

+ 1. (k - 1) «"* - 2.- (a* - 4) J=. 0. 

in which equation the variables are x, = V^ sn u, and «,=£ + ;• 
0. 15 
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308, The form is spedally appUcable to the denominator 
of the tbree fimctioits of nu, for thiB is a latioual and integral 
function of k and an* u, whicli when ve introduce therein se, 
— V^snu, becomes a function of x and k, which is niuUtered 
when k is changed into r, and is therefore a rational and 
integral function of w and a : and it is for the like reason 
specially applicable to the numerator of Vi^an nu when n ia 
an odd number. But the form is not in other cases the most 
couyenient one; for inetance as r^ards the numerators <^ 

en i^ np dn u, these do not thus become rational in 

regard to a, and it would be better to bare i as a vatiable 
in place of a ; and in the case where the numerator contains 
as a &ctor an irrational function en u, da u or en u dn u of 
snu, it is proper instead of « to consider s divided by such 
iirational factor, that is the other factor, rational in regard to 
sn u. But making the suitable modifications the formula is for 
multiplication a very convenient one : viz. we can by means 
of it actually determine the numerator- and denominator- 
functions. 

809. But for transformation the formula is practicallj nse- 
Icbb; for observe that \ is therein regarded as a function of k, that 
is of a; viz. the modular equation must be taken to be known. 
Supposing that it is known, we cannot even then determine 1^ 
means of it the numerator- and denomiDator-functions; for in 
seeking a solution by the method of indeterminate coeflSt^ents 
the coefficients of the several powers of x would be functions of 
(tt, d) not only unknown, but in form indeterminate (as admit- 
ting of modification by means of the modular equation): — and 
even when the actual expression of z as a function of (a^ u, «) 
ia known, as of course it is for the cubic, quintic, &c. transforma- 
tions, it is, from the complexity of the modular equations, by no 
means easy to verify the formula: the process is in fact one of 
difficulty even ia the case of the cubic transformation n i= 8. 
This of course in no wise diminishes the interest of the result: , 
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and the inTestigatioQ of it being sabstantially identical in the 
two caBCB of tranafonoation and maltiplicatioii, it is proper not 
to Bepante them. 



Fartial D^erenUal JSquaiioH aatUfied Gy 611, 
Art Nob. 310 to SIS. 

31(k It is to bo shown that the fimcti(»i 
'• " Mm; = a/ e ' ■" "'• 

BatiBfies the differential equation 



We have 



(fori i.KV . ,d B ,,, ,, i.,1 

311. The Bucceas of the procesa depends on a tianrfor- 
mation fA the double int^^al 

/, du /, du -jT do* u. 

We hare, see No. 128, 

TTantt — pHnMCn«/,cn'«(«*— ■msn'ttdnu, 
whence 

-|rdn'u-=-?7-, JBn'udn'u — iE^saucnudnu/,dttoii*u|-, 

" — •m |8n*ttdn'u + iil^(^cn'ttj/,(ft»cili'«{', 
IS— a 
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and thence 

/, dti /, (lu -jT dn* tt s — pi J /, (2u/, du sn* u dn' u 

+ 4 f /, d« (en* «/, du en* « — /, du en' s) [ , 

= -|ikdu;.(iu(28n*«dn'«-i*cii*«) 

+ iit»(/,(ii.cn'i.)'}. 
But we have 

J-, Bn* u = 2 (cB* u dn' « — sn" u da' m — it:* sn* « en* u), 

= 2 (Jfc'* - 2 en* w do* u + jfc' en* u), 

or multiplying by tfu' and integrating twice 

sn* u = i'*u* — 2 /j rfu /, d« {2 en* w dn' u — i* en* u), 

wbence at lengtlt 

d k If 

/,rf«/,dMjiTdn'u- — Jiti^ + irr,8n'u-gp{/,rf«cn'u)*, 

the required value of the integral. 

312. Resuming the inyestigation, we have 

t"-" kH ■ dkR-WX" \K V IP]' 



dh' 



■Substituting the foregoing values of -, -, , -j-, ^ in the 

differential equation, the several terms destroy each other, and 
we thus have the equation in question. 
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SaiM Equation satisfied hy Ea, Bfu + iT), E{u-^K). 

Art. Nos. 313, 314. 
313. The equation 

is satisfied by o- = 9u ; write for a moment u + iK = r, then the 
equation 

13 satiflfied by o-, = ©r, = 6 (u + tif) ; and tranaforming' to tbe 

variable ti, we hare 

d<r, da^ (^t^^ ii*<r d<r, _ do\ do-, (f tf 

rftt"do'd«""5?' Sfe~dfc"^do"HA' 

that IB 

Arj_d^ <r< r, i iV d<T do-, do- td^' ^ 

dv~ du' dv* dt? ' dfc * dfe ~ dtf "dfc~ ' 

whence the equation \a 

which is at once reduced to 



'-[^•('-f)-5]£-^'^-S-»- 



It iB easy to show that this equation IS satisfied by <r,Be u , 
-= ^ suppose. 

-Hence, aaauming tr, = Qtr, we find 

or observing that r^ ^^~~fri ^^ ^ ^'^^ Mi^nal equation 
in IT : hence this equation is satisfied by 

,r =. - »s~~*r~ e (« + iff"), 
that is by <r = ^u. 
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814 Write for a moment u + K'-v, the eqnation 

u satisfied by <r^»9« or Bv, tliat in ^^(ti + iQ or ^(k+E). 
But tiaiufbnniiig to the new varuible u, we have 
rfffj ^ '^'^1 tPg, ^ dff. da,dv 

tliatia 

^ ^ iTg, d'ff <Ztf, dtr^ Str^AK 
it" du' ~3if~ ii»" ili~ ik~ iulai 

da, , K I.- E\ir, 



da, , K I., E\ 



u the Tsluea to be sobatitoted in the diffeiential eqiiati<»i: 
viz. thia becomes 

the original equation with a, for a. We thna see that Ihe 
equation in o- ie satisfied not only by the Taluea Bu, Bm, bnt 
also hy the Talaes ^{u + K), H{u + E), or, what is the 
same thin^ by the denominator (Bm) and the Dameraton of 

•Jkeau, A/ricau and -^dnu. 

IHfferenttal E^puttion satisfied ^ ^ (jd > ^)> ^ 
Art Nos. S16, 316. 
315. GonaideriDg now the new modolas X and the mnlti- 
pHw Jf in the first tranaformation {c^ order n) write * "-n * 
and consider the equation 

(0 B E^ (X), the same function of \ that £ is of i) satisfied <d 
couiBohy 

<r,-ecp, \), fl^Cc. ^). eCe+A, X), zr(ff+A,x). 
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Tiansfonaing to the new variables «, k, we have 

du 'Mdo ' "du'~jr dw* ■ dk W'lk dv "^ dKdk' 
and tbeace 

do" du' dt^" du' ' dK^ \dk S dk da,) 3x' 
da^ ^ jt dM d<T^ 
"dkdK'^M'dk'^' 
and the equation thus becomes 

Jg. 2w (/ , (?\ XA." din ^ 2XX- (B: Ar, . 



S16. Weh«T6 






Mi-- 


-1)- 


■^f}=«(--^. 






-nii", 


and the equation thoB is 




^— (^ 


-SS'-'"*^^-- 


Hence, Trritiog o 


foro 


'„ the equation 


t^-H^- 


-S^-^S-o 


is gatided b; 







=e(J,x).^(J,x),e(^.A.x).if(J^A,x). 

JTfiw ,/Vm of Ha two Differencial EquaiwM. 
Alt, Noa. 317, 318. 
S17. The connexion of the two equations 
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2:0,40. [EC 


may be eetablished 


in a different manner thna: writing ia 


the first equation 














, v 


TTtt 




then obserriDg that 










d K' 1 


-^{,KK- 


KB' 


-£•£), =■ 


'ffi'H" 


we have 










lb 


IK'S,- 


3?- 


^ (To- 




At 

at" 


M'^ 


-s 


i, -a' 
dv tPkk 
















*t 


= 0, 





eatufied by 0-=3Oti, && 

318. WritiDg in the second equation 
nwK' ntm 

tbiB is in like manner transformed into tlie Bome equation 
jTi ~ * ^ " ft Hence whatever function of ■= and = satisfies 

the first equation, the same function of -= and ~-=r- satisfies 

the second equation. Let \ be the modulus in the first trans- 
formation of the n"* order, and A, A' the coiiq>lete functions^ 

A' nlC , . _K ^, , . ftK' A' , ntt u ,, 

-r =-^- and A=— ^>, that is — 77- = -!- and -^= ^>: or the 
A E nM' K A. KM' 

second equation is satisfied by the same function of j^, -r. 

Hence the first equation b^ng satisfied b; a-i^Bu, &c., the 
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second equation is satisfied hj 

FatHal Differential Eguatiora eatisjied by the Numerators 

and Bmminator. Art. Nos. 319 to 327, 
319. Start now with the equation 

d*2 a /li E\dt . _ ,,,,dZ . 

And aasume 

Bay for shortness this is 

(where tr denotes 6u and consequentlj satisfies the equation 

We find 



+ ^2nAi''Il<r-=0, 



(To- . 

a?; 
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thereby changing this ooefficient into 

or in the term ^ ^ sabetituting for O its value = {Kk') -*<*-«, 
UuB is 

.fl^.,(»-i,|^(l)'-..(.>-Dig 

Hence dividisg tbe whole equatioD b; 12^* it becomes 



<!•. 
^ 



+ ..»(»-a){^(D--..(..-Dl| ■ 



+ J.2nU*=0. 



320. Becorring to the invesUgatioa in regard to the fdno- 
tjon ff, B Ow, we hare 



vbence 
1 



?(S"-^"('--l);a-«-(*-D"-*^(/>---)' 

Also 

«*'IS=l-'»-'»+«"(*''-D'-*'(/.''"'=°'»)"' 



lif <I ^ . , B 



'SI 



Oi-l- 



D„t,i.a,Google 



XX.] PABTUI. DimaZHTIlL EQITATIOSS lOB E, 6, &0. S3S 

Adding tliese Bever&l quantities, the coefficient of » (n — 1) « 

■%^ 

found; and the eqnation thaa becomes 

+ 2«i'a,cn««du)£+n{fi-l)Jt?Bn'tt.f + 2nifc'^-O, 
which equation is conaeqtieiitly satisfied by 

S21. It is to he farther remarked that if we had started 
-with 

"which equation is obvioosly satisfied by £ = 6 (nu), &c, and had 



we should &t every step of the investigation have had n* in 
place of n, and should finally have arrived at the equation 



J^ + 2n' it? 0", en* » dii) ^ -t «• ''-• 



+ 2n»it?(/,cn*ttdii)^ + n»{n'-l)ft*8n*tt.» 



wbicli equation is consequently satisfied by 

322. It will be convenient to include the two equations in 
the common form 
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There for the tranBform&tioii equation vn, and for the multi- 
pUcatioD equation v^n\ 

S23. Write in this equation « = Vjtsn u. 
We have 

dx K \^cn tidnudu + Sldk, 
if for a momdut 



"" a~7£ 811 » + V£ TJi (it Bu u en' a — t en u dn u /, en' tt du], 
= -- -. anuCl + A?- 2i*8n*u) - -™- on wdn u J.cn'u A», 



and hence 



dz rr 3 d» 
-,- = V« en tt dn u -J- , 
au (te 

— — ^ j,n^ 



where on the right-hand side -jr is the new value of thia 

differential coefficient, viz. that belonging to the assamptioD 
Z'^a. function of a, k, or (aa we may express this) %^e(^ k). 
And thence also 



-, = fccn'udn'u-5-j+ VA t- -5- (cnu dnu) 
■■ le cn*u da*t 



du' 

d*z 



- v'S sn u (I + if - 2t* 8n*u) j^ ■ 
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Subetitating, the equation becomes 
ft 

+ ^ . - Vi mu (1 + .S* - 2*- bhV) 

4- -J- . 2i'i(^Vit cnudnu/, OD*udu 

+ a.i'(i'— l)A*Bii*tt 

+ ^ !>■ VI im 11 (1 + f - Si" sn' «) - a^f V* CD » dn » ;, cn'u J»] 

vbere the term inTolving the integral disappearB, and two 
other terms combine together; viz. the result is 



+ ».F{i'-l)ifBn'i# 

in which equation en tt should he replaced by ite value -;= . 
Introducing at the same time in place of "k the quantity 
Q, KJ: + T> the equation becomes 

where I recall that the variables are a:=^sa!i aad « = fc + T . 
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S38 PlsnAI DITRBINTUL EQUATIONS TDK ff, 9, &C [CC 
The equation is satisfied by the nomenton aod the d^komi- 
mlorof vXbi(^, x), V^»(y, x). ;^dn(^, x) 
in the transfonnation of the order n, or (v » n^ by the nome- 
ntors and denominator of i/Js samt, Wp cnnu, ~7n dnntk 

824 As already remarked, the formula ia not practically 
useful in the transformation-theory, but it Ib so for moItipU- 
cation. As regards this last theoi; it has been obserred tiiat 
although with respect to the denominat(»-function, and the 
Dumeiator of su ny when n is an odd number, there is great 
el^ance in taking as above the vaiiable to be Vjt snu, and 
in introducing a in place of k, yet that for the other fimctiona, 
this is not the case, and it seems better to have as the variables 
f, B snw, and k. The transfonnation is of course easily efiocted, 

via, initing fr»-^,wefind 

da da f d» 

vhere on Uie right-band ude -rr is the value helon^ng to 

the assumption * — s (f , A). Hence also j3 *= J ^ » *"d 
the equation, fioally restoring therein « in place of 0, becomes 



viz. X is here ^snu, and the equation is satisfied by the 
numerators and denominator of Vk snnu, A/p cnnu, y=^ danu. 
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We may of course get rid of the exterior f&ctois, and thua 
obtain a SfBtem of four equation^ viz. 

g(l-i^.l-i*aO + J[(2»'Jf-l-i»)a(-2CF-l)Ji*«l 

wh.ere ^ = f (1 —jE^, eqnatioQ satisfied 1^ niuuerator of in RH, 
A = v Jtt M M cnnu, 

A^vlf , y, • » danu, 

^ = t n m denom. of each function. 

325. For instance n = 2, v b 4, the eqoations are 

, 

Mtiiifiedby .=»Vl-a:".l-f«", 
=. 1- 2«' + i^»', 

"X — if as*, respectively. 

As U> the first equation, observe that writing for the moment 
X«»(l-f^.l-4*a^, we haves a a Visaed thence 
lis l-8(l + y)J + 3yji' 

S ° 3fT^IC-3-3i^»+(2+l«?+2*^»'+(-9*'-9i1iif+6Wi, 



|-;^(-«^+fafl. 
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242 PABTIAL DIFFERIKTUL EQUATIOire FOE E, ©, &CL [iX. 

327. But we may further deyelope tlie Bjstem of formuls. 
When n is even the numerator of eonu contains the factor 
Vl — a^. 1 - iV ; and when « is odd the nnmerator of cnnu 
contains the factor V] — a^, and that of dn nu the factor 
'J\ — l^3?: and we may in the seTeral cases find the differen- 
tial equation satisfied by the other, or rational, factor. There 
is no diflSculty io the investigation : the results are, n even, 

-2ci-'^-l-*'^ + ^{(-3+(2»'-3)i^*+(-2i.+ 6)i*«^ 

satisfied by numerator of en nu omitting the factor 
Vl-a^.l-i^i": for example, n-2(i' = 4) the equation is 

+ a { (3 - 5i^ + 2if j^) + 8 (jfc - i") ^ = 0. 
satisfied by «cx: 
and, n odd, 



satisfied by numerator of en n« omitting tlie factor ^/l — «* ; for 
example, »i = l (i'=l) the equation is satisfied by je = 1; 

^^ (1 - a:M - rx*) + ^ {{- 1 + (2i— 3) i^ <r + C- 21- + 4) jLV} 

satisfied by oumerator of dn n« omitting the factor tj\ - fa^ ; 
for example, n = 1 (f = 1) the equation is satisfied by e = 1. 
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Venfication for the Cubic Transformation, 
Art. Nos. 828 to 335. 

328. To ahow bow the formuke apply to the case of trans- 
formation, suppose n = 3 ; then wiitiog 






l+J^(o + 2«^a:» 



i multiplying numerator and denominator by a factor A, 
the denominator is 

vritiug z = 0, and observing that in this ease the denominator 
should be =\l Trfr- oi what ie the same thing =kJ i. ..■, ; 
we find A=^^.orB^yA^^^. 

329. We have 

1'* _ l-t^(„ + 2M')' 

or observing that the modular equation may be written 

(o*-u) (» + Sm") =« (»-«*), 
this is 

V^ _ l-p* «'(«-»')' _ (1 + wV - gurr*) 1^ (« - « ')* 
rJf~l-w»'w"K-w)"' (l+«V+2«'«)t^(t^-«)*' 

but from the same equation we have 

(1 + «V - 2ww^ «'=(«•- «}', 
(1 + w'd' + 2u*i') tf* = (« + u*)*, 

whence the fraction is =[ — -J , 

16—2 
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244 PABTUL DI7FKBENTIAL EQUATIONS FOB H, 6, &C [iX. 

or we have 

X' w — «' , ^, , , /v-M* 

...*"■ i . and therefore A = kI — , , 

iJutf + u VB + U 

It tbue appears that ve have the fuBctioD 

satiBfying the equation 

6«:-.t2(t»-a.^)g + a-M? + a^')g-6(,^-4)^.0. 
or, what is the same thing, the equation 

Writing the foregoing value of z in the form A + B^, the 
equations to be satisfied by the coefficients A, B are 



330. We have k = u*,k'*=l — u*, and in genera], for any 
function fl of («, v) 

rfA " 4w' trii*"'" do l-w'2«"-uj' 

+ (1+ uV - 2m") (2u' + ») Jl , 
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or if, as will be coDvemest, we write 

u* = 0^ v*^ ff, uv = 6, then 



331. Inparticular if n,- J,=a/ -., 

'^ V o + w 

tten Ii^ ^ = J log (« - w') - J log (« + «'), 

and thence 

1 dA _ -%tf gu* _ - 3u*» 
A da v — u* v + u" ti* — ii* ' 

A do v — u* v + u*' t* — u" * 
HeDce 

But T — -, = -5 1-1 = -= ~ , and the modular equation 

i8a-/3 + 25-2^ = 0;whencej3-a^=(a + 25)(l-^: hence 
l -g* ti'p ^1 

4a(2/9-5) «'-tt''~*a(2/3-^(a + 25)' 
and consequently 

+ (l-2/39 + e')(2a+9)lA 
Also 

a- "(k + Eu")^, =-(2a + 9)A 

332. Hence the first equation to be verified is 

* '^ + *> + (23:r|i^, 1- 3 a + 2»« + «^ (2^ - «) 

+ (I -2/39+ «')(2a+ 9)1=0. 
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We have 

(ai + tf) (2^ - ^ = 4^ - (2a - 2)3) fl - fl*, = 35*, 
by the modular equatioD ; hence the equation is 

4 (a+ 2^ - 3(1 + 2ad + ^ (2jS-^ + (1 -2^5 + ^ (2a+ tf), 
viz, this is 

62-6y3 + (12-162y9)e+(82-8^)^ + 4^ = 0. 
Sut from the modular equation ^ = a + 2d — 2^, on substi- 
tuting for /3 this value the equation becomes 

-I6aV-32a^+32a^+ 16^-0, 
viz. this is -a'-2jd + 2afl' + fl* = 0, 

which is in tact the equation ^ <« o^, - a (a + 20 - 2^. 

333. For the second equation, writing for convenience 
£=Q^thisis 

first equation, = — QB, that ia = — (^A, thrai throwing out the 
factor A, the equation becomes 



which should therefore be satisfied by fls= -i + 2nr: viz. this is 



or, what is the same thing, it is 
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viz. this will be the case if 

or since a ^^ + 25 j » tf" + 2atf it is 

3a'+ (0"+ 1) (^+ 2i5) - (*■+ 2i^/ = {1 - ^)' {21 + 5)\ 
which is to be verified. 

334. The eqoation d* + 2ifl' - 2ae - a' = gives 
Sa* = C-l?' + 2i)(5 + 2a[), 
thereby reducing the identity to 

-^ + 22 + (a'+ 1)5-6' (22 + ^ = (l-ff^'(2a+^, 
that is 

6(3«_^ + (l_^(2a + 5) = {l-5')'(2« + 5). 
or <e-^ =(-5 + 5*) (2a + 5), 

viz. this is a* = — i.iS + 2afl* + 5", the equation in question. 

The equation ia thua 
(1 - «■) (2. + »)• + 2^2|'|:^j {(1 + 2rf + 9^ (2;3 - e) (- 1 + «) 

+ (l-2/3« + «^(2a + «)(| + 9)}-0, 

or multiplying by 2(2^—^ and observing Ba before tbat 
(2a+e)(2^-«)»3e", thi« ij 

2»'(l-«^(2j + e) + a|(l + 2i9+9^(2^-(?)(-^ + «^ 

+ (l-2^« + «^(2« + «)(| + 9)J.O, 
or, what i£ the eame thing, it is 

29 (1 - «■) (2a + 9) + [(1 + 2i« + »•) (2/3 - 9) (« - 9) 

4 (1 -2/99 + 9^ (2a + 9) (» + 9)) -0. 
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Multiplying out, tliis is 

C2>' + 2a^ + 5 {6a - 2/9) + ^ (4 - 8j/9) - 4jSfl' = 0, 
or, what is the same tbiug, 

vis. substituting for ^ its value, this is 

a' + 3ad + 2fl' + {a-5-4a^-25')((i + 29-2^) = 0, 
or workiug out it ia 

2a« + 4.fl-4a*r-12a^-2d' + 8i^ + 45»=!0, 
viz, this is 

(«• + 2ae - 2a^ - ^) (2 - 4^) = 0, 

which is right. 

335. The foregoing diEFereutial ecfuatiou, writteu in the form 

3 + (t + i)«-<? + 3(l-i')^.0, 

is further considered in my two papers " On a differential equa- 
tion in the theory of Elliptic Functions," Messenger of Mathe- 
matics, vol IV. (1874) pp. 69 and 110, and in the last of them 
it is shown that the equation can be integrated generally : the 
process is, by the assumption 

to transform the equation into a linear equation of the second 

order 

we have a particular solution of the original equation in Q, 
and therefore a particular solution of this equation in z; whence 
by a known method, the general solution can be obtained. 
The result is expressed in terms of a variable 

7.= -p^2+a.l + 2a, 
where a is given in terms of k by the equation, ante No. 200, 



^^-1+., 
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TBANSFOBSUTION tOK AN ODD AND IK PABTICtTLAR AN ODD- 
PBIHE ORDEB: D£TELOPH£NT OF THE THEORY BT HBAN9 
OF THE n-DIVISIOH OF THE COHFLETE FUNCTlONa. 

The algebraical theory of the traQsformatioa has been 
explained : in the present Chapter it is shona how, by means 
of fonuulse depending on the n-division of the complete 
functions, the prescribed algebraical conditions are satisfied ; 
and that we thus obtain the actual expressions of the trans- 

formed functions sn I ^, Xj , &c. 

The geaeral The&ry. Art. Noe. S36 to 341. 

336. We have n an odd number; m, m any positive 
integers having no common divisor which also divides n ; 

mK + m'iK' 

* = ; 

n 

5 a positive integer extending from 1 to ^(r— 1); and when 
any expression depending on 8 is enclosed within [], this 
signifies that the product of the \(n — l) terms is to be taken. 
The formulEe for the new modulus X and multiplier M are 
assumed to be 

\= Jt" [sn(ir-fc«)]*. 

M= (-)*'*"" [8n(ir-4««)]V [en 4««]', 
and we then assume between y and x a relation expressed in 
the several forms: 
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l-y=(l-x)[l-^^!^]' W, 

1 + Xy = (1 + &c) [1 + ij ea C:^ - 4«w)]' (4-), 

where deoom. — [1 — A* an* Isw , a^. 

It bos of coarse to be shown that the diS'ereiit expressions of 
y as a function of x are consistent with each other: but aa- 
eumiug that this is so, it at once follows that 
dy 1 dx 

and consequently that, writing a; = sn (u, k), we have 
3,..n(J,x). 

337. We start from the equation 

(i-y)^(i+i»-(i-»)[i- „(A--4H ]' 

and show that, \ and M being assumed as above, this value of 
jf leads to the other equations of the system. 

In the first place, it is dear that the assumed expression of 

— ? gives for j a value of the form 

g(l.«^i'-" 
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and if we show that y is =0 for x=±sa^Ua, and =x for 
X = T — TT— , {( any integer from 1 to \{n — 1),) then writing a 
in place of t, clearly the actual value will be 

HoreoTer, if in the aeaumed expressioa of ^j — - we write 

a; — 1, we find y = 1 : hence the last-mentioned value of y must 
for x=l reduce itself to y=l ; and we thus find 

•=z;['-;As]*["-''«''*»']' 

viz. C = (—) [en . 4sw]' + [in isw . dn isw]* ; 

or, what is the same thing, 

C = {-)*""" [sn {K - Isffl)]* -- [sn *so>-\* ; 

viz. C™ M; and the required expression of y is thus shown to 

be true. Combining it with the assumed expression of = — = , 

1 +y 

we at once obtain the required expressions of 1 — y and 1 +y. 

338. It then appears that the change of x into — changes 

y into -~: viz. writing r- for x the expression for « become» 
\y Kx 

Mkx\: ]c-j?BXx^ism\ ■ y- a? J' 
viz. this is 

_ 1 ri — A* sn' 4a(i> . a:*' 

"" Mkx L" i'ar'sn'W 

or, what is the same thing, 

1 [l-fe*8a' 4 g<B. a:^ 
Jfitx [^' sn* 4ja(] [sn* Inu] 



nr '^ 1. 

|_ sn*4m>J 
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or finally it is 

= ».z^r^^ -■. .[l-yan'4«>,.<|-i-^ri ^1; 

if Jr[aD«*t] ■■ ■• ^ L an M»J 

viz, obaerviug that X = Jf'fc' [sn 4««]*; 

this 19 =~. 

Lastly, in the expraasionfi for 1-y and 1 +^i making the 

above changes x into r~ a^d ^ i^^ •r~> ^^d combining with 

the value of y, we obtain the required expresraons for 1 — Xjr, 
1 + Xj/ ; and the system of formulie ia thus completed. 

339. We have to prove the subsidiary theorem, viz. that, 

starting with the assumed value of - , the values of x for 

■which y becomes = and = oo respectively are as stated above. 
And for this purpose it is to he shown that, ce being taken 
=1' sn u, the formula may be written 

l-y^[ l-SD(« + V »,)]. 

1+y [l+8n(«+4a'w)]' 
s' being any positive integer from to n — 1, and the [ ]'s de- 
noting the product of the n — 1 terms accordii^ly. 

For suppose this proved, then changing u into u+ 4», each 
factor is changed into that which immediately follows it ; except 
only the last factor 1 ?8n(w + 4-{n — 1)q)), which is changed into 
lTsQ(u+4na>}; but, a> being as above, we havesn(u+4Fna>)»stiu; 
or the last factor becomes 1 ^ sn u, viz. this is the first factor : 
hence the value of the product is unaltered. 

340. Now for tt = we have a; = 0, and therefore (from the 

original assumed value of , ), y = 0: hence also y^O for 

u = 4(0, 8w ... 4(n -1) », that ts for j; — on 4iu, sn 8«, ... 
Bn4(n-l}w: or since in general 8n4(n-()i» = -8n4(o), we 
have y = for j; = ± sn 4tD, ±!in8«>, ... ± sn2(n- l)w. 
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Similarly for it = ilC we have x = ec, and therefore y = ao : 
hence olao t/=x for w^iK'+iai, iK'+S<a...iK'+i{n~l)m, 
that is 3! = Bn(tX' + 4w), ...8n(i^' + 4(n — l}w); or, what is 
the same thing, x = sa{iK' ±ia>) ... sn (tX' ± 2 (<t - 1) w) say 

for x = m(iK' ±isa), which is =r r—'- hence y = 0, and 

tf^aa, respectively for the required series of values. 

341. To prove the formula 

1 + y '^ [1 + sn (a + 4fi'w)] ' 
we have in general 
(I+m(» + a))ll+8B(»-.)l+cn-a ={l+-i^|' (+), 

(l-s»(,. + .))ll-8»(u— )kon'a °{l - ,„(""„) }' W, 

where denom. = I — £* sn* u sn' a. 

Hence 

[1 -«n (« + a)l{l-Bn(«-a) } ^ 
(1 -f sn (« + a.)] (1 ■i-8n(u + a)) 

V ~ i^"^)| "^ r "^ sn"CJf - 
Write herein euccesaively a = 4w, 8M,...2(n — l)ai: take on each 
fdde the product of all the terms, and multiply each side of the 

resulting equation hy t— : then observing that 

BD (m — 4«w) = sn (tt + 4 (ji - «} w), 

and supposing as before that e' has every integer value from 

to fl — 1, the equation becomes 

[1 - an (« + ia'a)] -;- [1 + an (« + ia'te}] 



l'--"W' 



.(I-»D») 1- 



Bn{K — 4i8a>) 



■-(^^»")t+5:rl^]' 



viz. writing siiu = a;, the right-baod side is (1— y)-r (1-l-y): and 
the equation in question is thus proved. 
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Addititmal Formula. Art. Nos. S42 to 347. 

342. We may id addition to the foregoing formulie write 

* |_ 8a*(ir-4*w)J '^ " 

Vl-xy = Vl-i-a^ [1 - l^a?Bn* (K- 4«»)] {-), 
where as before 

denom. = [1 — i^"? sn' iaa] . 
And of course writing a; = sn u, the values of y, Vl — y*, Vl — Jfy* 
«.m(^.x),ci.g,x),<In(J,X.). 

343. The ezpreseioDB for y, Vl — y*, Vl — ify", writing 
therein a; — sn u, may be transformed in the same manner as 
the expression for (1 — y) -r (1 +y}. We have for instance 

en (« + a)sn(M-a) = — Bn*an -— -j-l-s-(l — ifc*sn*asn*w), 

and hence writing succeesively a = 4<u, 8a),...2 (n — l)ai, and 
proceeding as before we find («' = to n — 1 as before, or, what 
is the same thing but is rather more convenient, *' "— i (»~ 1) 
to + i (»-!).) 

y = W [sn (u + 4s'»}] -i- [sn 4s«]*, 

and similarly 

Vr^ = [en (u + 4«'a.)] ^ [en 4aw]*. 

Vi — X'y* = [dn (« + 4«'«}] -i- [dn 4s(b]*. 

344. From the former ezpreBsion of Vl — X'y* putting 
therein y = 1, we deduce a value of X', which (obeerviug that 

. - J = T-y-j — ) may be written 

dn «w an" Ae<a ' ■' 

X' = k'" -i- [dn 4«o)]*, 
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and combining herewith the values of X, M we obtain Tarions 
formalie in regard to the new modulus and the multiplier : 



a 

M 






345. We may now write down 
T^'^k'' -i- [dn4sw]', 



en 4fl(i)]*, 
'dn 4*»]*, 

an {^- few)]', 
;on(^-4»»)]', 

:he Bjstem of fbrmube 



— -1 w 
"'" 1m 



/t* \ TOW 

cn(J,x)-cn» 

dn (i , x) - dn 11 [1 - i'.n' (^- 4m) sn" »] (+), 
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l+.n(J,x).(l+ s„.)[l4_^l^]-„, 

\ -\m(^ . \\ = (1 - ksau)[l - ksn (K - ^n>) eau]* (-T-). 

1+ X BD ( J , x) = (1 + * en «) [1 + i sn (^ - im) sd u]" (^), 

Denom. = [1 — ft* sa* Isw en* w], 

346. To obtain a different group of formulie, observe that 
the equation between y, x may be written 

<r[^-8n*4*«]->^y [^-p^]-0, 

r the form x (a?, 1)*'"""- (a^, 1)' 
efficient of the highest power a^ is =1; 
and that the roots of this equation are 

a; B sn u, bd {u + iea) ..,, sn (u + * (n — 1) m) ; 
whence we have the identity 

= [a; — sn (w + 4s' w)] ; 
and comparing the terms in i^ we have 

and Himilarly 

.ti i,„r» 



Sc»(.+4.«).ti^„(^,x), 

tl-il 
Sdii(o + 4«'i»)-'— L — do^i.XJ, 
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in all which formtilfe «* ezteDds &om to n— 1, or, what is the 
same thing, from — } (n — 1) to + }(» — 1). 

In the first equation the left-hand aide may be written 

= fln« + 2{8n(tt+4«M)+fln(a-4w>)); • = ! toi(n-l), 

viz. this is 

_ ^ 2 en iaw d n 4 a« . h d m 

-sntt + i-j— ^^^.-^^^-^,- , 

and making the like changes in the other equations we find 

jsn i7,X =8n t(U + 22, — jj — ri f-> , 



kM 






H' 



^•) 



(J 



iu{if,\)-ii>u\l+2% 






Isw - dii' 4«ft> sn* «J * 



S47. The last formula, which is of a difTerent form from 
the others, depends on 

to(..+.)+t.(..-.),-"''°'''''°°'r''\'^'°/°"?"''""^'''. 

■^ J \ ^' cn(« + ajcn(» — a) 

where the numerator, = sin {am (u + a) + am (« — «)}, is 

= 2 an u en u dn a, (+} 

and the denominator is 

_ cn*a — dn'asn'u, (+) 

the common denominator, 

» 1 — j[^ sn* a 8tt' u, disappearing. 

a 17 
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The ^m-formuUB. Art. Nos. 348 to 351. 

348. The above may be called 4»-forraulse : we ma; change 
tbem into Sai-formuls. For tbifi purpose observe that the 
series of values 

so (M + 4«it), BD (m + 8(i») ... sn (u + 2n — l}a> 

is in a different order 

= (-)"8n(u-2«), 8n(w + 4<B), (-)"8n(i*-6w)... ±8n(u + n-la>), 

■where the last term is sn (w + n — 1m) or (— )" sn (a - n — 1«), 
according as n — 1 is evenly even or oddly even. 

To prove this, writa 4i + 2t' ™ 2n, then 

tt+4fa-(«-2('») = 2nM, = SniK' + Wtff', 

■whence 8n(u + 4fei>) =»{—)" en Cu—2('w). If n — 1 be evenly 
even, = iiv, then giving t every value from 1 to J(n — 1), 4( is 
leas than n, and the term is retained in its original form ; but 
giving t the remaining values from i(»i + 3) to i{n — 1), the 
corresponding values of t are from 1 to i {» - 3), and the term 
BD (i* + 4fo>) is changed into (— )" sn (u — 2('«). So if n — 1 be 
oddly even, = 4i' — 2, then giving t every value from 1 to 
^(n— 3), 4f is less than n, and the term is retained in its original 
form; but giving £ the remuning values from ^(n+l) to J(n— 1) 
the corresponding values of f are from 1 to ^(n — 1), and the 
term sn(u + 4eci>) is changed into (-)" sn (« — 2('«). We have 
thus the theorem. 

349. Repeating the result, and writing down the analogous 
results for en and dn, 

series Bn(u + 4a)), sn (u + dto)... Bn(u + 2n— la) 
is in a different order 

= (-)"'sn (« — Saj), sn(u + 4(0}, (— )"Bn{i*-6c»)... 

±sn(ii±;rn<»); 



I 
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series cn(u + 4w), cn(K + 8M).„ en (tt + 2» - Iw) 
is in a different order 
-=(-)"*-' en («- 2a,), cn(w + 4(..), (-)-*-' en (M-6<a),.. 

±cn (al n — la)}; 

series dn(M + 4(B), dn(« + 8w)... dn(u + 2n-lo>) 
is in a different order 

(-)"'dn(a-2<<.), dn(w+4»),(-)"'dn{a-6cB)... 

±dn(«±n-l<»). 

350. It will he at once seen tbat these formulse, on writing 
therein u = 0, give for the series of sn, CD, dn of iw, 8e>, &c. 
the several values 

(-)-*' sn2<ii, sn *»,(-)•*' 8n6<a... " TBn(n-l)w, 

{-)"*^ en 2<», en4w, (-)"*^cn6ai... ±cn(n-l)a», 

(-)■' dn 2ai, dn 4(a, (-)■' dn6a... ±dn(n-l)w. 

The results are also required for u = Ki as to this, observe 
that in general 

Bn{K+a) =>= -Bn{- K + a) '= sn(K~a); 
en (ff + a) = - en (- ^+ a) = - on {K- a) ; 
dn(^+o)= dn(-£" + o)^ dn(K"-a). 
Hence we see that 

series an (^+4w>, m(K + 8a)... sn {K+ 2n - Iw) 

is in a different order 

(-)"sn(ff + 2o>), Bn(£'+4«>), (-)-sn(£"+6w)... 

±sn{£"+n-lw) ; 

series cQ{K+im), en {£" + 80,)... ca {K + 2n - lo>) 
is in a different order 
(-)-*-'" en (ir+ 2«), en {K + i,^), {-)'^'^'cii iK+ 6a>)... 

±cn(ff4n-lM); 
17—2 
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Benea da (K+ 4a), dii(^ +&»)... dn{K+tn-la) 
ifi in a different order 

{-)-'dn(Z + 2«), dn(^+4«), {-)" dn(K-^et>)... 

±dn{K+n^la); 
in each of which formula we may for te write — a. 

351. It will be observed that in the formulie which con- 
tain only 8DU, cnu, dnu (i.e. which do not cont^n sn (u + is'to) 
&a) and squared functions such as sn^isa, &c., the change of 
form is effected simply by writing 2a instead of 4iv : in the 
other formulse there are signs to be changed, and it is safer to 
retain the 4«»-fonnul8e, making the change of form only if and 
when it is required. 



We have thus : 



\ = ft" [sn (^ - 2ao>)]*, 
X' - A:'" -f- [dn 2e(o]*, 
M= [sn{K"-2s«.)]*-T- [sn 2««>]', 
/o ,\ Bnt* r, sn'u 1 , , 



dnf~, \j-dn«[l-Jfc'8n'(ff-25w)8E'«] (■^), 
denom. = [1 — it* sn' 2ra) sn'u] ; 

but I do not write down the other formube in their 2(i»-form. 

The change from the 4ia- to the 2ii>-formuIs9 is, as will 
appear, a very essential one, and it is important to take notice 
of it 
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» an odd-prime; the Real TranaformaUona, First and 
Secmd. Art. No". 352 to 359. 

852. "We have w = , where m and m aie 

podtive and negative integers having no common divisor wbicb 
also dividee n. It is conveaient to take n an odd-prime: there 
are here n + 1 distinct transformations corresponding to n-|-l 
values of w which may be taken to be 



K iK' 


K + iE' 


K-HiK- 


n ' B ' 


n ' 


n 


or to be 






K ilC 
71 ' n ' 


K + iK' 


2K+iX' 


or again to be 






K iK- 


K±iK' 





n ' 

ii,-l)K+iK\ 



n ' ■ ji ' n ' n 

Two of these transfortnatioos are real ; the former of them 
corresponding to the value « = — , and called the first trans- 
formation, is a transformation to a modulus X which is leas 
than k; the latter of them corresponding to the value 

to = — , and called the second transformation, is a transfor- 
n 

mation to a modulus X, which is greater than k. 

First Transformation, w = — {to a smaUer vLodutut X). 

853. The general formulae apply at once to this case, but 
it is convenient to slightly alter them by omitting the factor 
(— )^""" which presents itself in M. This comes to writing 
(— }*'"~"y in place of y : so that in the new formuUe x = l, in 
place of giving y = 1, gives y = (—)*'""" 1, or say y »■ ± 1, the 
upper sign answering to an evenly even value of n— 1 and the 
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lower sign to an oddly even value of ti — 1. It will be conveaient 
to give the formulse as well id tbe im- as in the 2(0- form. 

Id the formulie which coatfiin ± or + the upper sign is to 
be taken when n — X is evenly even, the lower sign when it 
is oddly even. 

354. For the conversion of 4w- into 2«-fonnuIie, observe 
that the series 

sd(« + -), ™ (« + -)... sd(« + ^^) 

is iD a differeDt order 





+ .n('»+<"-"'^V 




i"("i „ ;■ 


the series 




CDfu + J, CDfw+— j.. 


on(.+ ^ ) 


is in a dififereot order 




-—(-?). -(-^). 


-"("-^)- 




lcn(„±f"-„')^);' 


and the series 




-(-*^).-(-^)- 


dn(»+^("---^>-^ 


is in a diEfereot order 




- d„(„-^),d„(»+^), 


-(»-^- 




d„(..fcil-). 



Id all the formulEB s baa the different integer values from 
1 toi(n-l), and s' the different integer values from —^(n-l) 
to + ^ {n — 1) ; or as regards the 4(u-formulEe, we may consider 
s' as having the different integer values from to (n— 1), 
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■Si tjl 
1*1 o 



IF a 






9 . 



^ 






Sl = 
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3 




3 


' ^ 


^ 


r- _ 1 r-~i 


r- 


7!-. "!° 


.al" 


fcdl r-^ 


^1 = 
t 


a 


Sh "i 


A 


J ^1' iP 1 


T 


^ 1 




-i' + i -i- 






"^ ?-^ 


?:^ 


S , -i- X 


s 




S -1, 


^ 


,' ' d ^ 1 


+ 1 


+ 


!5l^ JL. ,-, .ZL. 


^ 1 


lT-J 

"a" 

s 


i ~> ^ f 


g ^ 
+ 1 


+ 


i, A 


tH tH 




Till 




T 



+ 



1^ 



J\' %\' 



s 



•> I 



»l^ 



=ft 



9 



s 



sft sft 
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^h 



3 

' SI' 

■a 



^1 = 



w 



S 



= ||= SI 



Si 

I 
w 

94 



2« 



W 



■g 11 = 
Sl=^ 



t5 

3 



=ft 
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l^ 



Second Transformation, a = — {to a larger modulus Xj. 

356. Write in the general formulje a> = : the fonuuhe 

in the first instance present themselves in an imaginary form : 
these are given as well in the ia- aa in the 2(u- form. For the 
conversioD observe that the series 

«„(„+__j. sn(« + — )... Bn(u+ J ) 

ia in a different order 



CIl[w^ 1, cdIuH 1... en' 

is in a different order 

.-en(„-_-). on(. + -^),-cn 

± CDi 

and the series 

, dn(» + *^), d«(« + 5f:)... dn 
is in a different order 

±dn 



-dn 



^ (»-l).-f V 
) 



, 2(n-l)tg- ' 



6ijr\ 



• 6i^\ 
n ) 



I (n-l)t^ ' 



n /" 



857. There is a further change of form to be made m some 



of the formulae. We have A an v 



q(., 



— TjrK . and thence 



.{iK'-^) 



(n-2,)iJC 
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Putting for a moment n — 2»= 2i — 1, we see that 8 having 
the positive integer vahies 1 to J(7i— 1), t has the same series 
of values in a reverse order ; whence finally writing s instead 

of t, —ksa has the same values as ^ ,„ .. ' i f ^ , or say 

n i2s — i)iA. "' 

n 

the series 



a(K- 



ia in the reverse order 

1 1 1 

""7F' "STF'- (n-2)iS'' 

an en ——' sn ^ — - 

n » n 

and similarly ksnlK — ' 1 has the same values as 

1 

We have moreover 

k en = t d 

n n n . 

{n-2a)iK' 
n ' 

which may be similarly transformed by putting therein 

«-2s=2^-l, 

and finally s instead of ^ as above. 

In all the formulse a has the different integer values from 
1 to ^(n — 1), and a' the different integer values from — J(rt— 1) 
to + 4 (» — 1} : or we may in the iai-formulte consider «' as 
having the different integer values from to (n - 1). 
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l^ 



a 



, s , 
+ 

■^1 lid 

' i ^ 






a ^1 
"6 



s4l 



il^ 



^UA 



S e 8 



A A 



I 



X IK 

II II 



ii' 
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i S 2 _A 



f ' 




<i 


s r' 


i'^\ a 


1 


1 a 


-< =i 


^1 


a 


^ a 

3 t 


c 




a 
I 

a 
II 

.J 



S 9 



a 



Su 



a 



t-LiAA 



-<" ,<- ^ i 

g e V 
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8 




y~' 








I 










3 




El 






(t 


"§ 




s 




1 






•73 




eS 






.— — _^. 


^ 




















fe'. 




a 


^1 




"fl 






s 


•S 


«| 






1 




" a/ 


5r 


fe 


£ 


7 = 


g 
T 


■5 a 




^ 




1 
^ 




-=s 




V 






^8 


-« 


g 


" 


^ 


H 










H 









1 ii 



•^U' 



i3 



^ 

= W 
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V. 
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The Second TraTuformation under a real form. 
359. The formula may be presented in a real form by 
means of the transformations, 

an (xu, k) = ■ -r- , ,r » 



J -. ,. dn(a,fc) 
^ ' en (u, it ) 



dii{iM,A)' dn («,&') • 
Writing for shortness sn', en', dn', to denote the functions 
to the moduloB U, we have for instance 

■°(F..^)=xh;;^] 

n 

^ri+A'tn''^'8n'u1, Ac.; 

but I do not think it worth while to give the entire series of 
equations. 

IW TtXaiioM of the Complete Fvnctiont. 
Alt Nos. 360 and 361. 

360. In the first transformation, taken in the 2w-form, 
(observe that this is essential) 

'- sn -^ 

n 
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On the left-hand side the least real and poBitive value for 
which ea{-rf,\) Tanishes is p.= 2A, and on the right-hand 

aide it is u = — : hence we have JtfA — — or — i>—A. 
n n nJa 

361. In the second transformation 

On the lefl-hiyid side the least real and positive value for 

which sn (^,\j vanishes is 'j^»2A,, and on the right-hand 

side (since here the only £iictor which can vanish is sn u) it is 

tt = 2K: hence J/"A=:^ or J =A,. 
' ' Jo, ' 

Observe these equations, - „ — A and -5^^ = A, . 

Tke Complemetaaty and Suj^mentary Traraformationa. 

Art. Kos. 362 to 367. 

Tke first complementary tranaformaiion. 

362. Start &om the first transformation : this may be pre- 
sented in the form 

.(^,x) = H--v/|[.«(».^)]. ■■-^--l 

Writing herein iu instead of u, and recollecting that 
tn (tu, ^) = » sn (u, k'\ 
the equation becomes 

c. 18 

D„t,i.a,Google 



274 TRAMSFOItlUTIOK FOB AH ODD OKDER. [X. 

"(-IT'*) 
or, Bince dearly the outside multiplier must be — ?> >* 






» -.A 8u(u,A') rt , Bp'(u.V) 1 

'•'^-^^L^'tT^J 

-T- fl + -t" tal (^ , k\ sn' (a, fc')l . 
This ie the first complementaiy transformatioD giving 
sn[^,V] iQ terms of SD.{u,k'). Observe that it« form is 
aoalogous to the second tranafomiation. 

The second complementary tranaformation. 
363. Start from the Becond transformation ; this is 

• Th«(onmil«ii^ = (-)''""''r8n' | -y' 7' ''1>"<*'0' oomm dmjt be 

veriBeddirestlr: wehkTe sn't — -I = a^m , ftnd thence 



[„.2ir]-=,-,..-..L^,^^f=[a.??]. 



whenee the foimnlft becomea 
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Writing herein w instead of u. and recollecting that, as 
before, 

tn(i'ii,i).i8n(o,t'), 
the equation becomes 

/■ » , A / >"»-" /if r / , 2»'«jr' .AT 

x[sn(« + ?^,i')sn(.-?^,i-)], 

«-lto}("-i); 

/tT 2.X-T , .,, r, sn' (»,*') 1 

+ [l - ft" sn' (?^ , At') an' (u, i")] ; 

wliere the outside multiplier must be = if • "^^^ formula 
is therefore 

-which IB the Becond complementary transformation giving 

Rnf|^,\'j in terms of sn(u,k'): observe that its form is 

analogous to the first transformation. 

364. Writing the first complementary transformation in 
the form 

and considering the least real positive value of u for which the 
two sides respectively vanish : these are on the left-hand side 

18—2 
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2A', and on the right-hand side u = 2K': hence we have 
JfA'=Z' or A' = 



M 

K' 
'if 

Similarly from the second compIeoientaTy transformation, 
/a ^ A sn (u, k') f- sn' (u, k') 1 , , 

"'(g.'^)-^ifrL'" ,..(M!,y) J' " 
the least real positive values for which the two ^dea vanish are 
■Tr=2A, and «= , whence Jh.A = — or A^ = Sr • 

365. We have thus obtained the equations 

to be taken along with the for^;oing equations, No. 361, 

Eliminating J/" and ^j, we obtain 

A' A" i" A,' 

A-"r' r-"X- 

the first of which is an equation between X and k, and the 
second is the same equation between k and \ : and it thus 
appears that X is the same function of k that k is of X,. The 
equations show that X is less than k, and X, greater than k. 

The firxt eiipplementary transformation, 

366. In the second transformation 

/ tt . '\ sn«r sn'w 1 r, sn'u ~\ 

"'l3r.'N~T<:L .T^^^^J •"[ ,„. (2»-i)'«" J' 

n 
nge k into X, and therefore X, into it : ' 
as the new value of Jf, the formula bei 
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change h into X, and therefore \, into it : writing for a moment 
N as tile new value of M the formula becomes 



Xj TRANSPORMiTIOH POR AN ODD OEDER. 



"- sn* I' — 



EWTTJ 



Change aJso u into jy ', then observing that 

^ = -7- , and therefore JV, = -^ — —;> or n = -ryrf , 
the equation becomes 

which ia the first supplementary transformation. 
Combining herewith the first transformation, 

(u .\ snu r, Bn'w 1 r. ,. ,2»^ , 1 

"■(f-N-tL'-- 7otJ*L'-'^'" ^^ "J' 

"• ■- gj,> J L -I 

n 
-we see that the two together lead to an expression of sn {nu, k) 
in terms of sn (u, k). 

The seoond sappUmentary tramformaiion. 
367. In the first transformation 

/u ^\ 8n«r, sn'u I r, ,. .^K , 1 

'° U' ^r^V "^^\ * [i-''" -r" "J ■ 

n 
i k into \, and therefore X into &: 
it iT as the new value of M, the formula 



change it into \, and therefore X into &: writing for a 
moment N as the new value of M, the formula becomes 



Oau*(«,X,)l; 
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change also u into -^; then observing that 

M^-r-., and therefore Jr= -;h, =-,,-, that is ns^-^j-r., 
A K n Jf, M^N 

the equation becomes 

■»(.^t)-.if....(-^x,)[i- "^^' n 

^ ■ "- an'l — ',XJ-' 

.[i-V».-(?^,x.).,..(J_,x.)]. 

whidi is the second sapplementary transformation. 
Combining herewith the second transformation, 
/■u . \ 8n(u, ft)!"- 8n*u ~| 

n 
. \^ an'w 1 

'L'-,„. <^-i).'^- J- 

we see that the two together lead to an expression of so (nu, k) 
in terms of sn (u, £). 

Z%« Jfti;(tpZiccrf«m-/ormute. Art. No. 368. 

368. For the actual determination of the multiplication- 
formulcB, obeerve that the first supplementary tran^ormation 
may be written in the form 

or, what is the same thing. 






But the first traosformatioD gives 

(j,.).„-V?h(-^-?)]. 



.■=-i("-l) 

to+J(»-l); 
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or say 

... 2nt'»X' , « . 

and writing herein w H for u, -^ becomes 

u 2m'iK' J* 2)»'t'A' 
and the formula is 

where on the righfr-hand side m has the last-mentioned values. 

Giving herein to m the different values from -i("~^) *° 
+ j(a_ 1) and multiplying the results together, observing that 

we obtain 

or, the left-hand side being <= [-)^'" /^ j^m{nu,k), the 
formula is 

1, « 1,.. ,, ( / 2m^ , im'tK'W 
m nu - (-)*••-» *>"'-" I" [« + -^ + ~li~ j) ' 

where on the righl-band Bide the ( ) denote the double product 
obtained by giving to m, m' respectively the values -l(n-l) 
to+i(n-l), or say the values 0, ±1, ±2, ..■* J (»-!)• 

And in the same way 

cnnu- y \'^[^ + —+-l^)]- 

and dn«». (j-) f ■■(" + ^r+-r-J|' 

which are the formulte obtained Chap. IV. 
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CHAPTER XI. 



THE 2-FUNCTIOHB: FITETHER THEOBT OF THE 
FUNCnOMS E, ©. 



369. In the preseot Chapter we start with the transfonna- 
tioD of the order n in the form of the first supplementary 
transformation, whereby the functions sn (nu, it), &c. are given 

in terms of sn f -^j x] ; writing first - for n, we make n ™ « , 

and (as will appear) we thus obtain the elliptic functions sn (u, it), 
&c., as fractions, the numerators and denominators being re- 

Bpectivel; obtained in terms of the circular functions of ^^, 

viz. as products depending on these functions, and involving 

_irr 

also the quantity e , which is put >- j* : the elliptic func- 
tions have been already in Chapter tl expressed as fEactions 
by means of the functions H, 6 : and identifying the two ex- 
pressions, we obtain the expressions of these functions u series 
involving powers of j, or say as jr-series. 

DenwOicm of the q-fonniUa. Art. Nos. 370 to 378. 

370. The first supplementary transformation in 
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we write herein - for h, and make n infinite. This gives 
X — 0, sn (0, X) => sin d, As^; whence fin virtue of A=— n. 

,, 2^ A' ■nK' 



and the eijuation becomes 



2^ . wu 



1-. 






, '"' 2g 

'- . .(i.-i).Tr 



Sir 



This is one of a group of formulee obtained in the eame 
Anner. 

371. The foTmulEB are 



2ir . in* 



"" a- 

, mitrK' 

. ,iru 
"■"21 






, (2«i-l )>ir.g' 

' 21: 



W, 



M. 



W. 



1— Bnu = [l— an 



2k) 



°"2g 

-Sir 



(-). 



l + sntisl + an^ 



nr 



w. 
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TEtE 


j-Foscnoss: 


[it 


l-kmu= 








(+). 


,' ^.--^-' 


l + )bBDU=c 














deDom. ■- 






"is 




,C2™-i).V*' 






L "" i£- J 





372. We obtain in like manner another group of formulas, 
in which also m has the values 1, 2, 3... to iufiuitj, 



S""!?^ . ,(2m-l).VJf' T^)' 

\ ™^ — a ""ly/ 

sin'i ji Bin" -_/ 



%m . ,m* , 



The deduction of this la^ formula preseuta some peculiarity; 
writing ± instead of (— )'''*~^', the formula originally presents 
itself in the fonn 

(, ,. . Km-V)iirK' (2m-l)i>rX\ 
. ,i.%m-i)i-^R' .,«. V 
"" — K "■' m ' 
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viz. the Tipper or lover sign muat here he taken according m 
the numher oi terms in the series is eyen or odd. To get rid 
of this vanable sign, -write in the equation h — 0, the equation 
becomes 

(, ,_ . {2m-l)<n-Z' (im~\)vjrK\ 
-:iCT^^ )■ 

and suhtracting this from the general formula, each side of the 
equation is affected with the same sign ±, which sign may 
therefore be omitted : whence, observing that in general 



Bin a cos a 



sin X __ cotasin'e 

sin' a (sin* a - sin' «) ~ sin' a — sin' x ' 

it is at once seen that we thus oht^ the result first written 
down. 

All the formulae assume a more coavenient form hj writing 
therein US'- -, viz. we hare thus sin ^^= sin ir, and conse- 
quently the elliptic functions sn , &c expressed in terms 

of smx. 

373. Introducing now the quantity 

•K' 

we lutTe 

. mi-rK' 1 , . _„ •'(I-?") 

vmrK' 1,_, ^^ 1 + 9*" 
co8-g.-=2(3" + 2 )=-2i^'_ 

, sin'iT - 4o*"8in'a! 1 - 20*" cos 2a! + j*" , 

■in g. 
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and ia the reBulUog formulte the rij(bt-haQd sides contain as 
factors certain functions of q, which functions are afterwards 
detennined as will presently appear. Supposing this done, the 
formulfe of the first group are 

gn = 2 -j^^Binx [1-22*" cosSx + j*"], (■^) 

cm— ^ = 2^ j^^jcoaaj [1 + 22*" co82a: + j"], (-=■ 

dn?^- Vif [l + 22*"cos2« + j— ^. (-5- 

l-Bn^ = 2>v/|^jCl-Bina>)[l-22- sin^r+j"]'. (^ 

l + 8n?^ = 2^|^j(l + sinj:)[l + 2g- eiax + ^]\ (+) 

[l-2j"-*9ina! + g*^]», (-r-] 

[l + 22-*flinaj+j^-']', (- 
where 

denom. = [1 - 22**^ cob Sr + 2""] ; 
and the formulae of the second group are 

and to these Jacobi has joined an expression for am , that 

. . ^ 2Kx . . ,. . 

IS Bin sn - — : viz. the equation is 
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where the sign is — or +, according as in the calculatioD of 
the series the number of terms taken is odd or even. Writing 
herein j;= 0, the formula becomes 

(C - ± a: + 22 (-)""' tan"" (tan x), 
vhere the sign is — or + as before, a particular formula, the 
truth of which is evident at sight: and subtracting this &om 
the general formula, we convert it into 
.:...._2iCr.. __,„_(, ,„.._^/l + ^ 



_^»-i '""*j -tan tan a;)-, 
or, what is ihe same thing, 

\ It / ^ ' U-j*^'coe2xy' 

a form of the formula, free from the discontinuity, and in which 
the series is convergent. Differentiating in regai-d to x and 



further on, we obtain the foregoing expression for 1 — dn ; 

and conversely by the integratioit of this we obtain the last- 
mentioned formula for sin"* (sn j . 

374. In completion of the investigation of the formulfe 
of No. 372, observe that writing 



2-P-sT. 


W 


i=[i+r]-. 


(+) 


^-[i+r-r. 


(1-) 


where deaom. = [1 - j"^']* ; 

the formulte obtained in the first instance are 

en ^^' - ?^ sin » [1 - 2j- cos 2« + {-], 


M 


on—. B C08a;[l + 25"co«2i + i"], 


H 
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dn?^- Cr [1 +2j^' COS 2* + 5*-^, H 

vhere denom. •= [1 — Sg**^ coe 2a; 4 J*^. 

Writing in the first and third of these x — Jir, we find 
l.i^4; k-.C.C; 



375. To determiae i4, write for a moment {7 is place of 
tf, tben we have 

JKx AK V-U-' {l-,fTr][l-fV] 

™ W " IT 1 [I-J^-P-Jfl-J—'PT' 

whicli, obeerviDg that 

may be written 

" IT " Tri [1-j— 'f7'][l-j— 'tr-]' 

irV P [1 - ^' 171 [1 - S I''T ■ 

lor a: wnte a+-iri?-. sn becomes 

2a Tt 

[7 is changed into j'lT, and taking the second formula we have 

IT 

Hence multiplying, we find 

1 Mgy 1 , AK 'J'q 
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and therefore 

and substituting we have the forgoing fonnulEe for bd, en, and 



376. We also obtain various other j-formuke. 
Multiplying the expreEsione for B, C we have 

and observing that 



P+iT] 



[i-jT [i-j-T 



[1 -!—]•- ^. 

and thence, using the foregoing value of A, 
which two formulae give 

[i_j-.]-[i_5-]=yH|E, 

h 

■a 





[i-sT 


and to these 


may be joined 




[1+5--]' 




[1+gT 




[!+!"]• 
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877. If for shortness ve Tiite : 

a = [l+5"], whence «/S = [1 + {"], •>8.[l-5^, 
fi=[i+fn, «nd«/9y-l*; 

!.[l-S-]i 
then the forgoing formulas give 









\7' 



The equation i^+-k''=l gives 7"+162j8' = «*, or written 
at length 

i(i-{Xi-2')a-«')-i'+i6«i(i+!^a+{*)(i+!i-r 

.l(i+f)(i + s') (!+?•)■■■)■; 

a remarkable identity. 

■ Thuiein&Mt the tonaala [!+;■]= ,. _ -^jt ptored Ko. 376: it oeeon 
in Enlet'a Memoir, De Partitione Nvnurornm (1760), Op. HJn. ColL p. 93. 
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378. It will be noticed that we have obtained expressions 

for sn , en , an , as rational fractions having a 

IT TT n 

common denominator, the three numerators and the denomi- 

nator being each of them a j-function, (j=s«"S")^ involving 
circular functions of x respectively. Im^niag x replaced by 

its value air' ^^ have snu, cnu, dnu expressed as rational 

firactions, the three numerators and the denominator being 

each of them a j-function involving circular functions of ^^ . 

We have already obtained for sn u, en u, dn u fractional ex- 
pressions having a common denominator %u, and in their 
numerators Hu, S(u+K), S(u + K) respectively; and it thus 
appears that these functions must be, to proper factors pr^, 

multiples of the ^-functions of ^-^ respectively : viz. the 

factors to multiply the ^-functions must he of the form 
AH, BIT, CU, DV where tT ia an unknown function of «, 
but A, S, C, D are known constants or exponential factors ; 
and the theorem at once suggests itself, that the two sets 
of functions differ only by these factors A, B, C, J), or 
what is the same thing, that 17 is a mere constant, which 
may he taken =1. But Jacobi in fact directly identifies 

© with a ^-function of x (that is, Q« with a ^-function of 



2K, 
interest 



I , by an investigation of some complexity but of very gveat 



6, H ecrpressed as q-functioia. Art, Nob. 379 to 383. 

379. We have 

/, , 2ltx 
/ ^~*' ° TT [l-2g*-*sina! + ^-'] 



1 + fc sn - 

19 
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Taking tfae logaritiim of each side, and ezpandiag the loga- 
rithma of tlie factors on the right>haad side, after some obvious 
reductions we obtain 

/. . iKx 

' IT 

or, writing the series at fall length, 

4 ^y sin a; ^J^ tno 3g ^J^ pm 5g 
l-S 3(1-J") * 5(1-2-) "■■■ 

Differentiating each side in r^ard to x, we find without 
difficulty 

2fc^ TT 4 V? cos m 4J^ cos 3a; 4^? cos 5x . 

IT 

or, obaerriug that the left haod is 

and writing ^ — a; in place of x, this is 

^K tKx \Jq sin x . AsJ^' ein 3ai ^J^sinhx 
__Bn-^= 1-5 + l-y* + l_j* +*«• 

380. It is this formula which leads to the identification 
just spoken of; viz. squaring the two sides we obtain after all 
reductions 

■ ( 2g COS 2a! 4^ cos 4a! 6^*008 fee 1 
or, multiplying by dx and integrating from a: = 0, 

gain 2^ 



-\i-,- 



o^sii^4j; g * sin fee 1 

+ 1-,' + rr^+'j' 
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whence, from the definition of Zu, ante. No. 131, 

IT -^l ^ J°*l 1-2* + 1-2* +'T::r7"+-J = 

and if we again midtiply by dx and int^rate from = 0, 
2Z"f /2Z"ar\ , , (l-2ffC09 2a: + /)(l-2j'coe2a!+s*)... 



»l.-^-J-|(l-5ni-j') 



(1 - 2j cos 2a; + 5^ (1 - 2j* C09 2* + 2*J. . . ; 
or say _ 

/WE 



„ /2FZ -i|«i+rA./,*.dB 



381. We have to prore the theorem for the squaring of the 
right-hand side of the equation 

SAZ" iKa 4\^sina! , iV^ainSflJ . 4v^8in5iC 

sn --^r + — 1 — 3 — + — 1 1 — + ■■• 

IT V 1 — J l"~a l~S 

Forming the square and reducing b; the subBtitution 

2 sin mx sin ncc » cos (m — n) a: — cos (m + n) ar, 

the square is 

■B A + ji' cos 2x + .i" cos 4fc + A" cos 6jc . . . , 

where 

--^•^^^■- 

and moreorer 

.4'"' = 812S^'-C"'), 

19—2 
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S9S 
■where 



THE J-FDHCTIONS: 



[II. 



(1-J)(1- 



Br,+ 



')^1-S-.1-S- 



•r 



■""l-S^.l-j^"^'" 



■f^ 




L ir^ n:?™ i-j— 



|r^, +i4-+i-^ 



!« + •. 



••■ + 1_J— ,1- 



1-S- 






n +1 

= ^ISL +_|2L |_L + JL, ... + J" 
i-«" i-iTli-j W W 



... +1 



1-5- 

viz. each coefficient (except A, which is an infinite series] has 
this finite expression, and we have 

/2kR\' , ZKx . . f2o cos 2a! 4o* cos 4a: 6ff cos 6a! 1 
3S!. To find the value of 
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multiply by dx and integrate from to ^, we have 



(?^)'j^. 



1 dx = \irA ; 



or what is the same thing. 



^*-| 



'i Ea'udu; 
yiz. from the equatioD • 

we have 



and the proof is thus completed. 
383. Write for shortness 



where, ante, No. 357, 

then the relation obtained is 

• e(^l.(?.[X-22--cosaB + 3'-^, 

which is the required expression for B, leading as mentioned 
above to the corresponding expressiona for the other functions. 
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or ooaitting the second and fourth equations which are in- 
cluded in the first and third respectively, 

E (^) = ff . 2^2 sin a; [1 - 2}^ cos 2« + g-], 

N&u developments of the functions H, 6. 
Art. Noa. 384[ to 388. 
384. We have identically 

[l-2j**^C08 2a; + 5*"-^ 

= --_^:, {l — 2g cos 2a! + 2ff* cos 4g!-2g' COS 6a + ...}, 

2^2 an « [1 - 2j*" cos 2a! + 2*^ 

= jTj— -^5T(2i,^8infl;— 2V?Bin3a + 2^2"Bin5a!-...j; 

and hence observing that 

fWK 

vefind 

e ^=^^ = 1 - 2j COS 2a: + Sj' cos 4* - V c« 6a: + . . . , 

fl- (?^^ « 27j sin « - 2^sin 3x + 24^? sin 5* - &&, 

which are the ezpresBions of these two functions developed in 
cosines and eines of multiples of x. 

386. For the direct proof of the identities we require the 
deyelopment of [l+g^'«], that is of (l+j^)Cl+3'e)(l+9"8)... 
in powers of «. Assuming it 

if for s ire write ^t, and multiply hy 1 + js, the result is 
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ml + qt iDto (1 4- 2'«)(1 + $'«}...; viz. tliis is the original 
function. We thus have 

= (1 + qz) (1 + A^x + B^ss' + Cq'z* + ...); 

that is, A{l-q')='q. B(l-q')~q'A, (7(1- J*)* j*5, ... 

aod tbence 

tH-i".]-H-,-g-i+.— f-^+ . ^/''. 1 ^ +- 
^ ^ ■■ 1 — S 1 — j'. 1 — 2 1 — j". 1 — J . 1 — 2* 

Zn a very similar maUDer it is shown that 



■ ^ !! ,_ + . . 

1 -}, 1— 3*. 1 — j' l-ja.l— J**.! — jjE 

386. Starting with the equation 

ve have similarlf 

and these two are to be multiplied together; the product will 
be an infinite series of the form 

where B^, S^, B^... are functions of $ given in the first instance 
as infinite series, which however admit of summation bj 
means of the last formula in ^o. 385, viz. 

1 « . «* ^ 

1 = 1 + 



[1 — 2" a] \—q\—qz 1 — y.l— j"! — jj.l— j*« 

I ■f _ _ «• . ■ 

^l-}.l-j'. l-}'l-js.l-3"«.l-2",' 
thiB, putting therein ^ instead of j and z = c^, becomes 
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p-S»»-]~ ■*"l-S'l-S-"''l-j". l-j*l-j— . l-j^ 

■*'l-j".I-}M-j'l-}~'.l-V"'-l-s"'*''""" 
where of course [l-g""**"] denotes l-j*". l-j^**. l-g*^.... 

387. Effecting the multiplication of the htst-mentioned 
two expressions, we have 

where in general 
■B.-T 



l-}-.l-j'...I-5- 

f + l_j.r:7M+l_jM_j.l-j"-.l_5~.+ -f' 
that is b; the last formula 



l-j-.l-j'...l-j-[l-5"-]' p-j"]' 
and ire have coosequently 
[1-9^(^ + 0+2^ 

= p-^^li+ff(«+0 + ff'(«'+0 + 2V+0 + -}- 

388. This equation, writing therein — ^ for t, becomes 
[1-22*"' cos 2^ + 2*^ 

"f^ ST, {l-22C08 2fl: + 2g*cofl4ic-22*co8 6a!+...); 

and if in the same equation we write qz for e it becomes 

(i+o[i+2~'][i+m 

Tiz. putting here — e^ for s, or say «*— -.e", we have 
Bin a: [1 - 2?*" cos 2* + y*"] 

"" n — >-1 (sin (5 — 2* sin 3a; + j* sin 6« — j" sin 5« + ..,}; 
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[11. 



or what is the s&me thing, 
2^ flin a; [1 - Sg*" cos 2a: + 2*-] 



■ = 1 1 _ -«-i {2v^Bina-24'^8in3a!+2jj"Binfijc-...J. 

i7pufrl9 fax^ariai eapreanons of S,S. Offnertd theory. 
Art Nos. 389 to 395. 



389. Reverting to the ezpreaaions of 9 



/ 2Kx -\ 



.K 



f-products, and writing x = ^^ , the ^-products thus identified 

with the fdnctiona Su and 6u respectively, presented them- 
selves at the commencement of this Chapter as mere constant 
mnltiples of the ezpresaions 



""IK 
'"- F . 

C«-l tOoo). 

SO that Bu, Bu, are constant multiples of these ezpressiooB 
t it follows that the com- 



respectiyely ; and since 60 = a 
plete values are 



Bu = Jk 



WK SK . m 



aiirK' 



y^ 



r . ,irtt 



It is important to examine the meaning of these fonnulie. 
CoDsidw the function which enters into the expression of Hu ; 
or writing for greater Convenience m' in place of*, say 
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' 2 A- 
m'wriT 



(m' - 1 to 00 ). 



390. Observuig tliat in general 

sin* w — sio'a = ein (u + a) sin (u — a] , 
thii (di8r^;ardiDg for the moment a constant factor] is 

= r8in^{« + 2m'.'X')1, 

■where m' has every positive or n^ative integer value (zero in- 
cluded) from —00 to + 00 ; say from — /t' to + /*', /»'«». 



sin a; 31 a; 1 — t— i > (»=! to oo), 
Tihich writing ^j^ for x, becomes 



or disre^rding a conBtant factor, 

smg-[« + 2mjr], 

-where m has every positive or negative integer value, zero in- 
clnded, from — « to + oo ; say from ~/iio ft, /i=ao. 

AjsaumiDg for a moment that it is allowable to write hereia 
u + 2m'iK in place of u, we have 

Bin ^ (« + 2m'iK") = [« + 2mK+ 2m'iK']. 

m as above, and consequently the numerator is 
- [« + imK+ trn'tK"] , 
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[IL 



m, m' each extending from — oo to + oo as above. As r^ards 
the omitted constant factor, it is clear that snu-t-u reduces 
itself to unity for u indefinite!; small, and the fonuula thos 
becomes 



Sir , 



2K 



m, m' as before, excepting that the set of valaes m >= 0, m' = 
(having been taken account of in the factor u) is to be omitted. 

391. But when in the sine-formula we write u + 2m'iK' 
in place of u, we assume that u + im'iK' is indefinitely small in 
re^ud to the extreme values ± /* of m (viz, the infinite product 

x[l — -jjfl — 5~s)"" **'^®'^ *** ^® term 1 — jTj approximates 
to sin X only on the assumption that — is indefinitely small) : 

of course thia is so when m' is finite, but m' acquires the values 
± ju' ; in order to sustain the assumption we must suppose that 
/J,' is indefinitely small as regards /t ; or say that ^' -r /* = 0. 

Hence in the last-mentioned equation the limits of the 
doubly-infinite product are tn^ — /tto m^^ + fi; «*' = — /«' to 
*»'= + /*'; /I, fi each infinite; but /*'-!- /* = 0. Putting for 
shortness ^mK + %fiiK' = {nt, m') the equation is 



^X . 



SAT 






l*|l+T-^l. 
I (m.mjj' 



which is one of a group of four formula. 

392. Writing for shortness as in Nos. 39 anc 
(m, m') = ZmK + 2m'iE', 

(m, m') = (2nt 4- 1)^ + gm'iff', 
(m, m") = 2mK + (2m' + l)iK', 

(m, m') = {2m+l)K + (2m' + l)iK; 
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these are 



, aiirK' 
. , mi 

^■ (^-i).Vg' 



I (m, m )J 






(m, m )J ' 



where od the right-hand aide the limits are to be taken so that 
(tn, m'), &C. may hare equal positive and negative values, or 
say, as regards 

m, from m — — /* to +/*, 

™ n » =-/*-! .. +J^ 

to' „ m'^ — fi „ +/*', 

m' „ „ =—ft'—l „ +n'; 
viz. m, vd hare all positive and negative integer values between 
these limits (both inclusive) respectively : but as regards (m, m') 
the combination (0, 0), (which is separately taken account of in 
the exterior &ctor u), is to he omitted : /i, /t' are each infinite, 
but fj.' -i- (i — 0. 

3dS. The values of the Jacobian functions H, 6 thua are, 
as mentioned No. 39, 
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limitB aa just mentioned. It is on account of the unsymmetrical 
condition ft -i-fi = in regard to the limits that S, 6 have a 
perfect periodicity as regards 4f, bnt only an imperfect 
periodicity as regards UK'; viz. as regards this quantity the 
functions are only periodic to an exponential factor pi^ The 
resulting expreseions of the elliptic functions are, as mentioned 
No. 123, 

denom, 

where as regards 4t£^, although the numerators and denomi- 
nator are not separately periodic, they acquire by the change 
equal factors, and thus the quotients are periodic as well in re- 
gard to idK' 83 to 4 K". 

394. We may state the general theoiy thus ; consider the 
doubly infinite product 



where m, m' hare within infinite limits every poaitire or n^ative 
integer value whatever. 

To avoid difficulties, it is assumed first that fl, CI' are in- 
commensurable, (for if they had a greatest common measure 
A the function would be an infinite power of the single product 

1 + ■ \) t A positive or negative integer; Becondttf, that 

the ratio H : 12' is imaginary, for if it were real there would he 
an infinity of factors for which mU + m'll' is indefinitely near to 
any given real value whatever. The function a + mil + m'il' 
can at moRt vanish for a single set of values of m, m' ; viz. it 
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■will do this if a = — Ml — X'll', X, X' being positive or negative 
integers; and we must in this case replace the product by 



«["! + 



a + mn + m'fl'J' 
and exclude from the product the combioation of values m = \, 
tn' = V ; but this makes no leal difTerence in the theory, and we 
need only attend to the other case, that in which «+n»Il+ni'fl' 
does not vanish for any integer values of m, m'. Thirdly, that 
the limits are such that to each given value of a + mO. + m'H' 
there corresponds an equal and opposite value ; or what is the 
same thing, regardiug m, m' as rectangular co-ordinates, then 
that the product is extended to all integer values of m, m lying 
within a closed curve having a centre at the real point given by 
the equation a +mll + J»'fl'=0, (viz. if a = —Ml — X'li', then the- 
co-ordinates of the centre are ms-X, m' = X). Say this is the 
"bounding curve," we may r^ard the Unear magnitude of this 
curve as proportional to a parameter O, in such wise that C 
being indefinitely large, each radius vector of the curve (mea- 
sured from the centre) is indefinitely large. Upon the foregoing 
Buppositions, regarding the bounding curve as given in its form 
(for instance, if it be a circle, or a square, or again a rectangle 
with its sides in a given ratio, &c.), theo as G increases and 
ultimately becomee iufinite, the product in question 



a + mn+m'Jl'J ' 
tends to and altimately attains a certain definite value; but 
this value is dependent on the form of the bounding curve. 

395. There is, however, a relation between the values c^ 
the product for different forms of the bounding curve; viz. 
this is 

n,=e-ii-*-'*-'"'n„ 

where A^, A^ denote the values of the integral 

r r dm dm' 

}} [a + mil + m'iiy 
taken for the two forms of the bounding curve respectively. 
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[" 



In particular let the bouoding curve be the rectangle 
ro = X±/i, m'^X' ±fi.', and let the product, when /*'-i-/t= O, 
be called tl,, and when ft -i- /i = <3D be called IT. ; thea if II 
be the product for an; other given form of the bounding curve, 
we have 

where B^, Bg, are cooBtants depending on the form of the 
bounding curve ; and observing that 11, has the period 2fl, or 
say II,(u4-2Xi) = ITgU, while H„ has the period 2fl', or say 
II„ (« + 2Xi') =. n.u, we obtain 

n(u+ 2n) = eiB-'"**"*" n, = e»^i''+°in«, 
n(u+2n')=«*"-'"*"'^n.= fl«-'>'<"+''inu', 

which shows that the function IIu is not perfectly, but to an 
exponential factor pr^, periodic in regard to the two quantities 
2fi and 2il' reepectively. See as to this theory my papers, 
Camb. and Dub. Math. Jour. t. iv. ISiS, pp. 257—277, and 
Liouville, t. x. 1845, pp. 385 — 420. 

Tramformation of the function E, ®. {Only rt« firti tratU' 
formation ia here considered.) Art. No. 396. 
396. The equation 



eu 



V^ 



1-. 



' 2K 



, {im-V)i7rK' 



iK 



(m-llooo). 



puttiDg thereiD -jjt ^ for u, h, and attending to the relations 
nm. 



, A'".-^, becomes 
M 



e 



S.^)V^ 



2K 



(m = 1 to oo), 



"- — m — . 

and we may hence deduce an equation of the form 
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In fact, disregarding constant factors we have 

or, what ia the same thisg, 

if nt has now all positive or negaliTe int^;er values from 
— 00 to CO : and similarly 



e« = rain^{«+2m-liK")l ; 



and if in this last equation, we write for u, u + 2s' K, ^ving 
to*' all the values from— 4(n-l) to +J(« — 1), and multiply 
the resulting expreseions ; then hy aid of a known trigonometri- 
cal formula, we see that ^(>f>^) has s value of the form in 

question. Writing u = 0, we obtain at once the value of A, 
and the equation becomes 

and similarly 

which are formuliE for the transformation of the functions 

H, e. 

396'. The theory of the transformation of the functions 
Bu, %u might be derived from the double factorial expressions 
given in Mo. 393: it is, however, somewhat di£Bcult to cany 
out the process, and I propose only to give a general idea of it. 
Disregarding a constant factor we have 



'(»•'') = 



*■ 2mJ(A + (2m' + 1) iM^'^ ' 

20 
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and writing for oonTenieiice I in place of m, becomes 

efi.xVli+^i 2 1 

-K+l.2m'+l)iK') 



'(l'^) = t 



vbere on the right-hand dde I, m' have every integer value 
whatever from — <30 to + oo : grouping these according to the 
remainder of the division 2 by 71, we separate the right-hand 
side into n factors, each of which is a 6-function with the 
original periods K, K" ; thue writing I => tnn + *'> where «' has 
any one of the values 0, 1, ...n— 1, and m has any integer 
value whatever from — so to + 00 , the factor corresponding to 
a given value of 8' is 

viz. disregardijig the constaQt divisor, the iactor iB 

.e(„ + ?^), 

and we thus have 6 [7^, x] expressed afi a constant multiple of 

the product of the n factors 8|m+ I: and in like manner 

B Y^ , XJ is a constant multiple of the product of the n factors 

niu-^ J; s' having in each case the values 0, l,2,...n— 1, 

as above. 
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Nvmerator amd DmommOor fimctiona. 
Alt. Nob. S97 and 398. 
397. The results obtubed No. 396 may he written 

into oonstant 



into oonstant factor as above, 



into constant factor as above. 
We then bave 



'H^)«(-^)- 






and 






and we thence obtain 



e-.o^(|,x).e-a=#«|^).n.[i--i|^]. 
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398. Now in tlie function, aee Ko. S55, 

multiplying the original numerator and denominator each by 
— Q,' s BO that the denominator shall for u = reduce itaelf 

to — J:.' --. —■liT-yyf' . the numerator and denominator are 
©(^a), ff (^,\). each multiplied by e"^(0,X) and divided 
by 6"u; and in like manner the numeiat(»s of J\ai(-j^,\] , 
A/ri en ( jj.,\j, -ct'^'^ f'iB''^)'*"'^ '^® common denominator 
(constant Jactor a3 just mentioned) are 

each multiplied by B" (0, X) and divided by ©"« ; viz. writing 
Sfi in place of 6(0,X) ""^ have thus liie theorem stated 
Chap. IX. No. 306. 
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CHAPTER Xlt 



399. In the present Chapter, working out the steps of the 
processes referred to. Art. Nos. 1 to 11, we show how the dif- 
ferential expression -r^ is by the suhstitations ^^ ■ - *- for m, 

and . . for a:*, reduced successively to the forma 



V ± (1 ± ma^) (1 ± »M!') ' Vl-aj*. 1-ifc'a!'' 

but for greater clearness we consider the sabstitutions under 

the forms «=^«', and x'^^i^. 
1+y o+(V 



Ss&M^Mfn to the form - 



Art. Nos. 400 to 407. 
400. We start with an expression 
Rdx 

where fi is a rational function of us, .^ a quartic function with 
real coefficients, and which is therefore the product of two 
factors t + 2ij« + 6a^, \ + 2/uc + va?, with real coefficients : the 
values of a; are real, and such that X ia positive or VX^real. 
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401. Writing X g ^,'*'^ , we have 
® 1+y 

ood the two factots of X become respectively 

^-^tC(l+s)'+&i(l+y)(p + js) + ff{;> + syn. 
p^(>-(i+yr+V(i+y)(p+2y) + ''(p+2y)1. 

BO that repTeseDtioK for a moment the fauctiona iaW^j M,N 
reapectively, the diSereotiat expression becomes 

where MN is a qoartio function of y. 

40S, To make the odd powers of y disappear in the func- 
tion MN, we write 

l:+vip + q) + dpq''0, 

X + >t (^ + j) + vpg- sa 0, 
for p, q being thus determined, then 

M. = f + 2i;p + V+ (f + 2i7j + 0f)^, 

will be functions of y* only. 

The two equations give p + q and pq rationally, but in 
order that the resulting values of p, q may be real, the -values 
ot p + q and pq must be such that {p + qf — ipj, = (jj — j)', is 
positive. 

403. If the roots of the equation XbO are not all real, 
that is, if they are either all imaginary or else two real and two 
inu^inary, we may take the equation X -f 2/u: + va?^ to have 
ita two root« imaginary, and write therefore Xv > /**. But this 
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being so^ ihe second of the two equations mp,([ written in the 
fonn 



Cp-?)'=(p + 2 + f j + ' ^ ^^ 
BO that p + q being real, {p—q)' is positive, or p and g are real. 

404. If the roots of the equation X=0 are all real, let 
their values he a, ^, 7, £ ; then ateuming 

^+2i}X + ea?=e{!B-a.){x-ff). and X+ 2/*a!+ca^»j<(a-7)(a!-8), 

the equations in p, q become 

«/S - i (a + j8) (p + y) + j>j = 0, 

7«-i(7 + «)(i' + 2)+J^ = 0; 



whence 



aff(7 + g)-7S(« + ^ 

PS- Ca + ^-7-5) • 



1 {;>-?)■ 



(«-7)(a-S)G3-T)(ff-S) 



which is positive if we take for a, ff the greatest two roots or 
the least two roots, or the two extreme roots, or the two mean 
roots ; viz. we thus have {p — q)* positive, and therefore p and 
q real. 

405. The rational function .8 is the sum of an even func- 
tion and an odd function of y : the differential expression ia 
thus divided into two parts ; that containing the odd function 
may he integrated by circular and logarithmic functions (as at 
once appears by makiug therein the substitution /y in place of 
y), and there remains for consideration only the part depending 
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OD the even function of y, or, what ia the same thing, we may 
take if to be an even function of y, that is, a rational functioQ 
ofai*. 

406. [It may he remarked that in the case where the 
function X has four real factors, say that the vaJue is 

Z=(a!-«)(«-j8)(«-7)(a!-^, then writitg J^=^^. or, 
what is the same thing, x = -^j — —K- , we have 

where denominator is =1 — y*; also dx'=i(a—ff}ydi/ +{1—^*, 
and we thence find 



Jx-a.»-fi.w-y.x-B ,/a-7-{/9-7)/.a-S-{j8-«)y", 

where the ladical on the right-hand is in the required form ; 

but in the case where the ezpres^on is -r^ , we have thus in 

place of jS a function of y*, so that no part of the intend is 
directly reducible to circular or logarithmic functions, and the 
form of the result would appear to he more complicated than 
if we had begun by the linear suhatitution upon x.] 

407' Bestoring x in place of y, the conclusion ia that the 
ori^nal differential expression may be replaced by one of the 
form 

£dx 
■JMN' 
where if is a rational function of x*, and M and N are each 
of them a real function of the form A + B^ •. 

* The sbore w tbe inveatigfttion giTSD in L^esdre's Cbap. n., and the tesolt 
is aa stated : bnt Legends in hlB toUowing Chap. in. □nlj' aaBoiuee that the radioal 
ifl redooed to the fomi ^a+^ + y^, and he oonaiders (as hia first cms) that in 
which the e^oatioti a + fia^ + yx'^O giTea imoginuy valnea ol x*. that is where 
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The fuQCtioD MN may have the sever^ fonnB 

±(i±»a?)(i±"^). 

vhere m and n are positive ; but we may assume that the signs 
are not such as to make the function = — (1 + ma?) (1 + na^) ; 
in fact X assumed to be positive for at least some real value of 
the original x, cannot be by a real substitution transformed into 
an essentially negative function. 



Reduc^n to the standard form 



Art. Noa. 408 to 412. 
408. B«taining for convenience MN to signify 
± (1 ± m^O {1 ± ju^), 

we have to show that , can by the substitution a? = ^ 

WMN c + df 

be transformed into - ,_ - " — , where S is a rational 
^l-y'.l-F/' 

function of ^, and V is positive and < 1 : and since by the 

substitution in question R \a changed into a rational function 

of y*, the theorem will it is clear hold good if only we have 

\dx dy 



•^MN Vl-j/'.l-iKy' 

where X is a eonstant. On account of the definite form 
of the expression on the right-hand side, it is rather more 

a-^p^+Y^ia of the form X* + 2X;iz*eos0+;iV, a due whioh he farther oon- 
siders in Oh^>. Xi. The iitea moue to be, that Binse is the ease is question 

there are no odd poware of x, the tranaformatioii *= jv" of.Chap. n. is nn- 



; if, however, we da make this siibetitntion, we obtain imder the 
radical a^ a new qnartie function without odd poven : the BabBtitntion is 

found to be X b-^ — " •/ - (mantioiied ia Chap, n.), and the radical is thereby 
reduced to the foim '"^[l+f'^)')-*^/), which is the fonrth ease of Chap. ui. 
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convenient, writing the relation between a?, ^ m the fonn 

V = -j — , -r- , to tranflform this into the form — r- ^ on the 
* 0— oar vMN 

left-hand side. The hut-mentioned equation gives 
, (be — ad) xdtB 






and we thence have - 



J.^- 



Vi-y-.i-iy 

(6c — ad} xdx 



^b-da^.-a + <xi^.b + a-{d + c)a?.b + k'a~(d + i?c)x'' 

Here in the denominator one of the four factors must reduce 
itself to a constant, and another of them to a multiple of x*, in 

order that the second side may be of the required form -j^^. 



409. For instance, if J + a = 0, d + k*c = 0, that is, 6 = 



4" = — ", then the relation between y^, a;' is y* = ° ■ y -^ , and 



the differential formula, after some easy reductions, 

71 



V o a 

or writing for greater convenience a=l, then we have 
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1 — cse* 

y* = = — -T3 ) leading to the differential formula 



where Jf?= — ; this imphes c poBitive, d n^ative and in 

absolute mi^nitude less than c ; and we have thus a formula 
apphcable to the case MN = (1 — *na^) {1 — naf) ; viz. assuming 
in>n, we may write c = m, d = — n, and the relation then ia 

7*= ^ r, or, what is the same thincr, a^ = *^, eivinfir 

^ 1—nar' " m — n^'^ * 

\ dy dm 



where i? = — . A more simple formula giving this same rela- 
tion is a^ = «^. 

410. We thus ohtain transformations applicable to the 
several forms of MN, viz. numbering the cases as in Legendre's 
Chap, m, but for the reason appearing in the foot-note p. 312, 
omitting his first case, we have 

2°. MN= {l + ma:*)(l-iM!^, a<~, 

3". JCV=-(H-ma:')(l-BiO, »>-, 

A>-. MN= {l+»w*)(H-na^, m>n, 

5°, MN=i (l-m«*)(l-fla!^, m>n, x from to -jL, or 

vm 



6'. MN=-{l~7iuf)(l-»«f), m>n, « from -7= to 4= ; 
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and writing for Bhortness r= 1 -y* . 1 - W the fonnuliB are 

,. w " ^ 1 Ji ± *L 

'■ "^-STS" "^ n(l-srt' V»f -Tn-IY' 

'■ '^"m' "' ■JMN ■Jm-IY 

''■ '^~ n ' )»-(n»-)>)j("' VJW ■J^k'lY' 

411. It is to be added that if in the expression -^ we have 

y>j.in which case writing F- (y"- 1) (f/-!) the radical 

is Btill real, then assuming y = -^ , we have -^ = - -^ where 

Z= (1 -s^ (1 -**2*)> and as y passes from ^ to « , « passes 
from 1 to 0. Hence, replacing y or s by the original letter x. 
the conclusion is that in every case the differential expression 

can by a real substitution -rrmj "^ 

/±(l±W){l±ni") ''+-"^ 

place of a:* bo reduced to the form 



V(i-»")(i-iV)' 

where the variable x extends between the limits and 1. 
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Further investigatuma. Art Nos. 412 to 417. 

412. Beverting to tlie investigation. Art. Nos. 400 — 407, 
but abandoning the condition tbat the transformation ahaU be 
real, it ie clear that we can by such a transformation reduce the 
differential expression to the form 

Rdx 



Vl-a^.I-fc";c*' 



where, however, A" is not of necessity real, or if real and positive 
not of necessity less than 1 : it is interesting to inquire further 
into this question, and to show how the modulus k of this in 
general abnormal form is determined. The process in fact 

was by a substitution , - - in place of x, or say by a linear 

transformation performed upon x, to transform the quartic 
function X into a quartic function Y containing only the even 
powers of the variable ; the solution of this problem depends 
on a cubic equation which is solved rationally when we know 
any decomposition of the function X, F into quadric factors ; 
and it was in order to have such rational solution of the cubic 
equation, and with a view to obtain real transformations that 
we commenced by assuming the function X to be decom- 
posed into factors of the form (f + Sija: + 5x*) (X + Zftx + v^ or 
5(ai— a) (a!-j8)~(aj — 7)(iB — S). But analytically it is more 
elegant to deal with the undecomposed quartic function, as 
was done by me in a paper in the Camh. and Dub. Math. 
Journal, t. i. (1846), pp. 70 — 73, and I here reproduce the 
investigation. 

413. Let the two quartic functions 

P = {a, b. 0, d. e){x,y)\ 
P={a',h'.c',d:,e'){x',i/y, 

be linear transformations one of the other, say the second is 
derived from the first by the substitution 

x,j/ = \ai + n^, \x + /ty. 
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Then writmg m > A/i^ - X^ for the detenmuant d Bubatitntion, 
we have 

xdy—ydx m{x'd^-y'dx') 

or writmg « ~ - . **' = j . 

and thereforo 

xdy — ydx du sidy — y'dx _ du 

where U = {a, h, c, d, e) (I, u )*, 

U'={a'.b',c'.ce.e')0.,uj, 
the differential equfttion becomes 

dtt du' 



The functions j^ P ' are obtained the one Crom the other by 
the foregoing linear substitution ; viz. if I, J are the invariants 
of P, viz. 

J=cKe-ad*~b*e + 2hcd - c*. 

and by /', J" the correspondiag invariants of P' ; then we have 
between the coefficienta of the functions and the coefBcientB of 
transformation the relations 

J' = m*/, J''=m*J, whence jTi = -p . 

414. Supposing now 

U' = a'(l+pu*){l + qu'^. 
or 6' = 0, d'^0, 6c' = a'{p + g), e' = a'pq, 
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we have ■'^' = A**" Ci*' + J* + 1^). 

J'-ih''''(.p + 1) ISipq -j>' - s^ ; 

„d thenoe (r + 8)-(3^-f--g-)- , j^^ 

or, as this may also be written, 

lOSp<!(p-gY ,_27J2 

which determines the relation between p and q. Also 

so that the differential equation is 

da _^ / p* + g* + l^ y du' 

VD""V 12/ / ^1+^". l + gtt'** 

415. If in particular p^ — l, then writing also — j '^ place 
of q, this is 

du fg* + 14o + ly dw' 



y i. 12/ ^ 



Vl-u'-.l-ju"' 
where y is determined by the equation 





i^+liq 


^- 


.1- 


27J' 


Writing 


for shortness 










1- 


27J' 


27 
'IS 





the equation in q becomes 

(s'+llj + l)'-16Jtt((5-l)' = 0, 
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or, as this ma; be written, 

(j + l + llV-16Jlf(3i-}-i)' = 0; 



detenniaes ff, and tlien 



416. Suppose q = eL ia one of the values of ;, the equation 
becomes 

(•f+ltg+iy (J + lfa + l/ 
3(1-1}' ~ .(.-I)' 



- ^03-- ir ■'— ^- 



Now if J " [ fXfl) ' *'^®° 



.■111,11- "'^+"' ^ + '' , ,_ -8a(l+ ^ 
which satisfy the equation : hence ajso identically 
(^,,^ + l)._,(5-l,<i^»^ 

or the values of q take the form 

(Compare Abel, (Euvres, 1. 1. p. 310); viz. when by a linear 
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subBtitution performed on the rari&ble u, we reduce the ex> 

du 
pression - 



VI — w''. 1 — qu* 
the squared modulus q of the resulting form is determiued by 
a sextic equation depending upon -^, the absolute invariant 

of the original qiiartic function U, and such that its several 
roota can be expressed in terms of any one of them in the 
manner just appearing. 

417. Jacobi, in the Fund. Nova, pp. 6 — 17, treats the ques- 
tion of reduction in a somewhat different manner, giving it as an 
illustration of his general theory of transformation, explained 
ante, Chap. TIL He proposes to transform the expression 

V±(y-a)(y-^j(y-7)(y-fi)' 

into the form — . , 

M-Jl-x'.l-k'x* 

X. V i-1..- a + a'a; + aV 
by a substitution y = i ■■-■ ,, ttt-s- 

+ OX + O X 

Writing for shortness JJ, V for the numerator and denomi- 
nator of this fraction respectively, it follows from the general 
theory that there will be such a transformation if only 

K,m,n being constants ; and he is thence led to assume 

r-aF=:^(l-a:)(l-M. 

U-fV=C{l-\-mx)\ 

U-ZV=D{\-\-nx)\ 
where A, B, C, D are constants, one of which may be assumed 
at pleasure. Having found C-i-D equal to a fraction, he 
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Bflaumes C and O equal to the numerator and denominator of 
tbia fraction reBpectiTely, viz. 

C=^a~y.ff-y, D = >/a-S.fi-S; 
and he then further finds 



-^=-^';-r^V'-y-^-g-N/ ''-^-/^-y l. 







3f- i{>-7.j8-S - t/a-S.fi-y]\ 
which completes the Bystem of values. 

Moreover, m = — n = Jk, and consequently the expression of 
jf in teims of x m&y be written 

y-T ^ JaL-y-ff-y / I + gyg y 

The results, adapted to give real transformations, and for the dif- 
ferent limits of the integrals, are given in the tables L, II., m., iv., 

pp. 12 to ir. 

418. It is somewhat remarkahle that Jacobi fails to re- 
mark, as coming under his form y = , , ., Tn-it the before- 

-t 0X+ b ^ 

mentioned transformation y=- -. i^ ' jT t which in feet reduces 
the expression 



Jy^a.y~^.y-y.y-i 
Ux 

dx 



"jtfVl-ajM-A**" 



tuid this is the more singular, 
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that the traosfonoation at which he arrives may be separated 

into the two traosformatioDa ^ — > = «', that ia w = % ;- , which 

y — 6 ' 1 — z' 

is a transformation of the form in queBtion, and the farther 

linear transformation e = m[ =), which is unnecesBary, 

\1 - a:\k' 
in so far aa the quartic function of e is already a function 
without odd powers, at once reducible to the standard form 
1 — «* . 1 — A^z*. At the conclusion of his investigation Jacobi 

remarks that the inverse substitution a;=-i — . . ,„^ leads 

also to veiy el^ant results, I have not investigated the 
formulie. 

It may be added that, applying the transformation 
o + a'x + g''a^ 

to a differential expression ■ _ — ~ of the standard 

V 1 — ar. 1 — lc3? 
form, so as to obtain a new expression of the like form with a 
different modulus, there are in all eighteen such transforma- 
tions, viz., six wherein ttie equation of transformation is of the 
form 

o + a'V 

four where it is of the form 



and eight where it is of the form 

o + a'fl! + o'V 



See as to this Abel's letter to Legendre (1828), (Fuvres, t. ii. 
p. 256. 



21—2 
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CHAPTER XIII. 



QXJADEIC TEANSFOBMATION OF THE ELLIPTIC INTEGRALS Of 
THE FIRST .AND SECOND KIND : THE ARITaMEriCO-aEO- 
KEn^BICAL MEAN. 

419. Whitino for greater coDTeoieDce 0, in place of 0, and 

%, in place of X, it has already been shown, ante No. 243, that if 

1— >f 
ifcj=ip— TT and £, 8in0, = Hin(20 — 0J, then 

or what is the same thin& F(k, 0) = i(l + k^ F{k^, 0,). 

But there is aa regards this transformation a peculiar oon- 
venience in adopting, instead of the standard form of radical 
VI - i" sin' 0, a new form Va' cos' ^ + 6' sin' (where a in 
taken to be >&) ; and I write in the present Chapter 



F{aM)-l:f^ 



J Va' cos" + 6" sin' 
.B(o, b, 0) =/{i0Va*cos'0 + i*Bin*0, 
where the integrals are taken from zero. 
Obviously 



Va' 008*0 + ^810'^ = \'a' — (a' - fc'j sin' 0, = aVl -A'sin'^ 

if if =1 — 5 (whence also i' — -|: and the two functions are 
thus = a^F(]e, 0) and a£(i, 0) respectively. 
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Geometrioal Inveet^ation of the formtdcs of Tran$formaHon. 
Art. Nos. 420 to 423. 

420. I reproduce the original geometrical inrestigatioa of 
Landen's transformation in the nev notation, as follows : 

Taking in the figure P a point on the circle, the centre, 
Q any otheV point on the diameter AB, 

QA = a, Q\=h, LAQP=^^. LABP = 4>, ^ 

and therefore LAOP-^ 20, 




we write 
we hare then 

, C^8in0,= o, sin 20, 
QV COB 0j = c, 4- a, COB 20 ; 
and Q^, = c/ + 2c,<i, cos 20 4- a,*, 
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■• o* cot? ^ + 6* sin* ^ ; 

that 18, am^t = - , , j . . „ ■ ,"; : 

. c, + a, cos 2^ 

C08 A, — , ' ^ ~ — -■ ; 

Vo" cob" + 1 8U) ^ 

and thence 

• " * ^"^ a'cos 9 + piQ 9 
421. We hence find 



^/o* cos' ^ + i* SIB ^ 

/oi j\ aco8'0 + 6sin*^ 

cos (2A - A,l = ^ — — ..T_ J 

^ ^ ^" Va' COB* ^ + 6' sin"* 

and then further 

COB (2.^ - ^J - — Vo,'c08*^ + 6,'8in'+. 

ConsideriDg the point P' consecutive to P, we have 
PO^?*! = PP" sin P'PQ. = 2a,(;^ cos (2.^ - <f>,) ; 
■viz. Buhstituting for PQ its value, we have 



Zd<l> Va,' cos" + i,' sin' ^ = \/a* coe" ^ + 6* sin' ^ t^, ; 
that is, 



Vo" cos" <ft + b' sin' ^ Vo,' cos' 0, + b' sin' 0, ' 
the required differential relation : and by integration 
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422. Moreover 

. , , 4ra,* sin* A cos' A 
■^ ' a cor 9 + * Bin 9 

Write for a moment 

X = a* CO8' ^ + b' sin' ^, 
then X-fl^™ {6'-a')Bm'^ 

X-6'={a"-J')co8'0, 
(X-cf) (X-b*) =- *(a-b)*a* Ban*4,C0!ftf>; 
and therefore 

(Z-o*) (X-i*) + X{a-6)'8iBV. =0. that is 
X* + X [- (a' + J*) (Bin" ^. + cos" ^,) + (o - J)' Bin' ^ J + o'f - 0, 
or, Tvhat ia tha same thing, 

(X- [i (a' + 6") cos' ^, + 06 alo' ^J)' 
= i (o' + ft')' cos' 0, + (a* + 6*) aJ COB* ^j Bin" ^, + (W sin' ^, 
— a'5* cob' ^, — 2a'6* co^ ^, sin* ^, — o'fe' sin* ^, 
= J (t^ - 6^* 00s* ^, + fflS (a — J)' C06* ^, sin* ^^ 
= 4c,* cos' ^, (o,* cob' ^, + J,* sin' ^J ; 
viz. restoring for X its valae, we have 
o^cos'^+fain'^ 
= J(a* + J*) cos* ^( + 06 Bin' ^, + 2c, cob ^, v'o,'co8'0,+&,'ain*0, 



■= 2 {a*cotf <j>^+ b' aui'0,) — i,'+ 2c, cos ^,Va,"coe^ 0,+ fr,*ain'^,, 
which is another form of the int^ral equation, 
423. Write this in the form 



(o' cos* + 6* sin' ip) h- Vo," cos' 0, + 6,' sin' <f), = 

i Wo,' cos' 0, + Vein' 0. - , ^ > ?^'\ . ■ . + g^ cos A,l 
I Vo,' cos' 0, + 6,'Bin'0, 'i 



DigtizedoyGOOglf 



328 QUADRIC TaASSrOBMATION [uu. 

then combining with 

2J» 44>, 

»/a' cos' + 6' sin' ^ Va,* cos' 0, + i,' sin' 0, ' 
we have 



d<p */t^ coa' + 6' sin' ^ = 

(^i lVo,'coa'0, + 6'sin'0, - - — ■■.-r-i-v. _ +c,co8d,l 

^ V a, cos' 0, + Dj sin"0, J 

and thence hy integration 

£ (a, 6. 0) = £ (a„ i„ 0,) - i J,* J" (a„ 5„ 0) + c, Bin 0, , 
and ante. No. 421, we have 

which are the required tranefonnation equations eoiresponding 
to the relation 



8in0, = 



q. sin 20 



Vtt' cos? + 1* Bin* 



SedwHon to Staoidard Form of Radical 
Art. Noa. 424 to 425. 
424. The two angles correspond to each other as follows, 
= 0, 01 ^ 0, 

♦ = t<u»"'^, 0,-iir, 

= Jir, 0j = ir, 

viz. passing from to Jjr, 0, passes from to ir ; and for 
= Jir the functions of 0, are consequently the doubles of the 
complete functions ; we thus obtain 

E(a, b) = 2F(a„ h,)-h*Fia, h), 
F{a. J)= F{a„ J,), 
where E{a, h), &c., denote the complete functions. 
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assuDUBg also i,* = 1 — -,, we have 

*,-,_.(«. ».)-(i+s7.-(rfi7' 

1 — jfc' 
that 18 fc = c— ,; aa before, and the formulie become 



or, what ia tbe same thing, 

£{i, *)-l(l + i-)«(i.. «-~F(i-„ «+i(l-f)sm*., 

where 

but it 13 conTeuient, in the first instaitce at any rate, to retain 
the formulie ia their original form. 

Continued Bepetition of the Trana/ormation. 
Arts. Nos. 426 to 429. 

426. In the same manner as a^, i,, c, were derired &om 
a, h, we may from a^, h^ derive a,, h^, e,, and bo on inde- 
finitely: viz. 

a, = 4(0, + J.), 6, = ^^, c, = lC".-fr,). 
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it is eaej to see that, as n increases, a, and 6. will approach 
(and that very rapidly) one and the same determinate limit, 
which from the mode of obtaining it from the two original 
quantities {o, b), is said to be the " arithmetico^eometrical 
mean" of these quantities, and is represented by M(a, b) : and 
of course c, will rapidly approach the limiting value zero. 

But for o, = ft, we have 

■f («».*.. ^) =».''+• ^C«.. ^»-^) = o.^; 
and ID particular 

427. Considering first the complete function F (a, b), 
we have 

F{a, b)=F{a^. 6,) ... = Fia,, ftj =iir-~ Jf (a, 6), 

viz. the complete function is given as ^ir into the reciprocal 
of the arithmetico-geometrical mean of a, b. 

428. Considering next the incomplete function F {a, b, <l>), 
the equations 

. . a. sin 26 . , a. sin 26 . 

sin 9, — ' ■ , sm 9, = ' - . — — , &c 

va' cos" ^ + 6' sin" Va, sin*^, + b* sin' ^, 

show without difficulty that as n increases, 0_ continually 
approaches a value, ^ 2" into a determinate magnitude, say 
M {a, 6, ^) : in fact n being large and therefore a,^, J_.,, o, 
approximately equal, we have very nearly ein ^, = sin 20^, , 
that is ^, = 2^^, : the limit in question M (a, b, ^) is of course 
to be calculated from a, b, ^ by means of the equation itself 
0, = 2" J/ (a, b, tf>) : and it is to be remarked that for <f>= Jtt, 
the value of ^, is = 2" . {tt, bo that if (a, J, J ir) = Jw. 

The equations f(o, b, 0) = i^(o,, 6,,^,) =... then give 

M{a. b, if>) 
" M{a,b) ' 



Dig lizedoy Google 



Xm.] OF THE ELLIPTIC mTBBRALB. S31 

Or if we choose to combine this with 

then 



429. Coosidering next the ^-fonaula, this may be written 

iE(a, b. i.) - a'F{a, h. ^)] = {E(a,. b„ 0j -a.'^(a., b,. ^J] 

+ F{a^,b^i ^,)(fflj*-Jo*-i5i*)+c,Bin^„ 

where in the second line the coefficient of J'(a,,&,, ^J is 
— i (o*— J*), = - o,c,, or the equation is 

[E(a, b, 4,)-a*F(a, b, ^)] « [E{a^, 6„ ^J -a,'F(a^, b„ ^J] 

-o,c,F{o,, J„ ^,) + c,Bin0,. 

And hence obseiring that as n increases 

continual!; approaches to zero, we obtain 
E(fl, b,^)~a*F(a,b,^)=—{2a^c^ + iaji, + 8a,c,...}F{a,b,<j>) 
+ c, ain ^, + c, sin ^, + f, sin ^, + . . . 
Or substituting for F (a, b, 0] its value 

+ {c, ain ^j + c, sin 0, + c, sin ^, + . . .), 
and in particular if ^ = ^ tt , then ^, = ir, ^, => 2v, &c., 

as before, and the equation becomes 

E(a, h) = |a*- 2o,o,-4(i,c, - ...) Jir-s- JtfCo, J). 
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Seduction to Btajidard Form of BadicaL 
Art. Nos. 430 to 431. 

430. Introducing the modulus k, viz. writing ( = aJe\ and 
ultimate!/ a = 1, the formula for F (a, b) becomes 

viz. the complete function is given as = Jtt into the ret^procal 
of the arithmetioo-geometrical mean of 1 and the comj^e- 
mentaiy modulua 

Gauss has {^ven the f<:»inula 

1 -ii'Vi''-3'^.+ 

WritiBg this under the form 

ff(rrtT;T^) = ^ +!■'■'+ ?^ *■'■" - 

we at once connect it with the formula last obtained : viz. the 
right-hand side is 

2 2 1 1 

'i^'^'*''^^l+^-^'*°(l + &JJf(l,fc')* 

Or the equation is 
which is obviously true, since in general 

jf(<.,6)-ejf(|, I). 

The formula for F {a, b, ^) gives in like manner 
which is a formula for the numerical calculation of the function 
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431. Proceeding next to the iiiDCtion E, we have 



£Cir.^) = |l 



a' ~^ "■) M{1. k') 



\a ^' a ^* a ^* J 
Hence forming the equations 

°A'-iif, ^•-i*„ ^-1*,... 

'U ^t -I - ^ 
a'l + k,' a~T+W,' 

c, _ ^, o, _ 1 a, 1 p 

»,"!+*,' s;~m,' o"n-/t,' 

the equation becomes 



: obaerviDg that 


+y" 


'"»'''(i+t.)(i+*,)(i+y '^■ 

+ &0.. 


i'-.,=4'*°' 


is 


1 

l+i, 




1 t, 




1 


_iVF, 


1+*, 2V/t,' " 


l+i,l + t. 


*A' 


1 i. 


r 


1 


IVtA 


1+*. 2v'i;' " 


ti,.l + J,.l+i, 


8V4, ■ 



the last line may be written 

+ k {iVfc, sin 0, + J v'fc,&, sin ^, + J ^/kjcje^ sin ^, + . . .}. 
In particalar, if ^ = Jir , the equation becomes 

EJt=[l-i!i*(l + ^K + ik,k^+ik,kJc^ )]l-7r~-M(l,k-); 

or if we please, 

£Jc = {l-^k\l +ik^+ lk,k^ + lk,kjc,+ ...)] FJe. 
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Applica^im to Integraia of the third kind. 
Art. No. 432. 

432. The transformation is applicable to elliptic integrals 
of the third kiad, but the reeults are not of any particular 
intereet. Writing down the equations 



Vo* cos? + A' sin' Va/cos* ^, + 6,' sin' ^, 

- a*coa*^ + y ein*^ 

(o*co^^ +6*flin'^}(cos'^ + 8in*^) + 4»,iij'8in'0co8'^ 



1 + n, Bin' 0, ' 
the expression on the left-hand of thia last equation is 

_ A BX 

aco»'tp + bX sin'^ aX coa* ijt + b an* ^' 
where 
o* COS* + 6* sin* 0+ (a* + ft' + 4?i,a,') sin* cos' 

= (aco8'0t i-X' sill* 0).(ocos'0+-y sin* 0] ; 
that is 

Jr+2 = ^(a* + 6*+4f.,a,') 

= p{o,'+c,*+2n,a,»); 
whence 

(X - 1)' = ^, [(a* + c* + 2nfl^* - h*} 
16a,' 



~-vr 



(1 + n.) (c,' + «,«,») ; 
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that is X= ri {a* + c* + 2n,tt/ + 2a, ^(1 + «J (c,' + n,a^% 
-y = J, {a* + c/ + 2«.a.* - 2o, ^(1 + nj (c,' + n.a,")! ; 



CaZ-?)X 



and we hare 
i(aX-b) X 



(q-£X)X 



X*— 1 acos'^+^Xain'^ X' — 1 aXcos'^+fiain'^) 



Va' cos' + 6" sin' ^ 



(1 + n, sin' ^,) Vo,' cos" ^, + &,* an' ^, ' 
whence, integrating, the function 

r g._ 

J (1 + n, Bin* ^^ Vo^* cos' ^, + h* sin' ^, 

is expressed as the sum of the two elliptic iategr^s of the 
third kind having a common modulus but different parameters. 

Numerical instance for complete Functions £,, F^, and 
for am incomplete F. Art No. 433. 

433. As a numerical instance take (as in Legendre's 
example, t. L p. 91), 



a=l, J-i^/2 + V3*co8 75' (whence ft = sin75'^, tan0 = v 
we have 



(0) 


1-000,0000 


0-866,8190 




0^9e6,926B 


0^168,81M 


47» 8' 81" 


(1) 


O'69»,40S6 


0-60e,T4SS 


■870.6905 


0-688.7908 


0-806,2866 


ea«86' 8" 


(2), 


0-S69,0761 


0-666,8688 


■060,8884 


0106,0300 


0-994,8636 


119« 66' 48" 


(8) 


0-6fl7,4724 


0-6CT.4701 


■001,6087 


0002.8260 


0-099,9969 


240" 0" 0" 


(4) 


0-667,1713 


0-667,4713 


■000,0011 


0-000,0030 


0-999,9999 


480" 0' 0" 
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first aa to the complete functions we have 

P =3.1 =2-768,064. 
' 2 o, 



K'-D- 



+ 4o,c, 
+ 80.C, 



233,2532 



003,6402 
■000.0031 



agreeingwith Legendre's values ^,= 2 768.0631, E,= 1076,4031, 
and thence ^fl- j/\~ ■305,5671. 



Also, we have- J'(A;,0) = gi-.^,, or since -j ^^= SC - Jw, 

this is J'(A,^)=riJ',=0-9226877: it is in fact eaaly verified 
that the aesumed value of ^ ia such as to give exactly 

The notion of the arithmetico-geotaetrical mean was esta- 
blished by Gauas in the memoir " Determinatio Attractionis 
&c." Comm. Gott. Rec t. it. (1818), but his later researches in 
relation to the subject were not published until after his death, 
Werke, t. IV. pp. 301 — 403 ; a table is given p. 403, of the values 
of the arithmetico-gcometrical mean M (I, sin 0) and of its 
logarithm, ^= 0° to 90" at intervals of 30'. 
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CHAPTER XIV. 

THE OBHEEiL DIFPEBENTIAL EQUATION -t-= "t^- 

Jntegrati&n of the differeniiaX equation. 
Art. Nos. 434! to 436. 
434. In the present Chapter, writing 

X'=a + bx + ea? + da? + ex*, 

I consider the differential equation 

JX JY 
436. A direct process for finding the algehraical intend 
as follows was given by Lagrange. 

Assume '^~'f^i and therefore ■^ = — JY; 



2^ = i + 2cj + 3(V + 4cy'; 
,nd if p = x + y, q^x—y, then 
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vhich is integrable as it stands and gives 

or substituting for q, -? and p their values 

V tc-y I 
which is the general integral, G being the oonstaot of integra- 
tion. 

4>36. To further develope this result observe tliat ve have 

(7 (« - y)' + d (a^ - ai'y - a:y + y») + e (ai* - 2ay + y), 
that is 

or say 

a+l&(a;+y) + ic(iE*+y^-JC(a;-y)' + iciry(a + y) + «aY*: 
whence squaring and transposing 

- (a -(■ 6a: + ca? + das' + M*) (a + 6y + cy + dy + ey*) = : 

* Write a:=Bi]i#, y-sluf, (a,-&, e,d,<!)=(l, 0, -< 1 - A;*, 0, fc*], Ui« eqiutum 
beeotneB 

ooB ^ 001 ^&^^= 1 - i([ -f t'KsinV + lin V) - i<?{Bin ^ - Bin V)* + <f mnV sinV ; 
and to intiodaoe ^ insteftd of (7 ire miut write 

«>fl/ii/i=I-i<l + i»)iiiiV-iOMii'ft 
that is iOaiiiV"l-i(l+*')Bla'/i-«»M/»- 

The afoktion thiu is ^ 

1 ~ Itl + fe^ (BinV + sinV) + i;' BinV un'f - oo« ^ oos f ^i^ ^ 

- ^— ^j^y '^** {I-i(I+f)BiDV-oo»MM; 
this is of oonne a form of the addition equation, and ooold be verified as nioh 
b; sabatituUse for cob /i, eiu /i, A/i their TaJaes in terms of 0, ^ : bnt the fom 
is not a oonvenient one. 
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viz. thisia 




jc («-?)•. 




-0(.-rt'l»+lJC»-( 


■y)+4«(i^+jO+J4^(«+y)+<=yi, 


+<.'.I 


-1 =0. 


+ ab,a + j/ 


— y .0, 


+ a<!.i»"+y" 


-a'-j' =0. 


+ <i<J.xy(«+j) 


-;«■-/ —(«-»)•(«+»). 


+ M.2i>y' 


-.'-J- _-(«-j,).{«+j,)', 


+s'-l(«+ri' 


-^ ■=+}(«-»)■• 


+fa.i{«+y) (">■+/) 


-^y-=y .+i(«-y)-(«+y), 


+ M.l«y (« + »)■ 


-a2,'-a?y ii^(«-y)". 


+ 6«V^(a;+j) 


-ly'-rfj, =-.3,(.-j)'(.+,), 


+ ,?.H»' + Jfl' 


-«■?■ =+l(«-y)"(«+y)'. 


+crf. 4^5.(1+,) (;r-+y)-«y-«?j'.+i("-y)*»y («+»). 


+ ».«'j^(a? + 3fl 


-«y-^y=o. 


+i'.i.y (.+,)■ 


-;^y- - + l(«-y)-^, 


+ <;e.a^y- (:>+.,) 


-^-»?j< -0, 


+«".«'s' 


-al-y" -0, -0; 


viz. the whole equation 


dividee by (« -y)'. OEaitting this factor 


it is 




jc {•-»)• 




-0(a + i{(« + y)' 


+ i« («? + y-) + Jdty (a; + y) + mV 1, 


-ai(.+y) 




-«(«+»)■ 




+ 1J' 




+ JSe(« + y) 




-ibd^ 




-feis(« + j) 




+ K(«+y)' 




+ iei»j,(«+y) 




+ K"'J' 


-0, 
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or nhat is the same thing, it is 

( - Ca +16* ) 

+ C« + y) ( -iCJ- ad + ^bc ) 

+ (.^+!f') ( iC-^Cc- ae +lo') 

+ ay (-40* -2ae-iW + K) 

+ <cyix+y)i -4ta - be +ic<f) 

+ay ( - Ce +K) =0. 

This may be written 

(a + 2ha; + ga;^ 

+ y'Cg+2fe+caO-0, 
where the several coefficients have the values 
a a l^-iaC, 
b = -2o«!-4W + ic"-itr, 
c= d^-4eC, 
f- cd-26«-Ca, 

h= 4c-2ttd-CT. - 
The result shows that the complete integral of the differen- 
tial equation Is an equation u=^0, where tt is a symmetnc 
quadriqtiadric function of (a;, y) ; that is, a symmetric function, 
quadric in regard to each variable separately. 

Further development of the theory. Art. Nob. 437 to 44'6, 
437. This may be verified almost instantaneously: starting 
from 

M= (a+ahaj + ga:^, 

+ 2y(h + 2ba;+ £e^, 
-f-y (g + 2£t + ca0 =0. 
we may write 

u^A+2By+Ci^^A'+2ffx+G'a? = 0. 
A, B, C being given quadric functions of x, and A, B, C 
the same quadric functions of y. 
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Then differentiating 

But 
du 



T HOy + B) -%JIf-AC, 

since tt =« gives ( (V + B)' =^ - ^ C, 

^ = 2{Cx + B')-27-B'-^'0', 

„ (0'ai + B')'.B--^'C", 
and the differential equation thus is 

,,^ - + , ''■' -0. 

This will coincide with 

*" 4- i'J'- =0 

if only the quadric functions A, B, G are determined so that 
B'-AG=eX{yfhKh of course implies S^-A'C' = 6Y). We 
hare in all six disposable quantities a, b, c, f, g, h, that is five 
ratios ; and the equation in question 

(h + 2ba; + Er")' - (a + 2ha; + garO (g + 2fa; + oa^ = ex, 
establishes four relations between the five ratios, and thus 
leaves one indeterminate ratio serving as a constant of integra- 
tion : we in fact satisfy the equations by means of the before- 
mentioned values of a, b, c, f, g, h, which contain the arbitrary 
constant C; viz. we then have 

(h + 2baf -H fa?)* - (a + 2ha; + go?) (g + 2£c + ca^) 

=-4lad}+b*e~hcd + {-iae + hd + {C--ey] C]X. 
As a partial verification, observe that the equation 

~ = — or eh' — af ' = g («a — oc), = (c6* — ad*) g, 

is satisfied identically. 
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438. B^jard u aa a fimctioa ot C; -we have 



[xir. 



u= 6» +2(7 -2a 

+ (26c-4ad) C« + y) - b (a+y) 

+ (c'-4a«){fl!'+y^ -c(a? + y^ 

+ (-8<M-2W+2c*)fl!y 

+ {2cd-44fl)ayCa! + y) -dayC« + y) 

+ (P a^y* -2«a?y* 

Bay this is 

um\ + 2/iC+vG*; 
then we have 

ti'~-Kv = W... + 4^*'/, -4Xr: 
viz. calculating /**— Xv, it will be found to have this value. 

439. Now starting wiUi the equation u = 0, and treating 
it aa before, except that we now regard (7 aa a variable ; that is, 
forming, and then reducing, the equation 






*>'<>■ 



we obtain 

ycFdoj + yiicXdy + VZFrfC = 0, 
or, what is the same thing, 

where ff-oii"+J"e-Jc4+0(-lM+M+(0-i!)'l, 
a cubic fuDCtioD of 0. 

440. Write 
<7 = j(!-2«.; 
then 

ffl = (Hr + 6'a-&c(? + {-4oe + M+(ic+2iB)*l(fc-2«) 

= - 8ft)* + (8(M! - 2M + I (^ IB 

+ (- 8ace + iK? + i'e- JW + Ao^. 
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Bat the invarianta of a + bx+c!^ + da^ + ex* are ' 
■'■=T}i(12oe-3W + 0, 

whence 

iff = -8 («'-/« + 27), 
*/^=2»V2y»'-/w + 2/, =2ijija, guppose, 
dC=~2do>; 
or the differential equation ia 

viz. writing for C its value |c — %», the corresponding integral 
equation is 

»-X+ 2^ (|c- 2(») + V (Jc- Sffl.)*, 
= X + 1(^ + JcV + 2ft) (- 2/i - 1 cv) + »• . iv, = ; 
or substituting for X, /t, v their values and reducing, ihSs is 



l!^-fao +2«» 

+ (JJc-4ad)(ar + y) 

+ (- Sofi - 2i J + V* O ajy 
+ (fc<i-46e)ay(«r + y) 
+ Ctf-f«)aJ'y 



+ 4o +i»*.4(a;-y)*=0 

+ 26Ca!+y) 

+ §0(3!' + ^*) 

+ 4eaiy 



where the left-hand side is quadric in each of the variables 
x,y,w. as there is no arhitraiy constant, this is only a parti- 
cular integral, 

441. "We may by a linear substitution performed on the » 
bring the third radical Jsi to a like form with the other two 
radicals. 
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Write for convenience 

a + ix+ca^ + di^ h ex* = e(m -a)(x- ^(x-y)(x-S); 
then the sabstitutioQ may be taken to be 

2.-t.(-ffy-^-,^8+28(.+/3+7)-3yi+ '''"^',^"s"''~'' . 

which, as will appear, makes the radical VH to depend on »/Z, 
where Z— a + bz + c^^ + de'+ez*. Some preUmiuaiy fonnuls 
are required. 

442. BeveiiiDg to the formolie whieh contain C{= Je — 2«t), 
assume 

then we bare 

(0-CO(0-OJ(0-CJ=0((C-e)'-fae+i«i) + ii<i'+i'«-JcJ, 
viz. O^, (7„ f7, are the roota of the equation (S = 0. 
Hence writing for C its Talue =: |e— 20, we have 
(|o-2»- C,)(Jil-2»- 0J(lc-2«- CJ 
= -8(i»"-7»+2J) 
= — 8 (m — »,) («— wj (» — wj snppose. 
We have »,-Jc-JO„ =J(2c-3Q 

- J« (2/37+ 2a8-«(8 -/38-»y- 78) ; 
or putting 

i-(7-»)(^-5) -/37+«8— r8 -/S>. 

C= (a -ff)iy~ 8) =!7a+/98-aS-7A 

we have w, = Je(B-C); or forming the analogous equations 

o>, = ie(S-C), 

t>,-MO-A), 
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443. Now writing as above 



then if e = a, ft 7 we have w = m,, w,, w, respectively: thus 
■writing z = ttwe find 

6«= c{-/Sy-7a-a«3 + 2Sa + 2Sy9 + 2Sy-3S* 
+ 3fty -SS^-S&y + SS"} 

= e{2aS + 2)&y-(a + 8){)3 + 7)j, =6<»„ 
and so for the others. 
Hence 

2(„-»,) = -.{^-S)(7-8)^-^, 

and therefore 

8(ft>-»,){(o-wJ(M-(Bj, = 8 (»' - /w + 2J), 



-((«-S)(^-S)(7-8))V^^; 



2»V2Vn= («-«)G3-S)(7-S)e^-^.. 
But from the expression for a> 

28» -- (.-S)(^-S)(,-S)ejj^,; 



whence 

or the equation 



ij2ja JZ' 

Sx dj/_ da _ 
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IB by the BubstitatioD 

i!.= Je(-j»,_^-.^+28(.+/S+7)-3S'H-'-fcSM(lz9 

tnmsfomieii into 

ii' 'ly de 

and if in the equation between x, y, m we write for at the above 
value, we have the corresponding integral equation between 
a, y, «. (This will be presently given in the particular case 
a-0, No. 446.) 

444. But we may in a different way make the transforma- 
tion from -r= to -;=, [r = o + 6M + CM'+d«' + eu*. Take aa 

before I, J for the Lnvariants, H for the Hessian, and $ for 
the cubi-covariant, 

fl" = A {(Sac - 3*^ «'+ (24(«? - 4Jc) w + {48ae + 6&rf - 4c^ u" 

+ C24ia - 4od) u* + (8c6 - StT) «*}. 
*=-A{ (- 8o*d + 4aJ<J-J' )u' 

+ (-32a'tf- 4aW+ 8a<^-26*<i)u 

+ (-40aSa + 20acd+ hVd )«* 

+ C 20od'-20J'fl )«* 

+ ( 40ad<!-206cfl+ 6W* )«' 

+ ( 32o«'+'4pWe- 8<^«+2c(f)tt* 

+ ( 86fl»- 4cde+(i" )«*}; 

then identicaUy JTP - /JT^" + 45* = - 0», 
whence assuming o> = -jj- , 

we have 

»'-/<u + 2J^=- ijr. or say Vii = pi — . 
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From the expressioa of a we find 

*» = ^ jp : 

»id hence ^,HnM' -TrH)J. 

where the multiplier of -^ ia a constant. We in fact have 
US'- P'ir = ^(So'ci-4<.fc + i')+*o. 



u-p^-r-p^ — -- ,- ,— = ie thus converted into 

VA" ^/t vTT" 
It is to be noticed tbat the above transformation <> = -?? 
leading to -t= = 2i VS -^ is really a tranBfonnation of the order 
4, degenerating into a moltiplication by (V4, =) 2. For it was 



■ ^ ds 
into -7^. 

445. Reverting to the relation between (a;, y, »), leading to a 
relation between e, y, z, suppose in order to simplify that a = ; 
that i% asBome X = hx + ca?-^da?+ex*, =ex(x^a){x—^){x—y), 
the v^lae of 6 being thus zero. 

Then the integral of 

(fe _^ da _^ 
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+ (2a?- 4fie)xy (:r +y) + Ja:*/ 
+ 2(-i(» + y)-c(«? + }')-i!cy(« + jf)-2«a;"/|(8<i-2«) 
+ (»-y)-.(}e-2«)'-0, 
Bay thiB IB 

X + 2/*(ic-2«)+v(jc-2«)'=0, 
.and TritiDg herein 

thatis |c-2a> = c + -, 

the equation becomes 

\e* + 2fi(cj^+ be) + v(cz + b)*= ; 
or substitutiDg ioT\, /*,v their values 

J' (^ + y* + «■ - 2ya - 2za: - 2ay) 

— 2&(!2y2 (i: +y + 2) 

— 4Jfl xyz (1/Z+ZX + xy) 
+ (d* — 4ce) a;*y*s* = ; 

viz. this is a particular integral of 

_^ dy ^ 

where X = Jic + ca:* + (fa^ + ex*, &c. 

446. It would be easy to verify this by writing the int^ral 
equation succeseively in the forma 

« = ^ + 2Ba;+(V = .4'+2S'y + OV* = -4"+2B"i + CV; 
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XIV.] THB QESERAL DIFFEBENIIAL EqnATIOlT. 349 

we then have ff—AC, B'*—A'G', B'*—A"G" proportional to 
YZ, ZX, XT respectively. 

Write h,c,d,e=\,%-I,%f; then Zbecomea x-Ix^+2Jx*, 

which putting therein - instead o{ xia—i (j^—Ix + 2J) ; writing 

similarly -, - for y, t, and putting finally 
y » 

we have P 

-8J{x + y + t) 

as a particular int^pinl of 



^_,^ ,^ . 



0; 



■^X -JY -JZ 
this can of course be directly verified in the same manner 
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CHAPTER XV. 

OM THE DETEEMINATION OB" CEBTAIN CURVES, THE ARC OF 
WHICH IS REPRESENTED BT AN ELLIPTIC INTEGBAL OF 
THE FIRST KIND. 

Outline of the Solution. Art Noa. 447 to 449. 

447. In Chapter in. it waa seen that the lemniscate was 
a curve auch that its arc represented an elliptic integral of the 
first kind : but the problem of finding such a curve is obviously 
an indeterminate one ; we have to find x, if fuitctions of a, 
such that 

for this being so then, writing js = ain 0, the arc of the curve, 
measured from the point for which « = 0, will he 8 = F{k, tft). 

Similarly if a, a are conjugate imaginaries, and x, y are 
functions of z, such that 

then the expression for the arc of the curve ia 

a form in the mature of an elliptic integral of the first kind, 
and which^icau in fact be made to depend on elliptic integrals. 

448. A very general mode of satisfying the equation ia 
to assume 

_ (s~~a)''(z-\-a)'dz 



dx + idy =■ -. r=r;-T THT 
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for then x, y being real functions of z, we have also 

and multiplying, -we have the relation in question. 

. The above ezpresBion of dx + idy as a mnltiple of ie ie 
not in general integrable, but it is to be shown that if one 
of the indices m, n, say m, is a positive int^er, and provided 
a single relation is satisfied between a, a (the form of this 
equation depending on m, n) then that the expression is inte- 
grable algebraically : viz. we obt^n by means of it an alge- 
braical (imaginary) value of a; + ty ; this of course gives x, y 
equal to real algebraical functions of («, y), and thus determines 
s curve, the arc of wbich is expressed by the formula 



449. The form of the relation between the (a, a) is a very 
remarkable one, viz. writing ?= ^ ■' , then the relation la 

ji=.(|)>«-i)-o. 

this is an equation of the order m in j^ giving for £ m 
values which (n being within certain limits) are all or some of 
them real and less than unity, and the corresponding values 
of a, a are then conjugate imaginary values, in accordance with 
the original supposition. 

(n + 1) t- n = or ?= — ^ ; which, n being positive, is poi^itive 

and less than 1; if 7n = 2, it is pi (^j) r(?-l)' = 0, viz. 

this is 

(n + 2){)i + !){•- 2 («+l)n!; + n(»-l) = 0, 



(-.+2)f-«±V;r+i- 
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If n 18 positive and less than 1, one value of j;*; if n be greater 
than 1, each value of {T; is positive and less than 1. It is to 
be observed that if n is integral, and less than m, the equation 
as above obtained contains the factor 2^*", and throwing this 
out sinks to the degree n ; the equation ma; in fact be written 
indifferently in the forms 

^g-fd-ir-o: (r4-(DV8-i)-o, 

the d^ee being m or n whichever is least. The values of ^ 
are in this case all of them positive and less than 1. 

General Theorem of Integration. Art Nos. 450 to 457. 

450. The fotegoing result depends on a general theorem 
of integration which is as follows : taking $ any positive in- 
teger, the integral 

has an algebraical value provided a single relation subsiste 
between j>, q,m,n: viz. writing 

(Mp' + Wrt* 

to denote 

Wp»+ \ [»]•-■ M>^-v+ ... + ["]•«-, 

where as usual [m]' represents the factorial 

m(m-l) ...{m-6+V), 
the required relation is 

(H?'+H«r-o. 

451, If in this theorem, m being a positive integer, we 
take 6 = m, and writing «=« — », take y = o + a, y^a — a, 
we have the integral 

}{z-ar\z^-ar' 
having an algebraical value, provided there is satisfied between 
a, a, m, n the relation 

([m]"(o + a)'+[M] (o-ay}" = 0. 
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Or taking as before f = ^; — '- , we have t- 1 = - ~ , 
and the eqaation may be written 

which is the before-mentioned equatioD in ^: thus, m = 2, the 
equation is 

[2]-f+2[2]'H'f(f-i)+W(f:-i)'-o, 

Ihatis, af + lnftf-lJ + K-.Xt-lj'-O; 

or K-^xr-sf+ij+teCf-o+ar-o, 

which is (n+2)(n+l)f-2{n + l)»f+»(n5l)-0, 
as ahove. 

452. To prove the general theorem, write for shortoesa 
U= (u+^)"*'^' {u+p + qy. 

The integral then is 

which we assume to he 

- UuT- (.4 + Bu + C»' ... + JTu"-'), 
say it is = UQ. 

This will bo the case if 

or what is the same thing, 

Zo^a^ '" + <''' 

viz. substituting for U' its value, this is 
[(». + ii-«+l) (» + p + })-n<»+?)] 

+ (« + !.) (» + p + })C-^"„i?-, 
c. 23 
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where Q denotes ^ . The question therefore is to express 

that this differential equation has an integral 

C = u— (^ +5« + Cu* ... + ^u»-i). 

Substituting this value and equating coefficients, we have 
between the d coefficients A, B, C...K, a system of 6+\ 
equations implying one relation between the quantities 
'"^1 **iPi S= ^^^ tihis condition, being satisfied, the coefficients 
A, B...K will be completely determined, or we have for Q an 
equation of the form in question. 

453. For instance, it 6=1, the equation is 

{mu + mp + m + nq}Q+[u'+u(2p + q)+p'+pq]Q' = ^^ , 

to be satisBed hj Q== Au* i this gives 

{mp + {m+n)q + mu ] Au' 
+ {^+P2+(2^ + 5)u + u*}.-mJu"""'=ju"~^+u-", 
that is 

u^{ -mip'+pq)A-q] 

W [[mp + {m + n)q}A~m{ip + q)A-l} 
«""*" { + 'mA — mA } = 0, 

viz. the equations are 

m{p* + pq)A+q''0, 
{mp — nj) -il + 1 = 0, 

whence eliminating A we have m (p^+py) — j (wip — nj) =0, 
that is mp* + ^q* = 0, as the required relation in the case in 
hand. 

454. Similarly if ^ = 2, the differential equation is 



[m~lp + m + n-lq + m-lulQ 

+ [/ + p? + «(2p + y) + «'J0' = ^^i#-, 
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satisfied hj Q = AvT' + Bu**\ This gives 



, ■ , 


(m-lp+m+n-lq) A 


(m-lp+m+n-1q)B 




„ 


„ 


S=l^ 


(m-l)B 


-"(y'+w)^ 


-(».-i)(j,>+pj)£ 


„ 


„ 


„ 


-m(2p+q)A 


-Cm-l)(2p+j)B 




„ 




-mA 


-(m-l)B 


-?• 


-2, 


-1 





that is 

1 + [m-lp - nj] 5 + 1^ = 0, 

2q + (m-l)(j/+pq)B+(m + lp~ir~iq)A=0, 
^ + »»{p'+J>f)A = 0, 

and the elimination of ^, B gives the required condition, for 
the caee 6 •=2 now in question. 

455. The series of equations are 
6=l,0=\l,mp-nq I 
\q,m(p'+Pq)\ 
^-2,0= 1, m-lp~nq, 1 

2j, m^l{p*+pq), wi+lp-n— ly 

^3,0="ll,m-2p-ny, 1 

\5q, m—2 (p'+pq), mp-n—lq, 2 

Sg*. m-1 (p*+P5'), m+2p-n-~2g 



6=4,0= 



1, i»— 3j>— nj, 1 

4g,m— 3{p*+pj),m— Ip— n-Iy, 2 

62', m— 2(p'+pj),»»+lj>— n-2y, 3 

V. . m-l(p'+pq),m-\-Zp-n-3q 

q'. . . ■ m{jj*+p9) 

23—2 
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456. Expanding the several determmanta the equations 
are, for the case = 1, 

for tbe case 6=2 

My(j,+i)' -(["]?■+[»)«■.=<' 

-2[m]'y(j)+j)l([iii-llp-[n]{)' 
+1 s'(Wp-["te)' 

for the case 0=3 

-8wy(p+})"j([i»-2]ii-['>]j)' 
+3 Wr (r4i) i'([«i-i]j>-[»M' 

for the case 0=4 

WVCy+j)' =C['»]p"+H!T. 

■ -4[m]V(p+!)'j ([••-Sly-Ms)' 

+6[m]y(ji+{)V([m-2]j^H{)' 
-i[m]'pij>+i) i ([""-I]?- ["]?)' 

+1 j'{H?-M!) 

and so on. The notations ([m]p — [n] y)', ([ni]j>— [n] j)* have 
a signification analogous to ([m] p* + [n] g*)*, ([m] p' + [n] j^', && 
already explained: for instance 

([m]p-[n]j)»a[m]V-2[wi]'[n]'pj+[n]V. 

457. To show how the reduction is eETected, consider for 
instance the second determinant ; this contains terms multiplied 
by 1, 22, J* respectively : 

the first is 

1 .m-1 {p°+i'2).mCp'+py). ■= 1 . M'i'*(i» + 2)'; 
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the second ia 

2q.~m{j^+pq)[{jtl-l)p-^}=-2[mYp(p+S)qi[m-X]p-in]qy; 

the third is 

^(m-lp-nq){(m + lp-n-lq)-{m-l){p'+pq)] 

= ^{(m*~m)p*—2mnpq + {n*—n)^}, =^{[m'\p—ln\q)\ 

And similarly the third deteiminaiit is composed of terms 
in 1, 3q, 3^, ^, which are the four terms in the first reduced 
expressioQ of the determimuit : and so in other cases. These 
first reduced expressions give without difficulty the final forms 

468. Writing = n, and e — a, a — a, a + a for t^ p, ^ re- 
spectively, we have the originally mentioned theorem in regard 
to the iategral 

f{z-a)-(z + a)'dz 

and thence, as already mentionedj thd expressions of x, y 
as functions of a parameter z such that the arc of the curve 
is given by the formula 

dz 



-h 



viz. as an integral in the nature of an elliptic integr^ of the 
first kind. 
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CSHAPTEE XVI. 

ON TWO mTEQRlU BEDTTCIBLB TO ELLIPTIC DTTEGRALS. 

459. An integral (-7=, where P ib a quintic function 

of a, is not in general reduciUe to elliptic inte^iab ; but Jacobi 
haa shown (OreUe, t. vm. (18SS) p. 416) that if P has the par- 
ticular foim 

P.= ic(l -a:) (1 +«b) (1 +Xa!) (1 -lAx). 

then the integrala i-fS, 1-7= , that is the two integrals 



JV7»' JVP' 

Nxdx 

-KhJB ' 



t dx f '/xdx 

iVa?.l-ii!.l+«r.l+X«.l-«Aa' J •</1~x.1+kx.I+\c.1- 

are reducible to eUiptic integrals : and that h; means of the 

theory an elliptic inteeral of the first kind \ =,— 1? .^ - , 
^ f ^ JVl-i'ain'^ ' 

where & is a complex im^nary quantity, say A; = sin (« + /?0. 
can be reduced to the form + Si, where O and H are real 
integrals of the above-mentioned kind. 

Investiffaiion of the Formvla. Art. Noa. 460 to 463. 
460. CoDBiderii^ the integral 

f ^ { dx 

]~, — ;------■ ■ , _.. , = I -7.=-- for shortness, 

JVa!Vl-a!.l+K».l+)w:.l-«\x J-JaX 

viz, X used to denote 

l — x.l'^Kx.X+'KxA ~k\x; 
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■write 

h'= I -'/iA H. o'= I +v;^ (-5-), 



denom. = Vt + «.l + X; 
and therefore h* + J" = 1, 

(y + c') sin ^ 



Assume *^=Z 



Vl - i' Bin"^ + Vl - c' Biii'0 
= i — pXiT~^ ^'^'' etortness, 
we have 
(1 +«ai) (1 +)ur) = {5+ C)* + (_K+X) (5+ C)'(J' + c')'8mV 

+ kX (6' + c')* Bin'^ C+), 
(l-a)(l-*Atf) = (5+C)*-Cl + «X)C5+C)M6' + cO'8m'^ 

denom. = (B + <J)* ; 
which after all reductions hecome 

{l-«)(l-«te)-(5^..4(J!+0)-co.-,/,, =^^. 
461. We have in fact 






y + c' ^ K + \ , 
and thence 



and (l + «)(l + X)- ^ y *^ y . 
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Hence obeerviog that 

«X.(J' + (;)*em>=Cl'"-cT«m>, =(B"-C^. 
we have 
(B + C)' + (« + X) (B + C)' (y + 0" sin'* + «*• C + «')' «"'♦ 

- (B + 0)* + 2 (i" + cO (-B + C)' smV + (B' - CT, 
-(B+0)*{(B+C)'+2(l' + ^Bm'* + (B-0)') 
. 2 (B + 0)' (B* + 0- + (J- + fl rin'^) 
-4(B+C)'. 

Alio 
(B + C)' - (1 + «x) (B + 0)' (i' + cT «in> + «X (J' + c7 siii> 

- (B + 0)* - 2 (J' + 0^ (B + C)' sfliV + (B* - Cy 
.(B+0)'{(B+(;)'-2(i'" + OBmV + (B-C)'l 
-2(B+ 0'(B"+ C-Ci' + c") BinV! 

= 4(B+O)*CO8'0, 

and we have thence the fonnuhe in question. 

462. MoTeoTer from the equation 



J- (i' + c') sin^ 
•'' B+C ■ 



we haTe 
c 
2 



b (4' + e')coe*(„^ _, . , . /J' . <?M . . 

(y + c') C09<^d^ , 

and combining herewith the foregoing equations 
,/= T r— 2 coa A 



Vl+«a!.l+Xaj« 
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whence also 

■we have titerefore 



^.i(..+o^(^-J). 



(&' +c')*BiD'^ 

" (S + C)' • 
and thence 

'^dx , ,,, . ^, - .. 1 ., 

Or since 

£■ - C = - (t" - 1!^ sin'^, = (i" - o^ sm>, 

viz. we have the two eqaations 

where Xesiyi — ai.l+naj. 1 + Xe . 1 — iicXa;, 

C = Jl — <^ tm^ip, 
and aa above 

(y + 0*) fliii ^ 

"/^^ .D + a 
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We thufl see that the two integrals in question 1-^=^ , 

I .. depend upon the two elliptic int^raU of the firet kind, 
J V X 

J Vl — 6' ain" ^ ' J VI — <? sin' ^ ' 
■which is the theorem in question. 

Further Developments. Art. Mos. 464 to 4C8. 

464. We uLay express as a function of x ; viz. the last 
equation ^ves 

Va: ' 

and thence g + g*- (^' + 0'«m'» ^_aBC. 
at 

„d (g-O-)--2(g+C-) '^'''°^'"°'* H- "'-"2,'"°'* -0; 

le whi 
ifiacto 

that is 

(6' - c^a? ainV - 2a; {2 - (J» + c^ Bin"^} + (J' + c')' ein*^ = 0, 
viz. sin> ({&' + e'Y + 2 (6' + c") z + (&' - c")* »*) = ic; 
that is 

. .._ ix 

'^'^ '■ ~ (6' + c')' + 2(J' + c^3: + C6'-o')V 

4j: 1 

^( 1 + a:)(1+X}j; _ 

1 + KOJ.l +'kX ' 



or since as hefore 5" - C = (J** — c'") sin'^, the whole equation 
divides by (i' + c*)' sin'^, and throwing out this fiactor it becomes 
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hence we may imte 

8in*^ = l+K.l + X.a: (+), 

coe'^ — 1 — ic . 1 — k\k (j-), 

where decom. = 1 + xx . 1 + Xfc- 

465. It may be remarked that writing 

= 12-{J' + cF)Bin'^ 

+ d(J' +c')'Bin'^ + 25q -^ (S + fT)', 

and endeavotiring to make the numerator a square, it will 
be the square of 

Vl + ftflin^ Vl + c Bin ^ + VI - 6 sin ^ Vl - c ein 0, 
or else of 

Vl + bsiD^ VI — oBia0 + Vl — ft sin ^ VI -(■ csin0; 
viz. in the first case we must have 

that is 

-(ft'+c-j + ^Cft' + cT-aftc, ore-^!p, =«: 
and Id the second case 

2 _ (ft* + (^ sin* ^ + fl (6' + c')' MD* (^ = 2 - 2ftc sin" ^, 
that is 

-(6* + o') + tf(6' + o')'--2ftc or e= S~"L , =X 
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Hesce the two equations are 



l+jeajstVl+ftsin^Vl+csiii^Vl-Jsin^Vl-csio^lV (S+CQ', 



l+Xa!=(Vl+68in^Vl-c8iii^v'l-6ain0Vl+csin^}*-i-(5+C)', 
leading to tlie before-meutioDed equation 

but there are do analogous values of 1 —a;, 1 — xa; to lead to 
1 -».! -«Xa! = 4008*^-}- (5+ C)*. 

466. Write now 

J-=BinCa4-^, c =8in(a-^, 
and therefore 

&' = COB (a + ;^, c* = cos (a - (8) ; 
we hence obtain 



2i!08»co»yS ' ^ S + ' 

ScoBacosp 

O-Vl -Bin" («-/") ""■*. 

X-(l-«){l + iiitan'a)(l + aitim'/3)(l-«taii'iitan'/S), 
and therefore 



</xX 



= cos a cos j3 



(3+Z-)* 



Vr "ainasinyS \B~g}'*^- 
Writing thifi last equation in the form 



tan a tan ^ -~- = cos a cos y3 (;g - -^j d<fi, 
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we have 

2 COB a COB /9 ^ = -^ (1 + « tan a tan ^, 

2co8aco8)3 ■^■=-r===.(l-a!tanataii/9). 

If in tliese equatioQB ve vrite j9t for j8, X contiaues a real 
ftmctioQ, viz. we have 

X= (1 -!c) {1 + a: tan' a) (1 + x tan" /9i) (l-a;taE»atan'y9i) ; 

and the formulse are 

/— 2 COB a cos J3t sin 6 . . , ^ 
*/x = B + G ' giving nse to 

^.d<b dx 



where observe that B+ C, 

= Jl — sin* (a + ;3i) sin' ij> + «/l — sin' (a - j8t) sin' tf> 
13 real ; viz. these formulie give the values of 

f <^ ^ f # 

J V 1 ~ sin* (a + ^i) sin" ' JVl — 8ia'(a— iSiJsiu'^' 
in terms of the integrids 



[ dx J {"Jxdx 



We may change the form by writing tan fii = i sin 7, 
whence 



we thus have 

K = tan' a, \ = — sin' y, 
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r- _ 2coaa sin ^ 

C087 'B + C 

X— (!-«)(! + « tan" a) (l-«am'7) {l + artan'asin'T), 
2coag (2^ 
CO87 ' if VaX^' 

8C0B« ^ 

CO87 ■ "C "" VxX '' 
aad observing the eqaatiou 

oin'j^ (1 + *)(1+X)ai _ 1 gcoB'7 

" (l + wa;) (1 + X«)~ (co8'a + a;sin*a) 1— fl;8m'7' 

we see that to real values of ^ there correapond values of x 
which are positive and less than 1, and that as m passes from 
to 1, Biii'0 passes from to 1, or ^ from to 90", X being 
thus always real and positive. 

Writing va^^=y, the relation between ^, s gives a re- 
lation betweea x, y : viz. this is 

or what is the same thing 



viz. this is a quartic curve; and introducing e for homogeneity, 
or writing the equation in the form 

ff' (2 + «*) (z + Xas) - (1 + «) (1 + X) aa' = 0, 
we see that 
x = 0, BsaQ ia a fleflecnode, the tangents being s + kx = 0, 

y = 0, e = is a cusp, the tangent being y = ; 

x = 0, y = is an ordinary point, the tangent being a;»0; 

hence the curve, as having a node and cusp, is bicursal. 
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467. The tnutBformatioo of a given imaginary modulus 
into the form 8in(a + jSt) presents of course no difficulty: 
aasuming that we have i = e +/t, then we have to find a, ^ 
such that e+/* = sin(a + j8»)» °^ writing 8ina = f, sln/9t = tij, 
to find ^, 1} from the equations 

these give e'^f + fi;', f^-^-t^, 
whence ^ +/' = f* + *;', and the&ce easily 

where y = i + e* +/* _ as" + 2/' + Se"/'. 

If aa above sin ^i = % tan y, then tan 7 = 17, or the equations 
give ^, = sin a, and «;, = tan 7. 

468, The integralB / -r-^ , I -7^ are also reducible to 
eUiptic- integrals when the quintic function P has the fonn 



P = a:(l-a!)(l + «a;)(l + Xfl;){l + « + X + «t\a!), 

as shown by Prof. M. Roberts in his "Tract on the Addition 
of Elliptic and Hyper-elliptic Integrala," Dublin, 1871, p. 63 ; 
and in the Mote, p. 82, to the same work, a simple demon- 
stration is given of the theorem (due to Prof. Gordan) that the 
like integrals, wherein P denotes a seztic function the skew 
invariant of which vanishes, are reducible to elliptic integrals. 
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ADDITION. FUHTHEE THEORY OF THE LINEAB AND QUADRIC 
TRANSFOSHATIONS. 



The Linear Tramformation. Art. Nos. 469 to 473. 
469. We consider the tnuiBformatioa of the differential 



dx 

•Jx—a.x — li.x — f.x — B 

where the nev variable y la given by an equation of the form 

xy-\-Bx+Cy + D = (i. 

The coefficients B, C, D might he expressed in terms of any 
three ptuis of corresponding values of tho variables x, y, B&y 
the values a, yS, t of x, and the corresponding values a, ff, 7* 
of^: hut it is better to consider in a symmetrical manner four 
pairs of corresponding values, viz. the values a, 0, % S o£x and 
the corresponding values a', 0, y, S of y. We have thus four 
equations from vrhich B, C, D may be eliminated, and we 
obtain the relation 

;■, a, a', 1=0, 
00, 0. 1 
77'. 7. 7'. 1 
SS', S, i\ 1 

which in fact expresses that the two sets of values (a, 0, 7, S] 
and (a', 0, </, S') correspond homographically to each other. 

470. Writing for convenience 
a, hy 0, f, g, h =0~f, y -a, a^0, a~S, 0—S, y — B, 
a'.b',&,f,g',h' = 0-y'. y'-a', a'-0, a'-S". 0-S, y'-S, 
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80 that identically 

o/+6? + eA = 0, a/'+ty +c'A' = 0; 
then, as is well known, the relation in question may be ex- 
pressed in the several forms 

of : hg : ch = f£f' ; t'^r' : c'A' ; 
or, what is the same thing, there exists a quantity N such 
that 

af hg ch 

471. The relation hetween {x, y) may now be expressed 
in the several forms, 

y — S x — ^' y — S jc — S' y — S x — S' 

and writing for (x, y) their corresponding values, the values of 
P, Q, R are found to be 

p ^'A _ c'? . n _ "7 _ <*'^ . p _ o> */ . 
oh eg Dj ah. ag oj 

and we thence obtain 

f'PN'^f'QR, g'QX'=g''BP, k'BN*=k''PQ, ■/FQR=^^ N\ 

472. Differentiating any one of the equations in (x, y), 
for instance the first of them, we find 

fdy _ fPdx 

and then forming the equation 



•Jy-(i.y- ff . y -y ^/PQH^x- a.x-0.x-y 
(y-S')Vy-S' " C:r-S)V^^ ' 

or if we please 
Vy — tt'.y— 8'.y—y'.y — S' JPQH Jx — rx.x—^.x^y.x — S 

c. 24 
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and attending to the relation /*i'^«/'*QA, we obtain 

Ndt/ dx 

•Jy — ii.y — P .y—'/ .y~S '/x — a.x~^.x~y.x~S 
which ia the required formula : (a, fi, 7, S) and any three, say 
(a', 0, f'), of the other set of quantities are arbitrary, and tJie 
values of S', N in terms of these are given as above. 

473. It is proper to remark that in this and similar 
formuhe the sign of the multiplier N may he assumed at 
pleasure : only, this being so, the radicals '/X and VFof the 
formulae are not in general both positive ; we have between the 
radicals a relation of the form F'fX^ ± 0'/¥(F, G rational 
functions) wherein the sign ± has a determinate signification ; 
in fact the last-mentioned relation combined with the di&er- 
ential equation gives ± XO dy = Fdx, which equation sub- 
stituting therein for j- its value, obtained by differentiation as 

a rational function of {m, y), is a rational equation equivalent, 
when the sign is taken properly, to the given rational equation 
between the variables (ir, y). The sign ± of the equation 
F-JX^ ± G-J Y might have been assumed at pleasure, and 
the sign of N would then have been determinate ; but this is 
less convenient. 

TraniformaUon of a form into itself. Art. No. 47*. 

474. The homographic relation is satisfied by writing 
therein 

a', ff, y, 5" - (a. A y, B), 09, a. 8; 7), (7, S, <r. 0), or (S, 7, ff, a) : 
these values in fact give 

«'. i'. c', f, g', A'. = 
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0, 


b, 


0. 


f. 


y. 


A, 




/ 


-.1, 


-c, 


«. 


-*, 


-», 




-/. 


-t. 


K 


-a. 


-3. 


4 




-a, 


y. 


-K 


-/. 


h, 


-c. 


respectively. 


so that in 


each 


case 










'■f: 


Vs ■ 


dh- 


-»/ 


h 


: A. 
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We hare thaa four solationa of the equation 
du dx 



•Jy-a.y-^.y-f.y-h -/x-a.x-fi.x-y.as- 
viz, tbese are 



y-7 y—aas — S' 



s^y^ 



-Bx- 



S-ff a-ffx-B' 

y-S ^ ff-S.y-Sx-a 
y-a y-a.(x-0x- S' 

the first of them hemg the self-evident solution y = 
In particular there are four solutions of 

rfy da 

\/»"-l»"-p y^-lV-i' 
that is 



^/i-y•.l-iy ,/l-a^.l-A;V' 
▼iz. these arey = (r, y = -ir, y — jr'' *Ddy=— r-, respectively. 

.^jiplication to <Ae Atont^nj /orm. Art Nos. 475 to 477. 
475. Considering now the equation 
Ndii dx 



V'z-i-y"-^ 'v/a?-!-'^- 



or, wnuDg iv = — , say 



Vl-jM-Xy Vl-V.l-J?a!"' 



£1-2 
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if in the general form we assume 

a.ff.y.i.l.-l.l.-l. 

then we have in any one of the twenty-four orden 

^,fl,y,S.l,-l.-.--; 

and since, for any one of these orders, X will be determined l^ 
a quadric equation, it would at first sight appear that them 
might be in all twenty-four purs of solutions, belonging to 
forty-eight different values of X, JIf, But the solutions coire- 

sponding to two orders in which r, —t are interchanged, are 

equivalent ; and moreover y => ^ (x) being a solution belonging 
to determinate values of X, JU, then we have, belonging to tbe 
same values of X, M, the four solutions y^^ (x), y = ^ (- '), 

y s> ^ ( V7 ) and y ~ ^ (— t ' } : "* h&ye thus only three pwia of 

solutions, or say six solutions, belonging each to a different set 
of values ofX, M; and which correspond to the three orders 

a', /y, y, «-« 



~x' 
1 



476. Forming for each of these the equation which de- 
termines X, say in the form -y " tV- , 'we have successively 
the three equations 

/1_+X\' _ fl + k\* (1 +^ (1 + *\' 4X (l±^\* 
[l^xJ [l-kj ' iX "Ki-kJ ' (r+x)*"U-4/ * 
giving for X the values 

1 / I - >/k \* ( \ + -J iv / I - iV ^Y /i±i^v 
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The corresponding values of N are derived from tbe equa- 
tion N*=^-~, viz. we thus obtain for -i- , that is for M, the 
a/ ' k • 

values 

1 +X i (I + \) 2£Vx 
l+k' l+jfc ' TTi' 

Tir Bubstituting for \ iU values, these are 

1 \. 2i 2i 2( 2{ 

' *' (l+Vh)'' (1-Va)" (1+iVi;'' (l-tVJ)*' 

477. The six transformations 



Vl-j-.l-Vj 


' -Jl-^.l- 


-tv" 


then are 






y- 


X = 


it- 


«. 


k. 


1, 


1 

a;' 


1 
k' 


1 






2; 


l-V* 1 + xJi: 
1+Jk X-n-jk' 


(H)' 


2i 


l + i Jk \-iwJk 
1-iJk l + injk' 


(i-ijk)' 
\i+ijk)' 


2i 

(i + .Vi)-' 


i-ijkl+ixjk 


(B§- 


2.- 


1 + iJkl-ixJk' 


(l-Wi)" 



where it is to be remarked that the last four transformations 
are included under the form 

where a is a fourth root of if. These are in fact Abel's results 
referred to No. 416. 



izedoyGOOglf 



374 rUR'^BBK THEOBT OF THE [ADD. 

ITit Quadrie TraTu/orjnation for ths standard form. 

ArL I^os. 478 to 482. 

478. Reckoning the numbei: of linear tTansformations sa 

MX, tbat of the quadrie transformations is reckoned ae eighteen ; 

viz. these are Abel's eighteen transformationB referred to No. 

418. Taking as before the differential relation to be 

Mdg dx 

Vl-y-.l-xy'Vl-x". 1-A-a^* 
we have. Four transformations 

y= X= Jf= 



(l+i);. 
l + fc^' 




1 




1-yt' 


1 


2V& 


1 + i 


1 

2Vi' 


ii^fht 


i-t 


1 


1-U- ■ 


2Wi' 


2iVt' 


479. Six transformatioi 


ts 




J- 


»,= 


Jlf- 


l+fct* 


1-i 


t 


-1+fa- 


l-i' 


T^- 


l-(l + f)a? 


1-S' 

1+4" 


1 
IT*" 


l-Cl + i)«" 


l+A/ 


1 
i-t" 






* + *■, 


-(f+SJ + iX*" 


i' + * 


-i+ft'i 
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480. And lastly, Eight transformations 

i/lTi + VljJS l + hf+x^ ^t/l + k 
■JT+k-'Jiilk l + kJ-x^yUV+k' 

Wi+i + V2»j ■ "■" ^ = WlTi+'iiik)' ■ 

Do. with - tjk for ^k, 

„ ., i^k 
.. » -l^t 

Do. «ith iii^yit for 7* «nd-i, /n^fort. Vl+I, 

" - W^ " 

" ■• ^^ " •■ " 

" " ^2 ^* - " •• 

481. The last formulse, writiag for shortnees, aa eighth 
root of IQlf, aod a — ^1 + i0^, are iacluded under the form 

a + fi l + aBx + ^^a? _ /g-ff\' „ 2* 

and the verification may be effected as followB : we have 






(l + J/3-«)- (+), 

y.l-*8. + i^'»'-^(l + a^i+il8':^ (+), 



.-;3 
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2s 






l-Xy-l-»P» + }y3'«'-^|(l+a;3. + };8'a^) (*). 



where 

denom. = 1 - a^x + JjS'a;'. 
Hence 

vi-/.i-v/.(j^i^^ (1 -i^j)./i-^:i-ifj (+), 

where £* is written instead of its value ^ jS" : and moreover 

in which two formulfe the denominator is equal to the square 
of its above-mentioned value; we hence find the required 
formula, 

Mdy ____ dx 

where M has its proper value =" =-j. 

482. It is, as regards all the formulae, convenient to remark 
that the value of M may be verified by taking x small ; thus, if 
when X is small the equation for y becomes y = Bx, then ob- 
viously Jf=-s; if the equation becomes y = ± l+y9**, tJien we 

have M'* — ~r^=^ — ; and so in other cases. 
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CombtTied Tranaformattons : Irrational Transformations. 

Art. No8. 483 to 487. 

483. By combining two linear trail sfonnations, we obtain a 
transformation which is linear, and aa such is a transformation 
belonging to the system ; viz. it is either one of the six trans- 
formations, or it is at once reducible to one of these. Similarly, 
by combining a quadric traneformation with a linear one, we 
obtain a transformation which is quadric, and aa such is equiva- 
lent to one of the system. For instance, changing the letters, 
if with the quadric transformation 

'~ l + to- ' 
we combioe the linear transformatioQ 

/i-v-.i-yv" vr^7f^*s?' ''"u+vi/' 



giving 



Vl-J-.l-yj" Vl-a?. 
we have e a quadric function Buch that 

2i(H-t) dy 

Vl -V . T^XV Vr - s" . 1 - 7*/ ' 
and this must be one of the series of quadric transformations. 
We in fact find 

Jl - \rjJi or a: - iiV? ^'V^ . 
' l+jVy' I-V7I+KV7' 
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TBS 


and thence 




{Itljx 1+7 


1+W" 


or, what is the same thing, 




1_ 1 + TO- 
V» -l+7»"' 




h™« .."'"B"".,- _ * 


==, where X = 



[add. 



which [with e in place of — j— ) ia one of the series of quadric 
tran sformations. 

484. If we combine two qaadric transformatioDS we obtain 
in ^neral an irrational transformation : viz, neither of the two 
variables is a rational function of the other of them, but the 
two are connected by an equation : for instance, if the two 
transformations are 







' 


giving 


^k'' i. 


, 1+i 


Vl-J-.l-XV '^\-a.\-lf:i' 








giving 


r^i* dx 


,.i + *. 


Vi-/.i-7y vi-i'.i-fx'' 


' i-f 


then we 


have here »' + .-.l; i + J, = 1, giving l-^l^ , 


that is X' i;or\--^ i!y',=>/l-Y 


is the comple- 
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mentary moduluB to 7 : also -^ = - = — -, , and the relation 
2t\'k '7 7 



7^^^^^"'" 



j-i-yy" 



or, what is the same thing, changing the letters, the trans- 
formatioD arrived at is a^ + y'= 1, giving 



which is at once verified, since From the assumed relation 
«■ + y* ^ 1 we have 



dx —d y 



, '/l-ifai' = tify/l-\y. 



485. Observe that the equations which define the two 
new variahles y, x in terms of x are in general of the form 

A C 

where A, B, C, D are quadric functions of t. Writing these 
equations in the form 

y : e : \ " AD : BG : BD, 

then regarding (y, e) as the co-ordinates of a point of a plane 
curve, these expressions of y, z in terms of the arbitrary para- 
meter X show that the curve in question is a unicursal curve, 
and, heing of the order four, it is a trinodal quartic; viz. the 
equation ^ (y,2j = 0, obtained as above by combining any two 
quadric transformations, heing a solution of the equation 

Mdz dy^ 
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3M) rnSTHER THBOBT OF THE [ADD. 

we have the theorem that this equation ^ (y, s) = represeDts 
a curve which is in general a trioodal quartic. It has been 
seen how in one case the curve is a circle. 

486, It appears to be a conclusion of Abel's, that if for 
any given values of (X, M) the equation 

Jlfrfy dx 

admits of an irrational solution, then there is always an integer 
□umber n such that the equation 

Mdff ndx 

admits of a solution y= rational function of x. So that, in 
fact, the general problem of transformation reduces itself to 
the problem of rational transformation. For instance, as just 
seen, the equation 
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has a solution yarational function of x. To verify this, ob- 
serve that the first equation is satisfied by y — cnu, « = snu 
(which axe such that y ='</\ —a^: hence the second equation 
is satisfied by the values y = en 2u, x = sn u ; we have en 2u a 
rational function of sn u, ante No. 101), and writing therein x 
for sn u we obtain 

as a rational sohition of the second equation : the solution can 
of course be at once verified, 
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487. It appears from the formulie given "No. 94, inter- 
changing therein {z, x) and also k, k', that the equation 



Vn^'". "i - iV VI - a;" . 1 - **«:'* 
has the irratioiml solution z = — ; hence the equation 



Vl-2". 1-i'V ■J\-x\\-}^3? 
has a solution z = rational function of x ; viz. the first equation 
being satisfied by a = sn «, « = -, — , the second equation is 

satisfied by a; = sn u, z= , „ ; or dn 2t* being a rational func- 
tion of anu, see No. 100, replacing sd « by a, we find 

as a rational solution of the second equation. 
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n«to. OotfiM. Tr*Didal«d b; E. U. Cope, M.A. Sm. 7a. 
Philebna. TranaUCsd b; F. A. Pdey, H.A. SmallSvo. *i. 

Thectetus. TroniUCed by F. A. Paley, MA. Small 8vo. 4m. 

Analjiriii and Index of the Dialogijes. By Dr, Btj. Post 

BsUanda Beddtta: Pasnages Tram 1^ni;1iiih Potiry, viih ■ IMa 

Vtm TmuUtlon. BjT.K Gmlfon. CrowB tt* Dt. 
B»bilB« Corolla in hortnlh lUfiiie Scbolie SAlopieoaia contexnamnt 

tns Tlrl Roribui kcodU. BditlotartU. Btb. (t. Od. 
Botnm CirtlnudmiiiB Floribns tiiani Secalomm Cootextum. Br 

W. H. Brown. Bto Hi. 
, Thsoerltaa. Tn Engliab Vene, b; C. S. CBlverUr, M.A. Crown 6n>. 

T.td. 
TruiUtloiu into Bnffliah and Latla. By C. S. CalTerley, H.A. 

Pan tt. 7l. Dd. 

into Greek and Latin Vfrse. By R. C. Jehb. ito. olmh 

lUt. All. W. 
TlrgD in English Rbythm. By Bex. B. C. Singleton. Lbtrs crown 

ero. u. M, 

REFERENCE VOLUMES. 

A Latin Orammar. By T. H. Key, M.A. eth Tbonsand. PostSvo. Si. 
A Short Ulln Qranunar tor ScbMili. By T. H. Roy, M.A., F.B.S. 

Stk EdillDQ. PortSro. 91, M, 
A Onida to the Choloa of Clairiaal Booka. By J. B. Mayor, M.A. 

Tbe Theatre or the Greeks. By J. W. Donaldson, D.D. Poat Sto. 
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A Hiatoii of Bomu Uteratnrs. By W. S. Teuffel, Professor at tb6 

OBlim-«ilyofTiibinBiin, Bj W. Winner, Fb.D, 1 vo!». Dan j Sto. Hi. 
Btodeufa Onlda to the DmvarEity of CambildSB- Hevised and cor- 
tMMd, ltd EdltiDU. Fi-ap. Gto. «i. 6i. 
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Irartl aj fbmiitloni. tuuei, and inflBicioni, witb PrndigmiAiTflDitjiinUiHi, 
Rulea fur n^mulon of Isdh*. Ac, ite. By J. 3, B^rd. T.C.D, b. W. 

Qreek Aooanta (Xotes on). Oa Card, Bd. 

Homeric Dlalaot Ita Leading Forma and Peealiaritiea. By J. S. 

Oreek Auwilenae. By the Ber, V. Froal, M.A. It. 
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TEXT-BOOKS. 

A Seriet of EUmtntary TrentiKi/orlhevte of Stidf nh in Hie Univir- 
lUiit, SchooU, and Candidala far Ihe Pvhtic 

AritlmietlG. B; Rer. C, RUee, M.A. Foap.Svn. 7 th E<lii. Hi.Bd. 
lltBMnUofAlgflbta. R^ the Rev. C. EUea, M.A.. jrh EJit. 4>. 
iiUhmeUc. By A. Wngler, U.A. Di. ed. 
- A ProgresaiTa Course of Eiamples. Wiih Annrera. Br 

J. WitBD, H.A. Snl Edition. 2<. «J. 
An CMrodiiotloD to Plua Atttouomf. Bj P. T. Main, MJl. 9nd 



Slemantaij SUtioi. B7 Bav, H. GoodwiD, D.D. and Edit. St. 

Slsmnitar; DTnunics. B; Rev. H. Ooadwin, D.D. Snd Ei^ic. 3(, 
XiKamtaxj Hydroatatlis. B; W. H. Beiant, M.A. Tth Edit ■la. 
An ElamenlaiT TtmUm on XanantBtloi]. Bj B. T. Moore, JI.A. St. 
Ths FIrat Thne Baotloiu of Nawton'a Mudpla, niih en Appandii ; 

tod tbs Hlnth ud Gtavuth Sections. B; J.H. Etuuw M.^. Ith Bdltioo, 

brP.T.Unln, MA. U. 
ilamentu; Trlgonomattj. By T. P. Hudson, M.A. 3i. nd. 
Oeomatrlo^ Optics. By W. S. Aldis, M.A. 3a. Od. 
Analjrtloal OsomattT for Scbods. ByT.O.Vj'vjan. 8rdEdiB. ii.Od. 
Cofflpuiian to the Greek TeRUment. By A. C. Barrett, A.M. 'ird 

MiUoa. ?<m>Sva. f. 
An Hlatocical ud EzpUnator; Traatisa on tbe Book of Common 

Fnyer. By W. G. HamphiT, B.D. tth Edlttoa. Poap. avo. 4t. M. 
■usic, By H . C. Baniatar. Itb Edition. Gi. 

Olhtn in PrtparalioH. 

ARITHMETIC AND ALGEBRA. 

PrindplM and Fractloe ot ArlUuneUc. By J. Hind. M.A. Qth Edit. 

41. til. 
Elamanta of Algebra. By J. Hind, M.A. etb Edit. Sto. Iflt. Sd. 
8ft alio/ertgoing Strut. 
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GEOMETRY AND EUCLID. 

Tgzt Book of 0«ometiT. Bj T. 5. Aldu, M^. SraaU Bra. 4a. M 

Put I. Ii. 9d. Put II. £>. 

The llBmenb tt XscUd. B7 H. J. Hose. Fci^. 8ro. If. ad. 

EianiBea npanlaly, 1>. 
< Ths First Six Books, with Commentaiy bjr Dr. Lardoer. 

10th EdiCiDii. Bio. U. 

Th« nrst Two Booka explained to Baginnen. B7 C. P. 

MuoD. B.A. Ind BdiUoD. Pap lia. 1>. td. 

The EniuiclaUcnu and Flgnrea bt JBnidlf s Blemtaiti. B; Bev. J. 

BruB. D.D. 3td Edilian, Fcap, Sto. Ii. On Cwdm Id o*m, 6f. M. 
Without ths FlffUTH, td. 

Eianilaes on Enolld and in Hodem OeometoT- B; J. MsDawell, B.A. 
OaomeWoal Code BectioDs. BjW.H.BeBa]it,M.A. SndEilit lt.6rf. 
Tba Geomatrj of Coniea. By C. Tajlor, M.A. aodBdit. Sto. 4(.6rf. 
Solntiaiu of OeomeOlcal ProbLema, proposed at St. John'i Collage 



TRIGONOMETRY. 

The BhrewBlmxy TrigonotnelT;. B; J. C. P. Aldona, CrowD 8vo. 3>. 
7 TrigonoinBtiT, Bj T. P. Hudson, MA 3i. M. 



An EleinantuT Traatlae on Kensoratlon. By B. T. Moore, M.A. 6>. 

ANALYTICAL GEOMETRY 

AND DIFFERENTIAL CALCULUS. 

An IntradaeUon to Analytical Plane Oeomett;. B7 7. P. Tambnll, 

Knatiaa ob Plane Co-ordinate Qeometi;, By M. O'Brien, M.A. 8to. 

Froblema on the Prlndplaa of Plane Co-onUnota Osometiy. By W. 

Vsllfin, H.A. 8vo. IW. 
Tiilinsu' Co-ordinates, and Modem Analftloal QeometiT of Tvo Di- 

msDiloni. B7W. A. WUtwoRk, K.A. Sto. !«(. 
Cbolce and Chanoe. By W. A.Whitworth. 2nd Edit Cr. 8to. Oi. 
An Elementary Treatise on SoUd Geometr;. B7 W. S. Aldis, M.A. 

Sod EdJtIon, rsiiKd. Svo. Si. 

Oeometrlcal ninstratlona of the DlSerentlal Ctlcoloa. By H. B. PeD. 

Bio. ii.M. 
Elementary Treatise on the SilTerenaal Calcnlna. By M. CBiien, 
H.A. Sto. lOi, M. 
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lECHANICS & NATURAL PHILOSOPHY- 

E'.iDMitBTTBUfios. ByH.OoodwiD.D.D. Fcap.Snl. SndEdit. 9«. 
Traattsa on Statics. BfS.EarnshBw.M.A. IthEdiC. 8vo. lOt.M. 
A TreatlM on SlemeutUT Dynaiiilcs. B7W.aaniett,B.A. Ct.Sto. 6). 
ElamontBT; DjnualcB. B7 H. Goodniu, D-D. Fcap.Sva SndEdit 

FrDbleDU Id Statics and DynunlCB. ByW-WaltoD, H.A. 8to-10«.(M. 
Pratdema In Thaoretlcal Hgcbanlca. B; W. Walton. Sad Edit 

rsTlKd uid-sslBrggd. Damy Bio. l«t. 

An ElementaiT TreatlBe on HachaiiicB. B; Prof. Potter, iib Edit. 

n>lKd. &r. Sd. 
BlementaiT BrdrortatlCB. B; Prof. Potter. T«. 04. 

By W. H, Beaant, M.A. Foap, 610, 7th Edition, li. 

A TreatiBe on Hjdromechanica. By W. H. Besant, M.A. Hvo. Ktv 

A Treatise on the D;naniUiB or a Particle. Preparing. 

Solutloaa of SxamplM on ths Dynamics of a Blgld Body. Dj W. N. 

QriSn. N.A. Sio. St. M. 
OfHotlou. An ElemeoVr Treatine. By J. R. Lunn, M.A. 1t.6d. 
Oeontetilcal Optics. By W. S. Aldis, M.A. Fcap. 8vo. 3s. M. 
A Chaptor on Freaoel's Theory of Dooblo Befraotlon. By W. 3. 

AIdlB,]I.A. StD. £1. 
An Elementary Traatiae on OptlCB. By Prof. Potter. Parti. 3rd Edit. 

If. td. Partn. 111. M. 
Physical Optica ; or the Natsre and PropertieB of tight. By Prof. 

Potter, A.M. ti.td. FutlLTj. M. 

Heat, An Elementary Treatise on. By W. Oamett, B,A. Crown 
I^^nree niustratiTe of Geemetdcal Optics. From Sohelbach. By 

W. B. Hopkins. Folio. Plata. lOi. ed. 
The Flttt Three Sections of Hewtan's Piindida, with ca Appendti ; 
«id tbo NlDtb and Elevsatli BhUodl Bt J. H. Evimii,lf.A. fitli Edit 
Edited by P. T. Huln, H.A. U. 
. An Introdnotion to Plane AEtronomy. By P. T. Main, M A. Fcap. 
8td. Cloth. 4>. 

Practical and BphsricBl Astrononiy. By K Main, H.A. Bto. Hi. 
ElementaiT CbaptarB on AEtronomy, tratn Uie " Aatronomie Phy- 

Biqua"ofBiot, By H. Ooodwin, D,D, 8»o. 8«. M. 
ACompeodliun of Facta andPormnltelnPnre Hathematlcs and Hatnral 

FhUosophy. By O. R Bmalley. Piap Sto. Si. ed. 
Elementary Conrae of Hathematias. By U. Ooodwin, D.D. nth Edit. 

avD. ]». 
ProbteniB and Examples, adeptad to the "ElemenUty Conree of 
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KlmBMtn? BumplM in Port HiUwnutlOB. B; J. T>;k>r. 8to. 

Mtcbuieal EncliiL Bjlholalc W. WheweU, D.D. Oth Edition. U. 
IfMhuilci of CoatfrntUau, With miiaeroni Eitniplea. B; S. Fen- 

wlck, P.H.A.a Sto, 11.. 
Table of Aati'Loguithnu. By H. 1^. Filipowski. SrdKdit. ^o. la> 
HUbnumtlHl uidoUiarWritiiigBOfa L.Ellls,II.A. Sro. 16: 
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1. CballU, M.A. VtoBj Bfo. lit. 
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Boma BDd tha Cuapi^ft. B; B. Barn, M.A. 'With Eiglitj-flTe flne 
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Tha Hiatorj of tha King! of Boma. Bf Dr. T. H. D;er. 8to. Hi. 

A PlM flw UTy. By T. H. Dyer. *\a. U. 

Bona Begalla. B; T. H. Dyer. Nto. 3i. 0d. 

Ihe mttoi; of Fomp^ ; its Buildiaga ud Antiquities. Bj T. B. 
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AndaDt Athena : it'< Hisiorj, Topocrnpli;. and ReDiain*. By T. H. 
D;sr. Bupn-niTiil S*o, OMh. il.&i. 

Tha DMUne of the Soman Hapnblle, By O. Lang. 3 vnla, Bro. 

A matorr of Engluid dmins the Early and Wddl* Ages. By C. H. 
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Vol. 11. Jt.. 

Hlitailoal Kapa of Englaad. By C H. Peiirsan. Folio. Sod Edit. 
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A Practical Synopala of EngUah Hlstoir. By A. BoireK. ith Edit. 
Student's Text-Book of EngUah and Oanaisl BIttaiT. By D. Beale. 
Uvea of the Qoeene of Eogluid. By A. SirioUand. 6 vols, post Bro. 

St. Hch. Abridged ediUon. 1 roL St. M. 
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A Oranunar Bohool AtUs of Olasalaal Qsognphy. Ten Maps seleeted 
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tirst Glaoiie^ Maps. Bv the Bev. J. Tate, M.A. 3nl Eitition. 
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Btondvd UhiUT AtUa of Clasrisal Osognphy, Imp. Sro. 7f. Bd. 
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PHILOLOGY. 

New DlctlonuT or the EngUsb Luti 

wltll Ktymology. and coploiialjf (111 
AHthorltlw. B; Dr. RtciurtlKra. New Edition, iritb ■ 
— '' "~ 'I. 1*1. M. ; bill nmii, SI. lit. »d. ; miila, et iia. auipM- 
thout tho QuotaHoDB, 1 i., ; hiilt nuHa. Wf . ; niHlm, 

A DlotloDai? of the EngHah LangnBge, B; Dr. Webster. Be-editad 

by N. Porter mi C. A.. Qoedrlcb. With Dr. Hshji'i Etvmalarr. 1 to). 
lU With Ai>p«DdJ«( ud Id ulditipual pag« ct 111 



Fliilolo^CAl Eaaaji. B; T. II. Ke;, M.A., F.R.S. 8vo. lOi. Od. 
Lugnage, Its OrlgLn and Oeyelopmeat B; T. H. Ee;, U.i., F.R.3. 

TuioiiluiiLa. A CrilicBl and Historical Intro da ctian to the EUino- 
paphy of AnolBnt llaljr uid to tho PhUolorieil Study of ths laChl 
Luigni^ By J. W, Doiuiliiiaa, D.D. BrdEditloa. In>. ISi. 

BTnonTtnB and AutonjmB of tbe EngUsh iMOgatgt. By Arcbdeacon 
Smith. 2Dd Edition. FoM Sto. »i. 

STnonymi Dlicrliniiuted. B; Archdeacon Smilta. Dem; Sto. I6i. 

A Sjriao Gnujunar. By Q. PhimpB, D.D. Srd Edit., enlarged. 
8t0. 71. «ci. 

A OnmBiar of the Arabic LailfDag*. By Rev. W. J. BeaiDont, M.A. 



DIVINITY, MORAL PHILOSOPHY, &o. 

Homn Tettamactnm Qnecnm, Teitu Stephaniiri, ISSO. Cnrante 

r. H. BarlTuidr, A.JI., LL.D. l«mo. U. M. 
By Iht taUK Atilhor. 
Oodex Beca CantabriglsualH. 4to. Sdi. 
A 1*1111 Collation of the Codei SlualUciu with the Received Text of 
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Ifcup. a*o. 5j. 

A Plain Introduction to tbe CrlUdsm of tbe Hew Testament With 

Forty Fiusimllea trvia ABdeDl MuitiKrliiti. Haw Bdttton. tio. lOi. 
8Lz Lectoiea on tbe Text of tbe Kew TeErtament. ForEngliah Readers. 



The Hew Testament tbr Englieh Baadere. By the lata H. Alford, 
D.D. Vol. I. Put I. Srd Edit. lai. Vol. I. Pmrt II. ladEdlt lOi. ScT. 
Vol II. Put I. Sad Edit. IM. Vol. II. Fart II. tnd Edit. ISi. 
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Tka OtMk TMtuuat Br the late H. AUm4, D.D. ToL I. SUi 

Xdlt.1(.Bi. Vol. II. aUiMlt.ll.4i. Vol. m. Hh Edit. ISi. Vol. IT. 
Futl. ithEdiMSi. Vol. IT. Put II. lUi H>1U. lU. Tol. IT, U. Ik 

Compftuloii to the Greek TertemenL B; A. C. Burett, MA. 3rd 

BdltJon. Top. Sio. St. 
Bate An Impravenait in the Aolborised Tersidn of the Nev 

T«tuisnl. BrtlulUsJ.SohOleflald.II.A, 4th Edil. Feqi. tva. 4t. 
Ubw Apologaticns. The Apologj' of Tertollian, with GngUth 

MetM, by B. A. WoDdhuB, LL.D. md BdlUm. Std. to. U. 
The Beak of Pnlma. A Nev TruistatioD, with Introductions, &e. 

Bj Bit. 3. J. BInrart Permnit, DJ>. 8vo. Tol. I. Sid Xditioo, lit. 

Toi. It. tm Bdtt. iM. 

Atiridj(«d fer Soboola. Cmm Bvo. lOt. Srf. 

The Thlitr-nliu Arttdee of the Chnicb of Engbnl Bj' the Ven. 

AntdaKan Wslchmu. Now BdlUon. Fo^ S>0. it. IntorliaTtd. it. 
FeinoD on the Gned. CareftitiT printed from u earlr edition. 

With AunlTilatuHlIiidubTB.Wiaiiinl, H.A. F«t8T0. tn. 
An HldoriCBl mnd bpUiuttirjr TrettiM an the Book of Common 

^Tsr. Br IUt. W. a. Bumphi7, KD. 1th Bdltlon, anlugad. Hmilt 



A Comm*ntar]> on the Ckiiptle for the Snodajs and atber Holf Date 

arthaChriitlinTsiir. BrRaT, W. OantDn. A.M. ITsvEdltlon. 3nli. 
8*0. Mi. Sold ■gpaiatolr. 
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CoaainUrr on the AoU, Vol.1. Sto. 18t. Vol. II. in pnparatiati^ 
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notes on the CatecUim. B7 Ber. A. Barrj, D.D.. 2nd Edit. 

Few. !•- 
Catechitloal HlnU and Hripa. Br Rot. E. i. Bo;oe, U.A. 3rd 

Bdltl<ia,n1iHd. Fcsp. 3i. M. 

Kxamlnatlon fapen on Beliglooa Instruction. B; Bev. E, J. Boyce. 

Boirod. It. U. 
The Wloton Cbnroh CatwhliL (Juestioiiii uid Answera on the 
Tsublog or ths Chun^h CitKsiaHn. By the liM Snr. J. B. B. Koa " 
U..D. SrdBdibaa. Cloth, S(. ; or la Fimr Futa, HHvd. 

The Ghnnh Taaotaer'i Hanoal of Christian InstncttoQ. B7 1 

K.F. Sadlar. Brd Bditltm. 2i. M. 
Biief Words on Bohoot Ufe. By Rev. J. Kempthorae. Foap. Si. 
Short Zzplanation of the Xtditlea and OoipeU of the Chilatlau Tear, 

with <JUMtloiu. BofalSlmo. ii. M. ; cait, it. td. 
Biitler*i Analogy of Religion 1 with Introdnction and Index b; Rbt, 

Dr. Stwn. TStm Bdltloa. Fop. U. ti. 
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Astronoinj and Oenenl tbyOM (Bndgewater "tnaliie). New Edi- 

tioc. il. 

Kent's ConunuiUr; on InUmttfonal Liw. Bt J. T, Abdv, LLD. 
svo. lai. 

A Kumal of tlia fiomui Oivil I«v. By O. Lsapingwell, LL.D. 8to, 



FOREIGN CLASSICS. 

j< tfrie* yiir uw iu ScAooit, ictiA Engtith Nolti, grmunatical aiut 
exploHOtPrg, and muleringi nf diffatU idiomatic txpninoni. 

Fcap. euo. 

BohUln'M Walltutdn. B; Dr. A. BooUieiiii. and Edit. e*. %d. 
Or tkD L«ffar ud Flooolomliil, B(. M Wftllolzdii'i Tod, St. td, 

■ llild of Orieuii, B; Dr. W. Wagner. Si. B^ 

' HulA Stnul B; T. Easlner. In Iht prta. 

Ootthe's Heimun ULd Sorothsa. B; E. Bell, U.A., and E. WaifoL 

Zi.M. 
0«nutB BoIUd^ from Uhlaiul, Goethe, and Schiller. B; C. L. 

Blulafald. St. id. 

Chulee Zn., pei Yoltaiie. B; L. Dure}'. 9rd Edit Si. Sii. 
ATsntnns da Telemkqne, par Ftindloii. B; C- J. Delille. Snd Edit. 

Al.id. 

Beleot Fablu of La Fontaine. BfF.E.A.Oaso. New Editioii. Sj. 
Flsdola, bj X B. Saiutine. Bf Or. Dubuo. 4th Edit %i. Od. 
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Tmntf Lenoni in rreunh. With Tocabnlai;, giving tha Pnmnn- 

daUon. By W. Bnbao'. Port Sto. It. 
Franoh Oiuimu for Pnblio Safaools. B; Bev. A. C. Clapin, MA. 

F«p. Sto. bdEdlt. b. M. Sapvut*!;, Fsrtl. £i.; Putn. U. K 
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IMh IdlCion. fcKf. Bra. It. M 
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E. E. A. B*to't FkBHOK CotrUB. 
Pint fraiMh Book. FMp. 6to. Hew Edition. Ij. M. 
■wOBd mnob Book. New Edition. Fcap. flra. Si: ei. 
rvhiiint ud Second FrrnohBookH. Fcap. 8to. 3i. 6<f. 
{"nneb Fibkt for BegiDnen, id rro»e, with Index. New Editioo. 

Baloet TftUei of Lt rmUlne. New Edltioe. Fcap- Sro. Ss. 
BWoliM AmoMiitM ot InstmctlvM. With Notes. New Editioo. 
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Prutloal Onlds to Modern Trench ConTenation. Fc^. 8vn. 2t. M. 
Preneli Poatrj tor the Tonng. With Notes. F^ap- 8vo. a». 
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Gohbebt's Fhemoh TnjMA. 
Being a SiJection of tlie be»t Tneedies and Comedies of Molitre, 
Ruiue, OonuUl^ and Voltain. WjUi AisaiUHU and Notw bj A. 
aoubeit. . Haw BdWHi, rarind hj r. A, A. Oaao. rou. tn. li.mh; 

COWTDTB. "■ 

HaLnsB: — La HlnnthTDpa. I/Ann. L* Bont^geola OaotUlianinM. i 

Uutufl*. La Halade Im^lniiira. Lai Paoiicea BanoM. Im FiMUt -' 
da Sauiln. Laa PrMenaea Btdiculaa. L'Ecole daa Femmea. I/Bi»1i 
Maila. La HUaiiD malsrt Dil- 

RMtni-^Udn. bthar. Athalla. 

F. CoKirtiLU!— La CM. Socua. Cliiu. 



GERMAN CLASS-BOOKS. 

Kitariala tor flarman Prote Compoiitlon. B; Dr. Bucbhdm. 4tb 

SdJUon, rerlaad. Fsap. it. M. 
A Oennu Orammir for Public Scboola. Bv liie Bev. A. C. Clapiu 

and V. Bdl M lUlar. Pup. It M. 

• Dor Ofllafltne. With Not«a, by Dr. W. Stromber^. 1». 
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ENGLISH CLASS-BOOKS. 

Th« Klgmentc of the IngUEtL Lmgnise. B7E.Aduni,Pb.D. Ulb 

HltioD. PMtSro. U.ti. 

Tha Badlmmta of Entllth OnminiT uul AnilialB. Bj E. Adftini, 

Ph.D. SBwKdlUon. Fciip.S"o. li. 

BvRev. C. p. Mason, B, a. Lovdok. 
nntHotiimaatOruuBartorYoiiiiBLeiirneTs. Fcap. 8to. doUi. 84. 
Flnt Stepi Id SnBllib Qrammar, for Junior CUsaea. Duay ISmo. 

ITew Edttion. It. ^ 

Oatllnea of Bn^th anmnwr fnr the om of Junior GlaswB. Clotb. 

If. u. 
XncUali Onumar, ioeludine the Piindplee of Qmnmaticil Ana- 

[jd*. eotb UltiOD. FmI«ti>. k. m. 
The AiulrstB of B«[it«ncM ipplied to Latin. Port Bio. li. id. 
Analjtlaftl Latin SxerdMi: Acoidenoe and Simple Senteaees, &o. 

Poat Bvo. Si. M. 

Editrd/or MiddU-OIiut Bxaminalieru. 
With Notis OD th> Auljlll and nirvia^ aod BmpUiKliirj SimarkB. 

HUton's FmuUse Lost, Book I. With Life. 3rd Edit. Post Hvo. 9j<. 
— — Book II. With Life. Snd Edit. Post 8ro. Si. 

Book III. With Life. Post Bvo. fl». 

Osllsmlth'g DeBe:ted TUlafe. With Life. Fast 8to. It. Od. 
Cowptt'B Task, Book IL With Ijfs. PoBt Bn. 9i. 

uni'8 Spring, With Life. PostSTo. 9», - 

- Winter. With Life. Post Svo. 2*. 



PraoUeal Hlnta on Teaching. B7 Bev. J. Menet, MA. ith Edit 

Cnm Sto. Cloth, ti. M, ; pspv, M. 
TMt LeBBOU in Dlctatian. Psnr coier, li. 6d. 
(iDflstlanB far Ezunlnations in EngllBb Utantan. By Bot. W. W. 

Hkot. If. «(t. 

Dmriag Coplaa. B; P. H. Delanotte. Oblong 8*0. Ifii. Sold also 

In parts bI 1j. uch. 
POBtiT for the S<:hool-room. New Edition. Fcap.Svo. U. ltd. 
Select ParaUes Ooia Nature, for Use ia ScboolH, By Mra. A. Oattj. 

Fap 8to. Cloth. 1». 
Sefaool Record for Yonng tries' SchooU. id. 
OMgrvlilMl Textbook; a Praetioal Geography. B7 M. E. 8. 
Tha BIsDk lUpi doB* up atpextttlj. Mo. If. coloond. 

A Plret Book of QMgnvl^. Bj Bev. C. A. Jolina, B.A.. F.L.B 



' Loadon'i (Un.) Entertaining NatuallBt. New Edition. Beviaedbr 

W. 8. Dallas, r.L.a. Si, 

Handbook of Botanj. M«w Edition. eiaatlT enlargad b* 

D. WwMtit. Fcsp. St. M. 
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16 Sdveatioml Wori*. 

lbs Botuiiti Fookat-Bwk- Vf^ii • copiona Indsi. B7 W. B. 

H^wud. OnwuBro. doth Hmp, «t. M. 

' il Dbamlltiri founded cm (lie VfoA of Dr. SISckhwdt. 

- ■ - ■ ITO. S*. 

, __ Bj T. G. Botmej, F.G.S. to. Sto. 3.. 

Oonbto SntoJ Elneldated. BjB.W.Fasur. TUi E^t. 4to. 6(.6il. 
A lew Himul Ot BooUtipt&g, B; F. Crellin, AcooontAiL Crown 

Bio. ti-Od. 
Pletim Sebool-Booka. Id mmple Langnage, with nnmsroiu IIlnB- 

Intlooa. Roal ISma. 

School FrfiMr. ed-Sofaool Scadtr. Bjr J. TQlaud. li.— Foatiy Book 
ftirBeluaU. Ij.— Tha Uf* of Jo«tili. Ij.— Tha Bsiptun Puiblt^ B7 tbe 
Bbt. J, E. Cliirka. 1> — Ths Bi:Ttptiin Mlncl». Bv th* Bn. J. E. Cbrka. 
1*.— Tlie New Tc«Umoiit aMtoty. Bj Uw B«>. J. d. Wood. K.A. )r.— Tha 
OM Teatunsnt Hlitaiy. Bythfi Rfff. J. Q. Wood. H.A. U.— lbs Stoiy ef 
Bunna'i Pilgrim'a Prwnu. U.— Thi lAtt of Chitatophw Coltuntiua. Br 
B«mh (bompbou. li.— Tba UJB ol tUrtlu Lulhgc. Br Sanh CrompUm. !(• 

Bt TBI LATB HOKIOB QkUT. 

AilUiMatio tor Yonag Children. It. 6d. 

— — Second SMee. IHmo. Si. 

IxecalMa fv the Improreiiiant of the Seosee. I81UO. 1*. 

Qtognpbj for Toong Children, lemo. Si. 

Booki for Touig BMdan. In Eight Parti. limp cloth. Bit. each ; 

or oKtrm blitdLDf , It " ' 

lattan, which m rt t -^ —„ _ , 

..^. .... ... ...- « — . — .<_..«. p^py j^ J dmilar method tn 



SlaU° 



idr loDgar oan worda ; ud tha TtnuuilaA pDt« o 
li^^ad In dlffloultr, untU tha lamar la tw^t u — 



BELL'S READING-BOOKS. 

FOB aOHOOLa AKD PABOCHIAL LISBABISB. 

Thapopckri^ whlidi tha Seriaa ot BeadinE-booka. kDOWB aa " Boalu fiv 
Toung Baadara," haa attaltiDd li » aotDdatit proof t^t toacbara and puplli 
allkaapprora of tha nag of inUraaCiiia itorica, with ailnipleplDtlliplBceaf Gha 
4l7 onstbiilatloD of Mt«a and lyUahlca, m^ug no fmpnaloii on th* niiiidi 
of whlsh ^DMotuy rcadlng-boolu gcDarKLIr oonilat, 

Tba pubUahan hare tbanrora thought it tdTteblo to aj tand tha application 
of thla prlnolpla f> booka ad^itcd (br mon adrauoad mders. 
iKw Saaiy. 

MaiteniMB BeadT' B7 Captain UtitjM. li. Od. 

Pmbles tvm Hatun (aaleeted). B; Mrs. Oattj. I^eaf. Sto. 1*. 

rriendi In For a*d Feathera. B7 Qwjntryn. U. 

Bobtnxm Cimm. li. 6d. 

AwUiwn'a Daniata TUai. Sj E. Bell, M.A. U. 

7* prepa'alUm :— 
Ooi VUlige. B; Hii» Hitford (seleeljoni}. 
Qilmm'a Owauui TalM. (SelaotioitB.) 

Lohdon ; Filntad bji Jon Srauianwiia, Ooatl* St. Laisectar Sq. 
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